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ABSTRACT:  The  author  considers  the  high  velocity  flow  of  a  highly  rarefied 

plasma  around  a  stationary  charged  body.  Assuming  that  the  perturbations 
produced  by  the  body  are  small  and  that  the  Debye  sphere  is  small  in  com¬ 
parison  to  the  dimensions  of  the  body,  the  field  potential  and  the  parameters 
of  flow  are  calculated.  In  a  system  of  coordinates  rigidly  attached  to  the 
body,  the  system  of  equations  for  the  self-consistent  field  is  given  by 


JLJL-f  =  0, 

dx •  m,  dx*  dcm  ■ 


c**L 

dxm 


=  o,  ^  i't  _  j-  'A  _  0 

i  dxm  mi  dx*  9t * 

(J  /«do $  /<  rfc) 


Here  f  ,  f . ,  and  f  are  the  distribution  functions  of  the  electrons,  ions, 
e  i 

and  the  neutral  particles  respectively.  Also,  c  is  the  velocity  of  random 
motion,  e  is  the  electronic  charge,  <p  is  the  potential  of  the  electric  field, 

is  the  basic  metric  tensor  for  the  considered  coordinate  system  and 

c  a 

q>/ap£  P  is  the  Laplacian  operator  on  the  function  <p.  The  boundary  conditions 

are  given  by  •  i4/  ■  f  % 

//( c,x.)-  \  /f(c,o',x,)/-(o',  xt)dc‘ 

(«*»><• 

/r  (C.  x$)  —  /i  ( o,  x,)  np«  (e,  »)  <  0,  //  (o,  x.)  »  /,  (c,  x.)  npm  Jo,  ■)  >  o  » 

where  x  is  the  radius  vector  at  any  point  on  the  surface,  n  is  the  normal 
s 

to  the  surface  at  this  point,  and  K(e,c’,x  )  is  a  kernel  function  of  inter- 

o 

action.  After  nondimensionalizing  all  quantities  in  the  following  manner: 
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the  small  parameters  in  the  problem  were  found  to  be 

S.-fr,  l>-«u|3r|.  I*. £ 

*•  •  •  *  •*•»'«  '  •  • 

The  solution  for  the  potential  was  obtained  in  the  form 


pjsrKO  +  '  . 


As  an  illustration,  a  specific  example  was  worked  out  for  the 
case  of  flow  around  a  cylinder.  The  potential  at  any  radius 
and  distance  x  is  given  by 


1  •  1  t  1 

^  •  ••  •  ••  .  •»>  U4l>  # .  ,.7  :.t  a 


Original  article  has:  5  figures  and  37  formulas.  English 
translation:  14  pages. 
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ABSTRACT;  The  author  presents  the  expressions  for  the  diffusion  current  and 
generalized  coefficients  of  diffusion  in  a  partially  ionized  gas  mixture  with 
different  component  temperatures  sustained  by  an  electromagnetic  field.  For 
the  starting  point  in  this  analysis,  he  takes  the  set  of  transport  equations 
obtained  from  the  kinetic  equations  with  the  13-moment  method  by  M.  Ya. 
Aliyevskiy  and  V.  M.  Zhdanov  (Uravneniya  perenosa  dlya  neizotermicheskoy 
mnogosortnoy  plazmy.  PMTF  1963,  No.  5).  The  Landau  type  collision  integrals 
were  used  for  particles  interacting  through  Coulomb  forces,  and  Boltzmann  type 
integrals  were  used  for  neutral  particles.  Starting  from  the  macroscopic 
equations  and  Maxwell's  equations,  expressions  were  derived  for  the  general¬ 
ized  Ohm's  law,  for  the  mobility  coefficients,  and  for  the  conductivity. 

The  following  expression  was  derived  for  the  mass  flow  current 


J.*  -  2  Sr  {[  C-1  +  £2  (^-v1  -  *•»*«"*>]«»  *'  +' 

+  f  c!j—  c.n1  +  2  + 

l  "  0Y,  • 

+  X»*A  0,/)]  (div  n*  •  k)  k  +  [c.u*  +  7“  (*»<>  + 

'  ’  4-  X»piZ).,‘)]  (div a*  x  k)J‘  • 


Here  a  refers  to  the  species,  n  is  the  partial  pressure,  k  is  the  Boltzmann 
constant,  T  is  the  temperature,  | |  and  ^  refer  to  the  directions  parallel 

and  perpendicular  to  the  magnetic  field,  (symbol  missing  in  document)  and  x 
is  a  unit  vector  in  the  direction  of  the  magnetic  field.  The  diffusion 
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coefficients  and  the  coefficients  G  are  related  by 


kTm 


~  S  «„<«>  .  C.»«  -  -  S  <AA 

m«  t,  •  |««u||r”L  t 


The  conductivity  along  the  magnetic  field  is  given  by 

on  «  —  2  cmnmKmtt  t 


where 


*.*1  fl  y  • 

«  -  —  ■  —  «w»  •  »  »  — « «*—  •  • 


Here  aap  and  b  07  are  Chapman-Cowling  coefficients.  The  various 
coefficients  are  computed  for  the  case  when  the  anisotropies  appear: 
ing  in  the  transport  can  be  considered  small.  The  coefficient  of 
of  ambipolar  diffusion  for  such  a  gas  is  obtained  in  the  form 

*  *«'+*.'  7? 

Original  article  has:  3>5  formulas.  English  translation:  13  pages 
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ABSTRACT  :  The  author  investigated  the  problem  of  the  nonadlabatic  flow  of  a 
gas  with  the  intensity  of  energy  liberation  from  the  molecules  depending  on 
the  thermodynamic  parameters  characterizing  the  state,  such  as  temperature 
and  density.  The  analysis  for  deriving  the  solutions  is  analogous  to  that 
presented  by  L.  I.  Sedov  (Metody  podobiya  i  razmernosti  v  mekhanike.  Izd. 
3-e.  Gostekhzdat.  1954,  242-248)  for  the  problem  of  adiabatic  dispersion 
of  a  gas.  The  equations  of  energy  and  momentum  are  given  by 


k  ’  •  .  i  \ 


du  n  ^  ,  LdjL  »  v 

dl  dm  ™  '  it  *  v  dm  .  . 

where  e  is  the  energy  per  unit  mass  of  the  gas,  x  is  the  adiabatic  index, 
v  is  the  specific  volume,  p  is  the  density,  t  is  the  time,  m  is  the  Lagran- 
gian  coordinate  of  the  particle,  u  is  the  velocity  of  the  gas,  r  is  the 
Eulerian  coordinate,  and  v  =  1,  2,  3  For  the  plane,  cylindrical,  and  spherical 
geometries,  respectively.  In  the  regular  regime,  solutions  of  the  following 

form  were  sought:  .  ...  v 

p  mm  P(m)  p*(0»  v  *=V  (m)  v*  (t) 

u  U  (m)  u*  (I).  r~R  (m)  r#  (<) , 

A  function  f,  characterizing  the  energy  distribution  in  the  molecules,  is 
defined  by 

(/^"/(m)  =  const  • 
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The  following  boundary  conditions  were  considered 

0,  "  U  -  1,  ~n  =  l’f . mC(v)  «  hi 

P-  1,  V—l,  rt-0,  Cf— .0,  m«0  * 

Here  r(v)  =  2,  2tt  and  47r  when  v  =  1,  2  and  3,  respectively. 
When  f  is  a  constant,  the  kinetic  energy  E^,  the  thermal 

energy  E^.,  and  the  total  mass  M  are  given  by  the  expression 

Ek  —  —  C  (v)  P*  (*»*)*  (r*)’ 

£r-TC(v)p#(r#)?/r/(H““1) 

•  M  -  C  (v)  P*  (OV , 


where 


:Vm“27(I 7*T 


r(f  +  'V(W)’ 


jr(f  +  ^i  +  0 

I  .  *• 


The  time  dependence  of  the  various  parameters  is  also  dis¬ 
cussed.  The  following  expression  was  derived  for  the  pressure 
at  the  center  at  any  time  t* : 

‘  P* 


(3k -  l)v*n,/'2,4  \  *  /  , 


Original  article  has:  2  figures  and  66  formulas.  English 
translation:  19  pages. 
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ABSTRACT:  Two  nonlinear  effects  of  weak  shock  waves  are  conside 
dissipation  effect;  2)  the  effect  of  supplementary  path  curvature.  Both 
phenomena  are  studied  in  propagation  through  a  nonhomogeneous  medium.  The 
derivations  of  the  weak  wave  effects  are  developed  first  for  the  general  case 
In  final  form  the  nonlinear  geometrical  acoustics  equations  are  the  closed 
system 


("*  +  -r)  sr|  -  -  ®«)  srt  - 


(n‘"‘  -  A“>  ( ■ T  d7t  +  T  5^)  ("■•  =  *> 


(  m  1  ,m*  I  *  (  ,  MV  \ 

2  \  •*  +  T.)  ST,  m  ,iTt  (n*  +  — )  “ 


.  "’tU  1  *<<  .  3  *  ,  j  »  fi’iM  ** 
V  *  '  c  /  [  p  (ti/f  •*  c  dr*  **  c  -f-  MT|n|  dx *  \  c  )  J  ^ 

(  ,  wn  \  M  rnk  + w*  X-  9  ,  .  v  . 

I  n*  4-  —  U—  =  - —  (c  *f-  uyii)  *j-  m  . 

\  *  c  )  dxk  c  4  ui(n(  c  dx^ '  /  • 


in  which  i,  1,  and  k  are  unit  coordinate  vector  subscripts,  n  -  a  unit 
vector  in  the  direction  denoted  by  its  subscript,  c  -  the  speed  of  sound 
in  the  medium,  p  -  the  density  of  the  medium,  p»  -  the  difference  between 
the  pressure  at  the  shock  wave  front  and  the  internal  pressure,  X  -  the 
length  of  the  positive  phase  of  the  wave  along  the  normal  to  the  wave 
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front,  and  od  is  a  velocity  vector.  The  remaining  sections 
deal  with  particular  cases,  the  first  of  which  is  the  case 
of  small  variations  in  the  speed  of  sound.  Other  solutions 
are  offered  for  a  variety  of  limiting  conditions  and  combin¬ 
ing  of  variables.  Certain  combinations  of  factors  lend  them¬ 
selves  to  a  graphical  solution.  The  author  expresses  gratitude 
to  0.  S.  Ryzhov  for  his  useful  comments  and  to  V.  I.  Kozhev¬ 
nikov  for  his  assistance  in  performing  the  computations.  Orig. 
art.  has:  42  eauations  and  1  figure.  English  translation:  8 
pages . 
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ABSTRACT:  The  steady-state  combustion  of  powder  was  investigated  and  corres¬ 
ponding  stability  criteria  were  established.  It  is  assumed  that  in  the  com¬ 
bustion  model  chemical  reactions  are  concentrated  in  a  zone  which  is  negligibly 
thin  in  comparison  to  the  region  of  preheating.  The  temperature  distribution 
and  concentration  during  combustion  are  divided  into  three  regions  (see  Fig.  i 
of  the  Enclosure).  In  region  1  heating  starts  at  TQ  in  solid  powder  and 

increases  to  T  at  interface  1-2.  Chemical  reaction  takes  Diace  between  zones 


increases  to  Tg  at  interface  1-2.  Chemical  reaction  takes  place  between  zones 

1  and  2,  changing  the  powder  into  gas.  These  gaseous  products  diffuse  through 
region  2  to  the  interface  of  combustion,  attain  the  combustion  temperature 
Tb,  and  undergo  the  reaction  in  zone  2-3.  Zone  3  represents  the  combustion 

products.  The  heat  conduction  equations  for  each  zone  are  written  under  the 
assumption  that  the  Lewis  number  is  unity  and  the  heat  capacity  and  the  trans¬ 
fer  coefficients  are  constant.  A  set  of  eight  boundary  conditions  is  given 
at  the  powder  surface  £  =  0  and  in  the  gas,  at  the  reaction  zone  £  =  £0, 
satisfying  temperature  continuity  flow  and  mass  conservation,  and  complete 

consumption  of  reacting  substances.  The  solution  of  the  heat  conduction 
equation  yields 

""  0/  =  a  oxp  (r£  4-  u>t)  - 1/1  (1  -P  VT+to)) 

0/  -  b<~'  4-  c  exp  (-£•  6  +  wt)  <4  exp  [-£•  (I  -  *•)  4. 

**  ""  ^  + 1 0JCP  (y*  •  4*  wt)  -f  /  6xp  —  (£  —  £•)  4-  ot  J 
0/-'V\  Ci '  —  /«•%  C»'  *»  gcm% 
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ABSTRACT:  The  authors  present  an  asymptotic  method  for  solving  a  differential 
equation  of  the  fourth  order.  Several  problems  in  the  hydrodynamic  theory  of 
stability  and  problems  of  frequency  transformation  in  magnetic  hydrodynamics 
and  plasma  physics  can  be  describes  by  the  fourth  order  equation  of  this  type. 


The  differential  equation  is  given  as  — U,(£,  Ac,  IMfc,  k,  0)9  =  0  , 

where  a  is  a  minor  parameter,  £  -  a  coordinate  variable,  and  o>  is  a  frequency 
variable.  Expressed  in  terms  of  an  additional  minor  parameter,  the  problem 

becomes  one  of  solving  the  equation^*  u)  *1  4.  Ut(x,  k,  w) 9- 0  *•*  («.  P-OV, 

in  which  x  is  a  dimensionless  coordinate,  k,  cjo  -  are  problem  parameters,  a  and 
3  are  minor  parameters,  and  U^  and  U2  are  dimensionless  funtions.  The  general 

solution  of  this  equation  is  given  as  ?(*)  "  ^oxp  g(x)  dxj,  q  (x)  =  qi9)  (x)  -f  V p qll)  (x)  4- . . . 

and  it  is  shown  that  the  solution  can  also  be  written,. 


i* 9 


<Pi  - 


■=-  CXp  ^pidX 
s 

Qx\>\pidx 


V  Pi 
C 

VpT* 


(I-  1.2) 


(i-3.  4) 


The  solution  by  asymptotic  method  is  demonstrated  for  the  weak  case  where 


U, 


Ux,  x  <  1,  U  ~  1,  and  for  the  strong  case  wherein  complex  variables  are 


introduced.  The  author  demonstrated  that  the  classification  of  solution 
cases  can  be  related  to  certain  inequality  relationships  between  a  and  (3. 

A  discussion  is  given  concerning  plasma  instability  in  gravitational  field. 
The  author  thanks  I.  B.  Khriplovich,  A.  A.  Galeyev,  V.  N.  Orayevskiy  for 
their  valued  discussions.  Original  article  has:  6l  equations  and  4  figures. 
English  translation:  12  pages. 
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ABSTRACT:  The  exact  solution  is  found  for  the  problem  of  the  convection  of 
a  liquid  enclosed  between  two  vertical  coaxial  cylinders  heated  to  different 
temperatures.  The  outer  cylinder  (radius  R, ,  temperture  T±)  is  soluble  so 

that  at  its  surface  the  concentration  C  is  that  of  the  saturated  solution  C* . 
The  inner  cylinder  (radius  R1,  temperature  T  )  absorbs  all  the  diffusing 

material  on  its  surface  so  that  C(R1)  =  0.  The  temperature  and  concentration 


c. 


between  the  cylinders  is  then  given  by  T  =  In  +r„  C  =  ]jT^)U-Rr 

The  hydrodynamic  velocity  ,t>,  =  r(r)  (z  j.s  directed  vertically  upwards  and 
0,  is  given  by  „  „  ,/<r,  {a  (,  _  )n  J. )  _  61  +  *  In  £  +  *„ 


JV  -  V. 


-r. 
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The  coefficients  of  expansion  6^  and  an<^  the  kinematic 

viscosity  v  are  taken  at  the  mean  values  of  T  and  C,  and  g 
is  the  gravitational  potential.  The  diffusion  flux  of  the 
dissolved  material  is  given  by  ,  [,* 

-  <Trr«,7»,)l<r*  “  r,)* + C,J » 

where  D  and  X  are  the  coefficients  of  diffusion  and  thermal 
diffusion  respectively  (also  at  the  mean  values  of  T  and  C)  . 
Original  article  has:  47  equations.  English  translation: 

5  pages. 
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ABSTRACT;  The  breakup  of  a  cylindrical  ideal  liquid  jet  (radius  a,  density  Pl) 

by  the  transverse  flow  of  another  ideal  fluid  (density  pQ,  velocity  U  )  was 

studied  analytically.  Two  types  of  waves  propagating  along  the  jet  surface 
were  considered:  1)  tangential  waves  deforming  the  jet  in  the  plane  of  its 
cross  section;  2)  longitudinal  waves.  Time-dependent  potential  functions  are 
introduced  for  the  jet  and  the  fluid  in  cylindrical  coordinates,  and  the 
following  solution  is  assumed  Ofa’*,  0— *(,•,  ?)«-<* *  .  The  continuity  of  the 

normal  component  of  the  velocity  at  the  interface  is  used  as  a  boundary  condi¬ 
tion.  From  Laplace's  equation  a  geralized  solution  is  obtained  in  the  form 

*  "  ■  oc.  .  oc 

««•-  2  a.*v-.  u,  -  2  «.*~v**; 


For  m  =  0  and  R  =  1,  the  velocity  of  surface  rise  of  the  Jet  Is  given  by 

•~r  OC  - 

vr,  -  —■  S  mAnlC'cQimwrW 

and  the  equations  of  nodal  lines  on  the  perturbed  jet  take  the  form  of 

M  •'  •  *  * 

•  *  r 

S  Dinty  af  0 

jj*' .■?  **  MB  m  "  24  +  -0  • 

Numerical  calculations  show  that  at  2  <  W  <  27 .6  (W  =  Weber  number),  four 
nodal  lines  appear  on  the  jet  surface  and  two  nodal  lines  at  0.656  <  W  <  1.24 
To  determine  the  wave  propagation  along  the  jet,  the  stream  function  is  assume 
to  have  the  form 

9.  *.  0  »u(r,  9)  «-<»*+<*{ 
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Substituting  in  the  cylindrical  Laplace  equation,  the  sol¬ 
ution  is  obtained  in  a  Bessel  function  of  imaginary  arguments. 
Numerical  results  are  obtained  for  W  ■  5  and  10.  Original 
article  has:  4  figures  and  46  formulas.  English  translation: 
7  pages. 
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ABSTRACT:  The  rheological  properties  of  polymers  were  investigated  in 
effort  to  obtain  mathematical  models  of  observed  physical  phenomona.  Tests 
were  performed  upon  the  commercial  polymers  polybutylene  P-20,  polypropylene 
OP-30,  certain  polyethylenes,  polystyroles,  and  others.  Testing  equipment 
included  rotation  viscosimeter  REV-1  and  a  capillary  constant  pressure  vis¬ 
cosimeter.  Deforming  stress  was  measured  with  respect  to  relative  deformation 
at  various  temperatures  and  various  constant  speeds  of  deformation.  Figure 
1  on  the  Enclosure  is  a  plot  of  stress  t  vs  relative  deformation  7  (right  side 
and  of  stress  vs  time  t  during  stress  relaxation  after  flow  has  ceased.  The 
authors  developed  a  temperature  invariant  form  of  presenting  polymer  strength 
characteristics.  A  parameter  t^r  is  defined  which  is  related  to  strength 

by  the  empirical  equation  */,, •  1  +  C.I2  +  MMO-Mru*)*" 

where  rq  is  a  variable  defining  the  strength  as  a  function  of  molecular  weight 

and  temperature.  The  experimental  data  which  led  to  the  establishment  of  the 
empirical  formula  are  given  in  a  logarithmic  graph  of  r/rq  vs  t/r  .  Dynamic 

strength  characteristics  were  also  fitted  to  the  empirical  equations 


*/*W  -  I  +  0.12- !(>-»(«*)•*•  4.  2J5*l(H(^)w 

-v  (•>  - 1. 1 2 <«U*  ~J :  f  S  «.  (•■u)*  “*] 


»►  • 


where  Rd  is  the  dynamic  strength  parameter,  cs  is  the  dynamic  frequency, 

N(u))  is  the  Laplace  function,  and  L^  and  MR  are  constants  obtained  from  the 
equation  for  r0/r(J  .  The  temperature  invariant  stress  vs  time  relationship 
is  given  in  the  form 
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wi.  cuinjx  [juuuo  i  iuci  purymers  were 

studied  analytically  and  experimentally,  using  the  stress-strain  integral 
equation  t 

This  equation  is  subsequently  modified  to  yield  a  nonlinear  Volterra  equation 
of  the  type  —  . 


K(o,  f —  0)  rfO  . 


The  material  under  study  was  unplasticized  polyvinylchloride  (PVC)  at  T  =  19C, 
and  the  experiment  was  carried  out  on  a  programmed  machine  with  magnetic 
loading.  Three  different  methods  were  used  to  determine  the  "instantaneous" 
elasticity  F(o)  =  o/E,  and  all  three  gave  the  same  value  for  the  modulus  E. 

The  creep  deformation  e L c  J  versus  t  curves  were  plotted  logarithmically 
with  the  empirical  result  e  L c  J  =  A^,  where  and  n  are  functions  of  the 

stress  o.  This  leads 
integral  equation  e: 


Experimental  determination  of  f1 (o)  leads  to  a  value  given  by  A0sh  o/o  .  where 

1  L  '  O 9 

A2  =  1.64  x  10  and  oq  =  1.086  kg/mmc .  Curves  were  also  obtained  depicting 

e  versus  t  where  the  load  was  increased  in  steps.  For  this  purpose,  the 
integral  equation  is  written  as  a  summation,  and  the  calculated  results  agreed 
with  the  data  points  very  favorably.  A  cyclic  load-unload  type  deformation¬ 
time  curve  showed  that  under  load-on  condtions  the  creep  deformation  increases, 

whereas,  for  no-load  conditions,  it  decreases.  Orig.  art.  has:  14  formulas 
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ABSTRACT;  Brittle  rupture  of  an  unbounded  body  with  introduced  material  half¬ 
plane  is  *  investigated  (edge  dislocation)  during  its  uniform  extension  to 
infinity  by  forces  perpendicular  to  the  shown  half-plane.  The  basic  purpose 
of  this  work,  is  clarification  of  the  influence  of  different  laws  of  interaction 
of  opposite  edges  of  cracks  on  conditions  of  brittle  rupture.  In  this  meaning 
it  is  the  continuation  and  development  of  [1],  English  translation:  15  pages. 
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^toeVe^iiTbreaking  of  brittle  splices  by  using  fracture  theory  methods 
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"abstract  ;  Analytical  and  experimental  investigations  were  carried  out  to 
determine  the  mechanism  of  fracture  propagation  in  homogeneous  as  wpil  as 
nonhomogeneous  materials  spliced  together  by  resins.  Equations  are 
describing  the  normal  and  tangential  stresses  (oy,  Txy)  generated  at  the  cu 

between  two  elastic  bodies  which,  outside  the  cut,  are  in  complete  cohesion 
These  stresses  are  shown  to  be  functions  of  6,  which  depends  on  the  s  ear 
moduli  and  Poisson  coefficients  of  the  material,  and  s,  the  distance  from 
the  point  in  consideration  on  the  cut  to  be  end  of  the  cut.  From  these  two 
expressions,  a  functional  equation  is  obtained  for  the  fracture  energy 
of  a  cut  or  slit,  given  by  '  f «  —  r./(<T*/t,*) 

where  A  and  B  are  "coefficients  of  stress  intensity."  To  verify  this 

result  experimentally,  three  simplified  fracture  (or  tear)  schemes  are  intro¬ 
duced  where  AQ  and  BQ  take  on  a  geometric  meaning,  A0/Bq  -  tan  a.  These  three 

schemes  are  depicted  in  Figures  1,  2,  and  5  on  the  Enclosures.  For  Figures 
2  and  3,  the  facture  or  tear  energy  takes  on  simplified  forms  given  by 

r  _  ZP'*  „  P'n  0 Btufi  /Or«i/i*\V,  T  P *’  ~  pw  8 Du»*  /(%  „„ 

2bl  "  Iblii  ”  \TKTil  )  1  ^  32nZJ»  “*  “  "7T  V2'8)  * 


D/T/w* 


[TFui  1 


p* 

32nZR’ 


(2.6) 


All  three  cases  were  tested  experimentally  by  using  plastic -on-ple  ^ l''  and 
plastic-on-steel  splices  with  epoxy  resin  bonds.  For  case  i,  it  was  assumed 

that  Plastic)  =  3  x  10^  kg/cmc  and  v  =  0.4.  Measurements  showed  that  T 
remains  approximately  constant  (at  0.06  kg/cm)  under  a  tensile  force  P  rang¬ 
ing  from  45  to  85  kg.  In  case  2,  T  was  found  to  oscillate  around  the  value 
of^O.04  kg/cm.  The  only  disagreements  with  theory  were  obtained  at  w  =  1  and 
2  75-mm  values  where  nonhomogeneities  were  found  in  the  spliced  joint. 
Finally,  the  case  3  results  were  plotted  graphically  as  P  versus  deflection 
w  and  fracture  radius  "a"  versus  w.  The  fracture  energy  was  estimated  to  be 
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0.017  kg/cm.  "The  authors  are  grateful  to  G.  I.  Barenblatt 
for  his  constant  influence  on  the  work  and  his  illuminating 
discussions."  Orig.  art.  has:  11  formulas  and  R  figures. 
English  translation:  11  pages. 


ITIS  INDEX  CONTROL  FORM 


01  Acc  Nr 

TP7 500538 


68  Translation  Nr 

MT6500161 


64  Control  Markings 


X  Ref  Acc  Nr 


40  Ctry  Info 


07  B.  Pg.  45  E.  Pg.  10  Date 

0102  0108  NONE 


06  Iss 

005 


Transliterated  Title 

K  TEORII  OSESIMMETRICHNOGO  SOSTOYANIYA  IDEAL1 NO-PLASTICHESKOGO  MATERIALA 


09  English  Title  THE  THEORY  OF  THE  AXIALLY  SYMMETRIC  STATE 

OF  AN  TDEAL  PLASTIC  MATERIAL _ _ _ 


43  Source 

ZHURNAL  PRIKLADNOY  MEKHANIKI  I  TEKHNICHESKOY  FIZIKI  (RUSSIAN) _ 


42  Author 

BYKOVTSEV,  G.  I. 


16  Co-Author 

IVLEV,  D.  D. 


16  Co-Author 


98  Document  Location 


47  Subject  Codes 

20,  11  _ 


39  Topic  Tags:  plastic  deformation,  plastic 
strength,  flow  stress,  plasticity 


16  Co-Author 

NONE 


ABSTRACT  :  Properties  of  equations  of  the  axially  symmetric  state  under  the 
condition  of  plasticity  of  Tresca  were  considered  in  [1-5]. 

In  [4]  are  considered  equations  of  the  axially  symmetric  problem 
of  an  ideal  plastic  material  when  the  stressed  and  deformed  state  corres¬ 
ponds  to  the  edge  of  an  arbitrary  piecewise-linear  surface  of  fluidity, 
interpreting  the  condition  of  plasticity  in  the  space  of  main  stresses. 

In  this  work  are  considered  equations  of  the  axially  symmetric 
problem  of  an  isotropic  ideal  plastic  material  when  the  stressed  and  deformed 
state  corresponds  to  the  edge  of  an  arbitrary  piecewise-linear  surface  of 
fluidity.  It  is  shown  that  in  this  case  the  initial  system  of  equations 
always  has  real  characteristics,  coinciding  with  trajectories  of  main  stresses 
(isostatic  curves).  It  is  shown  that  there  cannot  exist  a  line  of  discon¬ 
tinuity  of  rates  of  displacements. 

Let  us  note  that  if  in  the  case  of  conformity  of  the  stressed  and 
deformed  state  to  edge  of  surface  of  fluidity  the  problem  is  statically 
definable  [4],  then  for  the  edge  of  the  surface  of  fluidity  there  is  always 
kinematic  definability.  The  last  for  the  condition  of  plasticity  of  Tresca 
was  noted  in  [i,  5],  The  work  considers  also  self-simulating  solutions, 
corresponding  to  conical  and  spherical  flows  of  ideal  plastic  material. 

Considerations  are  made  that  the  stressed  and  deformed  state, 
corresponding  to  an  edge  of  a  prism  of  fluidity,  cannot  correspond  to  bas  i-1 
types  of  axially  symmetric  flows  of  ideal  plastic  material. 

English  translation:  15  pages. 
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d^Sd/^hr^tra^ufalternated1?"  f  mUlt<ila^  sandwich  shells  is 
layers  are  both  made  of  different  viscoelastl  1fy“rs  and  the  filler 

5  -  --  ^t^ry  is 

^Ff?6 

the  surface  of  the  shell  „?*  ? fcf ?lehi  flbers  originally  normal  to 

to  the  distorted  surfacelDerml  t«"  i!  f  '  und®r  deformation,  but  not  normal 
the  layers,  s  v  '  n  /  dJr  shifts  in  the  material  of 

displacement  and  force  functions^  ar^ae?  nlibfJUm  e9uations  containing  the 
various  particular  cases  frl^d  e^!  a  J?!^he  systems  °f  equations  for 
obtained  from  these  equation!  The  »  n?/if?t'C0Je  sandwlch  plates)  are 
igating  vibrations  of  thin  shsi?™  appbJ-batlon  of  these  equations  to  invest 
formulation  of  tele  b«  i  h  “  Vef  S^ells  is  indicated.  The 

shallow  shells  is  civen  n^L?, ■,  f  5  simply  supported  and  clamped 
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ABSTRACT  :  Several  experiments  were  carried  out  in  which  Nichrome  projectiles 
measuring  160  ±  5q  in  diameter  were  explosively  accelerated  into  aluminum- 
alloy  and  steel  plates.  The  experiments  were  conducted  under  vacuum  in  order 
to  avoid  air  braking.  Constant  acceleration  conditions  were  maintained  through¬ 
out  the  tests  so  that  impact  velocity  and  the  size  of  the  particle  did  not 
'hang-:  from  tf  st  to  test.  A  target  area  containing  20 — 25  craters  was  invest¬ 
igated  so  as  to  determine  the  depth  and  the  diameter  of  the  individual  craters. 
mh<  quantity  of  projectile  material  remaining  in  the  target  after  impact  could 
be  disregarded  because  earlier  experiments  had  shown  that  the  amount  of  pro- 
.  l<  1  D  n  th<  craters  is  only  3— —&%.  Test  results  obtained  for  various 
target  materials  are  summarized  and  illustrated.  Original  article  has-  3 
figures,  3  formulas  and  1  table.  English  translation:  2  pages. 
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ABSTRACT :  In  [1]  are  discussed  results  of  experimental  study  of  surface  waves 

formed  near  the  epicenter  of  shallow  sunken  explosion  in  clay  ground,  and  an 
attempt  is  made  to  give  with  the  help  of  analysis  of  experimental  data  gener¬ 
alized  empirical  relationships,  founded  on  considerations  of  theory  of  dimension 
and  similarity.  The  initial  section  of  surface  wave  (environment  of  first 
entry  of  seismogram)  is  subjected  to  detailed  consideration.  English 
translation:  7  pages. 
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abstract  ;  The  description  of  the  state  of  a  substance  compressed  in  strong 
shock  waves  is  considered.  For  a  wide  variety  of  solids  it  is  found  experi¬ 
mentally  that  the  velocity  of  the  shock  wave  B  and  the  velocity  of  the  material 
behind  the  front  u  are  related  linearly;  />«*>,  +  , u.  The  constant  s  does  not 

differ  much  from  1.5,  and  DQ  is  close  to  the  so-called  Bridgeman  velocity  of 

sound  CB#  With  several  additional  assumptions,  the  complete  thermodynamic 

description  for  the  behavior  of  a  substance  with  isotropic  compression  can  be 
obtained.  The  energy  and  pressure  are  separated  into  a  thermal  and  a  so-called 
cold  part  (Ex,  px),  which  is  connected  with  deformations  of  the  crystal  lattice 

and  is  independent  of  temperature.  The  relation  between  the  thermal  parts  is 
given  by  the  Mie-Grflneisen  equation  LJ*£.  where  the  density  a  is  in 

units  of  the  initial  density  p  ,  the  pressure  p  is  in  units  of  p  D<;  ,  the  energy 

E  is  in  units  of  D  .  Neglecting  the  initial  pressure  and  initial  internal 

° 

energy  of  the  undisturbed ^material,  the  following  system  of  equations  is 

obtained;  />„  —  rx  _  M  * _ o  («  -  i)  „  _  i  r  a  -  i  i* 

_____  =  e,  =  o  ^ .  p„  -  .|f.  » 

where  pH  and  are  the  pressure  and  energy  at  the  shock* wave  front.  The 

solution  depends  on  the  form  of  the  Grtineisen  coefficient  y.  Solutions  are 
indicated  for  y  -  a  constant  equalling  1  or  2  and  for  y  -  function  of 
o  y  =  2(4  -o)/(5-c).  The  author  thanks  S.  S.  Grigoryan  and  Yu.  P.  Rayzer 
for  helpful  discussion  of  the  article.  Orig.  art.  has;  56  equations,  2 
diagrams,  and  1  table.  English  translation;  4  pages. 
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ABSTRACT:  The  problem  of  a  plane  stream  of  viscous-plastic  medium  flowing 
around  a  blunt  body  has  been  studied  in  great  detail.  The  experiments,  aimed 
at  determining  resistance,  were  carried  out  with  a  specially  designed  dyna¬ 
mometer.  The  results  obtained  agreed  well  with  the  theoretical  data  on  the 
nature  of  the  relationship  between  drag  coefficient  of  the  body  and  the  con¬ 
trolling  parameters  of  the  problem.  For  geometrically  shaped  bodies  (paralle¬ 
lepipeds,  cylinders,  and  wedge-shaped  bodies  were  tested),  the  7C  product  is 

a  universal  function  of  S^,  which  can  be  determined  experimentally  on  one 

model  and  later  used  to  compute  the  streamlining  of  bodies  having  different 
geometric  parameters.  The  main  geometric  characteristics  of  a  streamlined 
body  are  its  maximum  thickness  and  its  length.  It  was  found  that  the  drag 
of  wedge-shaped  bodies  moving  in  a  viscous-plastic  medium,  unlike  the  drag 
of  bodies  streamlined  by  a  viscous  fluid  under  similar  conditions,  does  not 
depend  upon  whether  the  body  moves  with  its  base  or  its  nose  forward.  Orig. 
art.  has:  7  figures,  and  12  formulas,  1  table.  English  translation:  11 
pages . 
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ABSTRACT:  The  solution  of  the  system  of  equations  for  the  boundary  layer  of 

a  liquid  with  variable  viscosity  flowing  in  a  uniform  current  around  a  plate 
is  considered.  The  system  of  equations  in  dimensionless  variables  is  of  the 


form  du  t)  f  Oh  df  oo  M  1  0*0 

+  "  0*  +  *  Oy  "V lr  0?  » 

where  P  is  the  Prandtl  number,  with  the  boundary  conditions 

a  —  o,  *  —  o.  e  —  o  for  v  —  0;  »  -  i,  e  —  i  for  r  ■■ 


/  tr  v  ■ 


r-r„  x  x  *.  \ 

r.L--.,=0; 


>)• 


The  initial  differential  equations  are  converted  to  a  system  of  nonlinear 
finite-difference  equations.  Their  solution  can  be  obtained  with  the  use 
of  static  electric  integrators  whose  construction  and  method  of  operation 
are  discussed  in  detail.  The  solutions  for  the  velocities  in  the  boundary 
layer  along  the  plate  are  shown  graphically  for  several  particular  cases. 
Original  article  has:  42  equations  and  5  diagrams.  English  translation: 

3  pages. 
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ABSTRACT:  A  nonsteady-state  solution  is  found  for  the  Korteweg-de  Vries 
equation  [1],  describing  profile  of  surface  wave  of  finite  but  small 
amplitude  at  large  distances  from  initial  perturbation. 
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ABSTRACT  .  pressure  measurement  techniques,  using  piezoelectric  counters  and 
other  probe  methods,  are  compared  with  optical  charts  to  determine  the  state 
of  a  gas  behind  shock  waves  generated  in  electric  discharge  shock  tubes  in 
order  to  determine  more  accurately  departures  from  homogeneity.  The  discharge 
takes  place  in  air  at  0.2  mm  Hg  pressure.  The  results  of  pressure  measure¬ 
ment  and  photomultiplier  records  on  the  oscillograph  agree  to  within  0.1  psec . 

A  plot  of  absolute  pressure  versus  shock  velocity  behind  the  shock  waves 
shows  measured  values  to  be  50$  lower  than  calculated  values.  This  discre¬ 
pancy  is  attributed  primarily  to  experimental  errors  and  possible  nonequilib¬ 
rium  effects  in  the  nonthermal  plasma.  Furthermore,  a  plot  of  reflected 
shock  wave  speed  D'  versus  incident  wave  speed  D  shows  that  experimental 
points  are  1.2-1. 5  times  higher  than  the  values  obtained  from  one-dimensional 
equilibrium  calculations.  If,  in  the  relationship  D'  =  u/3  -  1),  the 
compressibility  £  *  «**  5.0,  the  experimental  data  will  agree  with  calculated 

values.  Measurements  were  made  on  shock  stand-off  distance  over  a  cylindrical 
obstacle  placed  inside  the  shock  tube.  Once  more  a  discrepancy  was  observed 
between  calculated  and  measured  Mach  number  values,  indicating  the  absence  of 
a  clear  demarcation  between  thermal  and  discharge  plasmas  in  electromagnetic 
shock  tubes  at  pressure  levels  below  1  mm  mercury.  "The  authors  are  grateful 
to  B.  V.  Boshenyatov  for  his  help  in  the  experiments."  Original  article  has: 

8  figures.  English  translation:  5  pages. 
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^rf  ^thie^c a s e^when ^ 6 °n  ex*m  ll(Ts  the  qualitative  character  of  shock-wave  structure 
in  tne  case  when  6  p  <  0,  whe-e  6  p  is  the  pressure  difference  between  the 

frozen  and  equilibrium  branches  of  the  shock  adiabatic  curve.  This  examin- 
ation  applies  only  to  strong  shock  waves,  since  6  p  is  always  positive  for 
w-ak  wavf-;,,  and  nothing  new  may  be  learned  of  the  phase  transition  from  it 

defining3 the"' t a  t(Lof  perf®ct  thermodynamic  equilibrium,  the  point 

duLe  The  denL  L  La  ?n  the  PV  plane  shlfts  alon8  a  chord  °f  the 

;  pLl  ?hLay  a  pressure  decrease.  Figure  1  shows  this  behavior,  and 
irf*  h?ws  th^  dependence  of  both  pressure  and  density  on  distance,  up  to 
.4.  jump  in  condensation.  The  author  also  considers  the  case  of  two-wave 

translation:"  5 "pages!  >  °-  0rl8lnal  artide  has:  4  figures.  English 


*ig.  1.  Shock  adiabatic  curves  of  the  "frozen"  and  equilibrium  states  in  the 
case  wh -n  5  p  <  0;  p  is  pressure,  V  is  volume.  As  the  substance 
approaches  complete  thermodynamic  equilibrium,  the  point  defining 

state  shifts  along  chord  from  5  to  2,  from  which  point  both  pressure 
and  density  increase. 
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ABSTRACT  j  The  problem  is  considered  of  the  flow  of  a  very  tenuous  gas  around 
a  circular  plate  at  a  zero  angle  of  attack.  The  gas  molecules  are  considered 
as  solid  spheres  of  diameter  o.  They  are  assumed  to  be  reflected  from  the 
plate  by  diffusion  with  a  Maxwellian  distribution  of  velocities.  The  mean 
free  paths  for  the  collisions  of  various  types  are  as  follows.  For  incident 
molecules  colliding  with  each  other,  \±±  ~  f0r  reflected  molecules 

colliding  with  incident  molecules,  Xgl  -  Xq/M^  for  incident  molecules 

colliding  with  reflected  molecules,  Xlg  ~  X  ,  for  reflected  molecules  colliding 

with  each  other,  \pp  ~  X  Here  .  *  u  u  — 

/2lW,#»eo  '  ’  "  V*KTm*. 

where  n^  and  T^  are  the  density  and  temperature  of  the  undisturbed  gas  and 

the  macroscopic  flow  velocity  U  is  much  greater  than  the  thermal  velocity  of 
the  incident  molecules  and  the  velocity  of  the  reflected  molecules.  Under 
these  conditions,  the  number  of  molecules  incident  on  the  plate  and  reflected 
from  it  increases  until  the  influx  of  molecules  from  infinity  not  suffering 
collisions  equals  the  flow  of  reflected  molecules  escaping  around  the  edges 
of  the  plate.  This  process  is  valid  for  the  following  relation  between  the 
Knudsen  and  Mach  numbers  >  M^  >  >  1,  and  the  problem  can  be  solved 

with  the  theory  of  first  collisions.  An  involved  integral  expression  is 
found  for  the  density  of  molecules  at  the  surface  of  the  plate.  Expressions 
are  also  given  for  the  momentum,  energy,  and  aerodynamic  coefficients. 

Numerical  and  graphical  results  are  presented  as  an  example  for  the  particular 
case  M^  =  30,  =  12.  The  author  thanks  M.  N.  Kogan  for  discussion  of  the 

results  and  interest  in  the  work.  Original  article  has:  49  equations  and 
3  diagrams.  English  translation:  3  pages. 
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ABSTRACT  :  Hypersonic  flows  over  slender,  blunt-nosed  bodies  in  the  presence 
of  physicochemical  transformations  in  the  high-entropy  layer  are  investigated. 
Two-dimensional  and  axially  symmetric  flows  are  considered  and  the  law  of  sim- 


ilitude  based  on  the  introduction  of  the  effective  drag  coefficient  c  ,  of  the 

nose  is  established  in  order  to  take  account  of  the  effect  of  physicochemical 
reactions  in  the  high-entropy  layer  on  flow  over  bodies.  The  integral  relations 
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perfect  gas  flow  and  in  equilibrium  dissociating  air  at  M  =  30  and  oo  are 
plotted  in  graphs.  The  extension  of  the  law  of  similitude  to  a  blast  wave  in 
the  atmosphere  is  discussed.  Original  article  has:  2  figures  and  8  formulas 
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ABSTRACT  :  A  formula  for  the  radiation  power,  containing  the  frequency  factor, 
is  derived  by  the  direct  consideration  of  the  retardation  radiation  of  electrons 
during  collisions  with  neutral  atoms  and  by  taking  into  account  the  correlations 
between  the  collisions.  In  classical  electrodynamics  an  electron  undergoing 
accelerated  motion  radiates  an  amount  of  energy  in  the  interval  to  to  o>  +  du>, 
given  by 

where  w  is  the  Fourier  component  of  acceleration.  Using  K.rchoff’s  law, 

G.  Bekefi,  I.  L.  Hirshfield,  and  S.  C.  Brown  (Zakon  Kirkhgofa  dlya  plazmy  s 
nemaksvellovskim  raspredeleniyem .  Phys.  Fluids,  1961,  v.  4,  No.  2,  p.  173 
obtained  the  following  expression  for  the  radiation  power: 

4  **trr  +  ri* 

ST  ^  •*  +  y-r 

The  present  author  expresses  w(t)  directly  in  the  form 

^  jy  * 

•  w  (I)  -  2  A  ▼*«  (<t) 

and  derives  an  expression  for  <  |  w^2  |  >  :  <  I  *.!•> |2*"  W  *” *“  2f* ^  •*  +  } 

In  these  formulas  tk  is  the  instant  of  the  k-th  collision,  and  Avk  is  the 

corresponding  change  in  the  velocity.  Also  =  (1  “  ^he  author 

acknowledges  his  sincere  appreciation  to  Ya.  B.  Zel'dovich  for  noticing  vhe 
effect  of  the  correlations.  Orig.  art.  has:  12  formulas.  English  trans¬ 
lation:  3  pages. 
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ABSTRACT  :  The  magnetohydrodynamic  method  for  measuring  the  rate  of  flow  of 

a  fluid  through  a  circular  pipe  is  discussed.  This  method  is  based  on  the 
relationship  between  the  flow  rate  and  the  potential  difference  between  the 
electrodes.  The  relationship  is  theoretically  derived  in  this  paper;  the 
equations  governing  the  axisymmetric  flow  of  a  conducting  fluid  under  a  trans¬ 
verse  magnetic  field  and  the  equation  of  Ohm's  law  are  solved.  The  Ohm's  law 
is  reduced  to  the  form  r  ir  /  i  ?*  t  e  \  t 

•  f  (»7  + 

'•“*[-  7- 5T  +  T- iv M  +  i?  $  ,r $ ,v « *'  )•"•*]  , 

where  r  ' 

9  =  ®(r,  °)  +  —  [  Jjj-  $  rV  (r)*- J-Jn-fr)*  jtMO 

Here  HQ  is  the  magnetic  field,  RQ  is  the  radius  of  the  pipe,  V  is  the  velocity 

The 

at  r  =  ro 


of  flow  which  is  equal  to  0  at  Rq,  and  $  is  the  electric  potential 


boundary  conditions  are:  4>  =  -<t>  ,  at  r  =  R  for  -a  <  0  <  a;  <|>  =  <j> 

0  O  0 

for  n  -a<e<n+a.  Using  an  analytic  funtion  defined  by 

«;<»)=  M  +  («r  =  r_ - ijg---  .(?=*  + iy)  » 

the  relation  obtained  between  the  flow  rate  Q  and  the  potential  difference 
between  the  electrodes  is  defined  as  „  <?//,  art 

2,V“  e/f,  K  (coaa)  +_«/?  K(sln  * 

Here  K  is  a  complete  elliptic  integral  of  the  first  kind.  Orig.  art.  has:  1 
figure  and  20  formulas.  English  translation:  4  pages. 
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ABSTRACT  •  An  experimental  investigation  is  presented  of  nonstationary  phenomena 
in  shock  tubes,  such  as  formation  and  development  of  flow  near  a  model  generated 
by  a  travelling  shock  wave.  The  process  of  flow  formation  consisting  of  the 
reflection  and  diffraction  of  shock  waves,  the  formation  of  a  bow  shock  wave 
ahead  of  a  body,  the  generation  and  development  of  a  boundary  layer,  and  the 
formation  of  flow  in  the  wake  of  a  body  are  of  particular  interest  to  the  theory 
of  nonstationary  gasdynamic  processes  and  are  of  great  practical  value.  A 
detailed  description  of  the  shock  tube  (with  a  150  x  50  mm  cross  section  and 
8  m  long)  and  a  block  diagram  of  the  experimental  setup  are  given  and  various 
photographic  methods  for  data  recording  are  outlined.  The  data  obtained  make 
it  possible  to  determine  the  velocities  of  the  incident  shock  wave,  of  the  flow 
in  heated  and  cold  regions,  and  of  the  contact  surface,  and  also  to  determine 
the  duration  of  flow  between  a  shock  wave  and  contact  surface,  and  the  Mach 
number  of  the  flow  from  the  detachment  distance  of  the  shock  in  homogeneous 
regions  of  flow.  It  is  also  possible  to  determine  the  time  necessary  for  a 
shock  wave  to  reach  a  steady  state,  and  the  dependence  of  this  time  on  the  para¬ 
meters  of  the  shock  wave.  Original  article  has:  10  figures.  English  translation 
6  pages. 
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ABSTRACT  •  A  new  experimental  chamber  has  been  devised  for  measuring  sound 
velocity  at  temperatures  up  to  350°C.  Results  are  compared  with  those  from 
previous  apparatus,  where  the  temperatures  overlap.  Both  techniques  are 
based  on  the  method  of  standing  waves.  In  the  new  apparatus,  a  new  acoustical 
resonator  made  of  stainless  steel  is  used.  The  chamber  has  a  length  of 
803.75  mm,  an  inner  diameter  of  65  mm,  and  a  wall  thickness  of  10  mm.  This 
was  used  in  a  new  autoclave  made  of  !Khl8N9T  stainless  steel  with  a  length  of 
124.0  cm,  an  inner  diameter  of  12.0  cm,  and  a  wall  thickness  of  1.5  cm.  Tem¬ 
perature  control  was  obtained  by  two  heating  elements,  one  principal,  one 
auxiliary.  Temperature  was  measured  in  the  autoclave  by  a  100-ohm  platinum 
thermometer  and  by  four  copper-constantan  thermocouples  on  PMS-48  and  PPTN-1 
potentiometers,  with  an  accuracy  within  0.2°C.  Results  of  measurements  on 
sound  velocity  in  saturated  water  vapor  are  shown  graphically  in  Fig.  1  on  the 
Enclosure  in  comparison  with  an  empirical  curve.  It  is  seen  that  the  experi¬ 
mental  values  between  150  and  350°C  are  in  good  agreement  with  the  empirical 

curve,  and  are  in  good  agreement  up  to  320°C  with  the  theoretical  values 
proposed  by  I .  I.  Novikov  (Pokazatel*  adiabaty*  nasy*shchennogo  vodyanogo  para. 
Dokl.  AN  SSSR,  1948,  t.  9>  No.  8,  str.  1425).  At  higher  temperatures  the 
difference  becomes  marked,  and  it  is  concluded  that  a  factor  for  transition 
through  the  saturation  curve  must  be  added  to  the  theoretical  calculations. 
Orlg.  art.  has:  3  figures  and  2  tables.  English  translation:  4  pages. 
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Fig.  1.  Variation  of  sound  velocity  with  temperature 

1-  empirical  curve  based  on  formula  c  =  \/ 1 . 25gP  v"  ,  where 

2  s 

P  is  the  water  vapor  pressure  (kg/m  )  and  v"  the  specific 

s  ^ 
volume  of  the  water  vapor  (nr/kg), 

2-  observed  values  in  new  device; 

3-  observed  values  in  old,  reconstructed  device. 
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ABSTRACT:  We  consider  the  boundary  value  problem  for  a  right  angle  region 
[OfixSL;  0  i  y  i  l]  with  mixed  boundary  conditions,  including  convection 
and  radiant  fluxes.  (Ambient  temperature  is  assumed  equal  to  zero.) 

English  translation:  9  pages. 
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abstract  :  The  equations  governing  the  nonstationary  combustion  of  a  plate  of 

powder  are  solved  by  the  method  of  integral  relations.  A  formula  is  obtained 

for  the  time  of  complete  combustion,  t,  of  a  plate  of  thickness  26~.  The 

+  0 

combustion  was  considered  to  take  place  along  the  two  unbounded  directions 
parallel  to  the  plane  of  the  plate.  The  system  of  equations  governing  the 
combustion  of  the  plate  is:  ^  j 

£1 (t > 0,  o< t < 6 (t)) 

dx 


0(Lt)-1  at 


ao  (Ci  x) 


(t>0.  0<*<6(t)) 
0  at  t-0,  *-'44 


at  6  ; 

_ ,  .  4  .  ~'f.  • 


All  the  quantities  here  are  dimensionless;  cu  is  the  stationary  rate  of 
combustion,  t]  a  parameter  characterizing  the  porosity  of  the  plate,  6  the 
temperature  at  any  point,  t. the  time,  and  £  the  distance  along  the  thick¬ 
ness  of  the  plate.  The  time  for  complete  combustion  was  obtained  in  the 
form 

:■  n  h  —  *  J 

where  is  the  value' at  the  center  of  the  plate  of  the  function  ^(t)  given 

by 

Orig.  art.  has:  2  figures  and  11  formulas.  English  translation:  2  pages. 
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PLOW  AROUND  A  BODY  BY  A  FLUX  OF  STRONGLY 
RAREFIED  PLASMA 

N.  T.  Pashchenko 
(Moscow) 


Motion  of  a  body  in  strongly  rarefied  plasma  was  considered  by  a  number 
of  authors.  One  of  the  first  in  this  direction  was  the  work  of  Jastrow 
and  Pearse  [1],  In  this  work  a  steady-state  solution  for  potential  of 
electrical  field  in  absence  of  magnetic  field  was  found;  however,  a 
solution  was  sought  possessing  spherical  symmetry,  therefore  actually 
motion  of  body  thereby  was  disregarded.  In  [2]  were  investigated  plasma 
oscillations  in  the  trace  after  a  slender  body  in  the  absence  of  a 
magnetic  field,  and  it  was  considered  that  motion  of  particles  is  formed 
from  two  components  —  neutral,  corresponding  to  free-molecular  flow,  and 
collective  motion,  analogous  to  the  motion  of  a  solid  medium;  when  a  body 
is  dielectric  collective  oscillations  are  not  limited  to  the  narrow  region 
of  the  Debye  layer,  but  spread  to  the  whole  trace  after  the  body. 

Effective  solutions,  however,  are  not  obtained. 

Plasma  oscillations  in  the  trace  after  a  body  in  the  presence  of  an 
external  magnetic  field  were  considered  also  in  [}];  however  it  was 
assumed  that  the  dimension  of  body  was  small  as  compared  to  Debye  radius, 
which  is  inapplicable  in  examining  motion  of  bodies  in  the  ionosphere 
where  the  reverse  realtionship  occurs.  The  body  practically  was  considered 
a  point  and  a  problem  without  boundary  conditions  was  considered. 

Flow  around  a  body  by  plasma  was  considered  under  analogous  assumptions 
also  in  [J0»  The  nearest  of  all  to  this  work  with  respect  to  the  accepted 
assumptions  are  [5,  6],  however  the  method  of  solution  of  the  equation 
for  potential  utilized  there  did  not  give  a  possibility  of  revealing  the 
phenomenon  of  "boundary"  layer,  characteristic  for  the  considered  case, 
giving  a  rather  fast  change  of  potential  in  environment  of  body,  and 
expressions  given  in  the  mentioned  works  for  potential  are  accurate  only 
sufficiently  far  from  body. 

This  work  considers  the  problem  of  steady-state  flow  around  a  charged 
body  by  a  high-speed  flow  of  strongly  rarefied  plasma.  Assuming 
perturbations  caused  by  the  body,  charge  of  body,  and  Debye  radius  are 
small  as  compared  to  characteristic  dimensions  of  body,  field  of  potential, 
parameters  of  flow,  and  forces  acting  on  the  body. 


FTD-MT -65-161 


-1- 


1.  Let  us  assume  that  in  strongly  rarefied  plasma  moves  a  charged  body  with 
constant  speed  V  relative  to  a  certain  system  of  reference  fixed  in  space.  By 
plasma  we  will  understand  gas  consisting  in  general,  of  an  electron,  ion,  and 
neutral  component;  undisturbed  plasma  is  assumed  quasineutral.  Each  of  the 
components  is  characterized  by  its  own  distribution  function  of  particles  with 
respect  to  speeds  satisfying  the  kinetic  equation.  Influence  of  external  magnetic 
field  and  magnetic  field  due  to  motion  of  charges  is  disregarded. 

As  initial  equations  for  distribution  functions  of  each  of  the  components 
and  potential  of  electrical  field  we  will  take  equattions  of  self-consistent 
field  of  A.  A.  Vlasov  f 7 ] ;  plasma  is  considered  sufficiently  rarefied,  so  that  it 
is  possible  to  disregard  interaction  of  particles  by  means  of  direct  collisions, 
then  the  kinetic  equation  of  each  of  the  components  does  not  contain  an  integral 
of  collisions. 

In  a  system  of  coordinates  rigidly  connected  with  a  body,  the  system  of 
equations  of  a  self-consistent  field  has  the  form 


!Ll 

**  A?  9em 


o, 


dfi 

C 


mi 


dcm  * 


(1.1) 


=  ?,.**•*  =  4n«{J/edc—  ji/t  *}  (I-2) 

Here  f^,  f  -  distribution  function  of  electron,  ion,  and  neutral  component 
correspondingly,  c  —  speed  of  chaotic  motion  of  particles  in  the  accepted  system 
of  coordinates,  e  -  charge  of  electron,  cp  -  potential  of  electrical  field,  - 
basic  metric  tensor  of  considered  coordination,  -  Laplacian  operator  from 

function  cp. 

Boundary  conditions  for  the  distribution  function  are  determined  by  the 
mechanism  of  interaction  of  particles  during  their  collisions  with  the  surface  and 
in  general  can  be  written  in  the  form 


<«*•><•  (1.5) 

ff  (*•  *•)  -  1i  («.  *•)  "’‘•n  <«,  ■)  <  0.  1i  («,*.)-  fi  (c,  X.)  Hh*n  (e,  a)  >  0 

Here  x  —  radius  vector  of  considered  point  of  surface,  n  —  normal  to  surface 
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at  point  Xj,  K( c,  c',  x.)  -  nucleus  of  interaction,  characterizing  probability  that 
particles  incident  on  surface  with  speed  c'  will  be  reflected  with  speed  C;  when 
incident  and  reflected  flows  are  independent  (for  instance  diffuse  reflection), 
expression  A' (c,  c',  x,)  is  represented  in  the  form  A't(c',  x,)A'2(c,  x*). 

In  general  finding  nucleus  K(e,  c',  xt)  presents  an  indenendent  problem  of 
investigation  of  mechanism  of  interaction  of  particles  with  surface.  For  simple 
cases  of  specular  and  diffuse  reflection  and  their  combination  these  nuclei  can  be 
written  out  [8].  As  boundary  values  for  distribution  functions  on  infinity  are 
taken  their  equilibrium  values 

(i-» 

Here  nQ  —  numerical  density  of  particles  in  undisturbed  flow,  c,°—  average 
speed  of  thermal  motion  of  particles  of  the  j-th  sort. 

For  the  potential  boundary  conditions  on  body  can  be  double  depending  upon 
physical  properties  of  body;  if  the  considered  body  is  a  conductor,  its  potential 
is  constant  <p  *  cp0  *  const,  if  the  body  is  a  dielectric,  then  on  its  surface  is 
assigned  either  density  of  surface  charge  o,  connected  with  normal  derivative 
from  potential  by  the  relationship 

0  =--L*  I 

*  4n  da  |i-t. 


or  potential  as  a  function  of  a  point  of  the  surface. 

Thus,  the  considered  problem  of  flow  around  a  charged  body  leads  to  Joint 
solution  of  equations  (1.1)-(1.2)  with  boundary  conditions  (1.3),  (1.4)  and 
corresponding  boundary  conditions  for  potential. 

In  general  the  solution  of  the  problem  in  such  a  setting  presents  considerable 
difficulties,  therefore  for  qualitative  investigation  of  the  phenomenon  we  will 
make  a  series  of  simplifications. 

2.  We  will  consider  speed  of  body  V  great  as  compared  to  average  thermal 
speed  of  ions  c^ ,  and  small  as  compared  to  electron  thermal  velocity  c^° 


c,*<V<c/ 


we  assume  also  that  aerodynamic  perturbations  caused  by  the  moving  body  are  small, 
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and  charge  of  body  Is  small;  then  energy  of  electrical  field  ecp  can  be  considered 


small  as  compared  to  energy  of  thermal  motion  of  particles  kT.  We  will  also 
consider  Debye  radius  small  as  compared  to  characteristic  dimension  of  body  R  , 
which  occurs  in  examining  motion  of  body  in  the  ionosphere.  Under  such  assumptions 
the  considered  problem  Includes  a  series  of  small  parameters 


Let  us  introduce  dimensionless  variablef 


(2.1) 


(2.2) 


and  write  in  dimensionless  form  the  equations 


^  fc*  ±  2  «, 


and  boundary  conditions 


y  —  oo.  -  0,  Fj  -  eip  [—  (v^  -f  Sj)*l 

y-y..  h*(*i.yj“4f  5  K(vj,»/,yjpj-(y..v/)<'vi  (2.M 

(▼/»>  <® 

Here,  if  the  body  is  a  conductor, 

o-m 


and,  if  the  body  is  a  dielectric, 


or 


M> 


7.(y.) 


(2.5) 


Thus,  solution  of  dimensionless  system  of  equations  (2.5)  with  boundary 
conditions  (2.4),  (2.5)  is  determined  by  sys'^m  of  small  parameters  5*,  1  / S(,  p,  J4,  e, 
where  with  such  selection  of  variables  equations  contained  only  u  and  e,  and 
remaining  parameters  enter  only  in  boundary  conditions.  Using  smallness  of  shown 
parameters,  we  will  introduce  a  series  of  simplifications. 

In  view  of  smallness  SQ  it  is  possible  to  take  expression  F,  =  F<*  exp  <J), 


as  distribution  function  of  electrons  Ff ,  and  the  equation  for  distribution  function 
is  satisfied  with  an  accuracy  of  terms  of  the  order  1  ;  boundary  conditions 

here  are  satisfied  exactly.1 

In  examining  the  kinetic  equation  for  ions  we  will  use  smallness  of  parameter 
U  —  we  will  consider  in  the  first  approximation  that  in  view  of  smallness  of 
energy  of  electrical  field,  as  compared  to  kinetic  energy  of  heavy  particles,  the 
field  does  not  act  on  ions,  and  as  distribution  function  of  ions  it  is  possible 
to  consider  that  incident  ions  have  Maxwellian  distribution 


Fi  =  exp  I—  (vt  -f  S*)* J 

The  equation  is  satisfied  with  an  accuracy  of  terms  of  the  order  u. 
Let  us  consider  the  kinetic  equation  for  F^ 


'll 

to* 


to*  dr/ 


o 


(<D  =  max  |  <1>  1 9  =  pt) 


(2.7) 


The  assumption  that  F1  with  sufficient  accuracy  can  be  replaced  by  f  1  m^ans 
that,  considering  this  equation  as  an  equation  with  small  parameter  u  in  the  region  of 
small  values  of  parameter,  we  are  limited  to  the  solution  of  a  limiting  equation 
(i.e.,  an  equation  obtained  from  the  Initial  when  u  -  0).  Obviously,  such  an 
assumption  will  be  sufficiently  good  everywhere,  with  the  exception  of  the  region 
of  small  values  ,  where  both  terms  become  comparable,  and  such  linearization 
no  longer  is  acceptable.  Let  us  estimate  this  range  of  values  vi* ,  for  which  we 
will  resort  to  an  extension  of  variable  v, .  Equation  (2.7)  can  be  brought  to  the 
form 


II* 


to * 


2  to*  du *  r 


(2.8) 


xIt  is  necessary  to  note  that  Boltzmann  distribution  F,  —  cxp(— r,*  -f  d»|  usually  ^ 

taken,  for  instance  in  [2,  9],  ac  electron  distribution  function,  although  it  is  an 
exact  solution  of  the  kinetic  equation,  boundary  conditions  for  distribution  function 
are  not  satisfied,  and  this  introduces  considerable  errors  in  average  magnitudes  on 
infinity;  in  particular,  for  instance,  the  result  of  such  an  assumption  are  large 
currents  on  infinity  in  the  absence  of  an  electrical  field  (in  the  recently 
published  monograph  of  Ya.  L.  Al’pert,  A.  V.  Gurevich  and  L.  P.  Pitayevskiy 
'Artificial  satellites  in  rarefied  plasma,"  "Science,"  196^  these  inaccuracies  are 
corrected.  Remark  during  proofreading) 


Let  us  estimate  error  introduced  in  average  magnitudes  by  slow  particles,  for 
which  asymptotic  distribution  of  the  kinetic  operator  lr  inapplicable.  Let  us 
consider  moment  of  zero  order  from  distribution  function  —  numerical  density 

»<  =  jl  /4  dc  -  ^^F|(vly)dv1»  y)du 


Thus,  contribution  at  the  time  of  zero  order,  given  by  slow  particles,  is 
proportional  to  —  fi'7* ;  obviously,  contributions  in  moments  of  highest  order  will 
_ontain  higher  powers  u,  and,  so  that  it  was  possible  to  use  the  zero  term  of 
asympt  3tic  distribution,  it  is  necessary  that  it  was  possible  to  disregard  terms 

•  This  is  the  basis  for  linearization  of  the  expression  giving  the  distribution 
function  of  electrons  F,  =  /V(l  +  O);  preservation  of  a  large  number  of  terms  would 
signify  calculation  of  terms  whose  order  is  higher  than  n**  .  Thun,  in  accepted 
assumptions  for  particles  not  colliding  with  the  body  we  have 


Fc  =  /#T,  Fr  =  F„-(t  +  <D)  (2.9) 

Distribution  functions  of  particles  reflected  from  the  body  Ff  are  determined 
from  boundary  conditions  (2.^).  Consequently,  at  point  of  space  for  distribution 
function  F,  there  are  given  the  relationships 

Fi*=Fi)  mwi  Vjg  Qa,  When  Yj e ill  (2.10) 

Here  and  l?2  -  subspaces  in  space  of  speeds  such  that  for  the  considered 
point  y  physi  ai  space  speed  If  a  particle  from  this  speed  falls  onto 

the  considered  point  after  a  collision  with  the  body;  =  J)  —  R, ,  where  ft  -  oil 
the  space  of  speeds. 

Thus,  the  problem  leads  to  determination  of  potential  of  electrical  field 


e*(D  JL  ( n,  (I  a-  d»)  -  n(>  (,( =  \  , 


V'<, 


5  M*.) 

n 


(2.H) 


with  boundary  conditions  (2.*).  This  is  a  linear  elliptic  second  order  equation 
with  small  parameter  for  higher  derivatives.  To  the  equation  can  be  applied 
asymptotic  methods;  the  problem  allows  regular  degeneration  in  the  sense  of  [ o ] ; 
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its  solution  can  be  represented  in  the  form 

0>(n)  =  O0  -f  <D°  ,n)e*n  -f  0  (e*n)  ’ 1 

Here  >5  q  —  solution  of  limiting  pro}  lem  (r  0)  and  <J>°  —  function  of  "boundary" 
layer,  characterizing  solution  near  loundaries.  Depending  upon  smr othness  of 
parameters  of  problem  we  obtain  the  character  of  asymptotic  behavior  also  for 
derivative  from  potential.  Solution  of  limltinp  pr  'lem  is 


(2.13) 


Here  n^  —  relative  excess  density  of  ions  in  a  flow  disturbed  by  a  body. 

0 

This  solution  satisfies  the  boundary  condition  on  infinity  and  does  not  satisfy, 
in  general,  the  condition  on  the  body  (all  further  considerations  will  be  carried 
out  when  the  body  is  a  conductor;  however  difficulties  are  not  caused  by 
consideration  of  a  dielectric).  Discrepancy  in  boundary  conditions  will  compensate 
with  the  help  of  function  of  the  "boundary  layer"  <S'°,  which  is  the  solution  of 
equation 


etO/.Vrp  =  (2-lU) 

under  boundary  conditions 

®°!v-3D=  ^olv8  *'  *  (Ho  GMy-y,  (2.1^) 

Thus,  the  solution  with  an  accuracy  of  0(e)  is  represented  in  the  form 

a>  =  n*  +  <D0«»  (2.16) 

Here  the  limiting  solution  gives  behavior  of  potential  at  a  distance  from  the 
body,  and  function  characterizes  fast  changing  "boundary"  layer  near  body. 

The  problem  of  finding  the  potential  leads,  thus,  to  finding  density  of  electrons 
and  ions,  solution  of  limiting  equation,  and  equation  of  "boundary"  layer. 

3.  As  illustrative  example  we  will  consider  the  two-dimensional  problem 
of  flow  around  an  infinite  cylinder  by  a  flow  of  strongly  rarefied  plasma.  Let  us 
find  density  of  particles  at  point  M  outside  the  body.  Obviously,  region  f>  in 
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space  of  speeds  is  determined  by  system  of  inequalities 


II*  X  r) 


<1.  (vn)>0 


jT ,  passing  to  polar  system  of  coordinates  in  physical  space  and  spac°  of 


speeds, 


0  <  <  °o,  0  —  A  s£  0  sj  0  +  A,  A  «  arc  sin  1  /r  I 

% 

Here  r  —  dimensionless  radius,  in  reference  to  radius  of  cylinder. 

Density  of  particles  is  found  from  the  relationship 

"i  ”  5  Fi4  d'i +  5  r>'  rfv>}  "  T>  15  rf  dvi  “  \  fi~  dy>  \  AV  J\  j  - 

**•  “•  '  “  *»,  i». 

II. 

Since  Fj~  -■  expj—  (v,  +  S,)*J,  and  in  case  of  specular  reflection  we  have 

*(v,  <  f.)  —  Al(v'n)  +  {xn) j 

that 

F,<  -  tip  {-(*)  +  S,  -  2n(vn')]*} 

I 

Hero  n  —  normal  to  considered  point  of  circle  with  coordinates  (|,  O').  Thu 
in  polar  system  of  coordinates 


oo 

,J=sl+lT  J  \  (**P  I —  (Pi*  +  2ri,Sicos3-f.  r/  — 

#-*  I 

* 

—  4r^  cos  V  cos  (3  —  O')))  — 

-  «P  I-  +  Sf  +  2 viSi  cos  3))}  r  Jr,  rf? 


We  will  find  the  connection  between  0  and  p  for  a  molecule  reflected  from 
point  (1,  0  )  of  a  circle  and  falling  onto  the  considered  point  of  space  (y,  0) 
By  the  theorem  of  sines  we  find 


7K]7--(r— £,)  "  »"ir<9  1 3)  *  or  •'-3  +  *re«in[rsln(9-P)j 


Substituting  the  obtained  expression  (3.3)  and  calculating  integrals,  we  will 
obtain  for  density  of  particles 

"i  “  1  +  '/«{sign  (0  -f  A  —  ei)  —  sign  (0  —  fi  -f  e()  + 

+  erf  IS  sin  (0  -f  6)|1  —  sign  cos  (0  -f  6  —  e,)J  — 

—*rt[S sin  (0  —  fl)Ii  —  sign  cos  (0  —  6  -f  ei)]>  +  /, 

Here  -  as  small  as  desired  a  small  positive  number 

1  *4> 

Jl  =  ZTr=  \  co9  *  **P  [—  S*  sin*  a]  [i  -f  erf  (S  cos  a)j  rfa 

r  Sit 

a  =  P  +  2  arc  sin  (r  sin  (0  —  6)) 

rhus ,  t  solution  of  the  limiting  problem  has  the  form 

—  '/♦(sign  (0  +  fl  —  ei)  —  sign  (0  —  0  +  e,)  -f  erf  (5  sin  (0  + 0)1(1  — 

—sign  cos  (0  +  0  -  e,)  J  -  erf  (5  sin  (0  —  0)11  —  sign  cos  (0  —  0  +  et)]}  +  /, 

Let  us  find  the  function  of  the  "boundary"  layer,  being  limited  to  accuracy 

0(£).  In  the  considered  case  of  flow  around  circle  4'°,  according  to  (2.7),  solution 
of  equation  is 

•W  /  dr1  —  <J>*  ..  0 

with  boundary  conditions  V  |.  -  0  -  erf  (S cos  0).  This  solution  has  the  form 

=  Il*i  -  erf  (J  cosO)Jc.xp^— 

As  a  result  potential  of  the  electrical  field  created  by  a  charged  body 
moving  in  rarefied  plasma  is  given  by  the  expression 

®  7  l/4^si*n  <0  +  6  —  C|)  —  sign  (0  -  6  +  e,)  -f  erf  |S  sin  (0  +  0)J  (i  _ 

—  sign  cos  (0  +  0  —  Ci))  —  erf  (.V  sin  (0  —  0)](1  —  sign  cos  (0  +  0  — C|))  + 

+  /i  +  (Mo  —  erf  (Scos0))exp(— (r  —  1)  /e) 

It  is  easy  to  see  that  influence  of  a  fast  changing  exponential  term  appears 
only  in  direct  proximity  of  boundary,  and  at  sufficient  distance  from  the  body 
the  expression  for  potential  is  given  by  the  solution  of  the  limiting  problem. 

When  u0  -  0  we  obtain  distribution  of  the  electrical  field  created  only  due  to 
purely  aerodynamic  perturbution3,  caused  by  motion  of  an  uncharged  body. 


.4 


Fig.  1. 


For  a  certain  region  of  variables  and  parameters 
of  the  problem  was  found  distribution  of  dimensionless 
potential  <t>  depending  upon  r  for  different  values  0 
for  cases  of  a  positively  and  negatively  charged  body. 

Results  of  calculations  are  given  on  Figs.  1-5, 
where  there  are  constructed  distribution  curves  of 
dimensionless  potential  Q  —  tf/kT  depending  upon 
dimensionless  radius  r.  These  curves  permit  tracing 
influence  of  charge  of  body,  and  also  Debye  radius, 


on  position  and  magnitude  of  extremum  of  potential. 
Figures  1,  2  give  distribution  of  potential  ahead  of  body  (G  =  0°)  for  values 
e  *  0.1  and  e  =  0.2  correspondingly.  Ahead  of  body  potential  attains  certain 
positive  maximum,  after  which  it  drops  to  zero.  Positive  maximum  of  potential 
ahead  of  body  corresponds  to  region  of  maximum  concentration  of  electrons,  which 
will  agree  with  the  electron  cloud  observed  before  the  moving  body,  shielding  the 

charge  of  the  body. 

^  On  Figs.  3  and  4  is  given  distribution  of 

^  I  ^  _  potential  for  values  0  »  90°  and  0  =*  150°;  here  curves 

•  1,  2,  3,  4  correspond  to  the  value  e  =  0.2;  curves 

F'y  tmQ2  l',  2  ,  3*,  4'  —  to  the  value  e  =  0.1.  After  the  body 

°  2  (Fig.  5)  potential  attains  considerable  magnitude, 

remaining  negative  (region  of  "trace"  having 
considerable  extent).  It  is  necessary  to  note  that 

- 

in  the  case  of  a  cylinder  conditions  of  smallness  of 

Fig.  2. 

aerodynamic  perturbations  are  not  carried  out,  and 


therefore  the  obtained  solution  can  give  only  a  qualitative  character  of  the 
phenomenon.  For  a  quantitatively  more  precise  determination  it  is  necessary  to 
consider  ions  on  which  the  electrical  field  acts;  obviously,  in  the  region  after 
the  body  will  fall  such  particles,  since  filling  of  space  after  the  body  occurs 
basically  due  to  particles  whose  speed  is  of  the  order  of  thermal  velocity  of  motion. 
Therefore  for  a  more  exact  quantitative  description  it  is  necessary  to  consider 
influence  of  field  on  heavy  particles  and  in  the  region  after  the  body  to  solve 


a  nonlinear  problem.  It  is  possible,  however,  to  show  that  qualitative  behavior 


of  electrical  field  will  be  the  same  as  in  the  obtained 

m  - - - -  , 

V  \  approximation. 

-  It  is  necessary  to  note  that  asymptotic  behavior 

42  v  =  -==  obtained  in  the  problem  of  flow  around  a  cylinder  is 

m  fl/i  r  incorrect  for  derivative  from  potential  in  view  of 

'  JTu  1 

U  insufficient  smoothness  of  function  iu(dnt/dr-+  oo  *n*n  r—1), 

W  and  therefore  the  expression  for  derivative  in 

l — - environment  of  body  should  be  obtained  by  other  means 

Fig,  3.  Due  to  existence  of  "boundary"  layer  the  equation  for 

potential  for  boly  can  be  with  sufficient  accuracy  replaced  by  an  ordinary 
differential  equation 


-  ®  = 


allowing  direct  integration. 

Solution  of  this  equation  has  the  form 


•  -  [n ■ +  -k S  "p  (“  V1)  *  -  sr \ ’» ■ c,p  Pr5)  *] e,p  (_  V5) _ 

i  l 

-  w  r *•' w  (-  ’-^r) d*  e,p  (^r1) 


Hence  for  density  of  surface  charge  we  will  obtain  the  following  expression 


••  -  v[m + “r  \  "*  mp  (_  *~r) d*] 

u 


i.e.,  magnitude  of  surface  charge  is  determined  mainly  by  Debye  radius,  potential 
of  body,  and  density  of  particles. 

The  value  of  surface  charge  permits  obtaining  the  electrical  force  acting  on 
the  body.  Force  [10]  acting  on  an  element  of  the  surface  is  determined  by  the 


lIn  this  connection  it  is  necessary  to  note  that  the  considered  solution  for 
a  cylinder  is  incorrect  in  the  case  of  diffuse  reflection,  since  in  assumption  of 
diffuse  reflection  purely  aerodynamic  perturbations  caused  by  the  moving  body  are 
not  small,  and  in  order  to  clarify  influence  of  mechanism  of  interaction  of  particles 
with  surface  it  is  necessary  to  consider  flow  around  slender  bodies,  which 
perturbing  the  flow  little.  Let  us  note  that  here  were  not  considered  particles 
accomplishing  finite  motions. 


-11- 
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Aerodynamic  forces  acting  on  a  body  due  to  transmission  of  momentum  by  charged 
and  neutral  particles  during  their  collisions  with  the  surface  can  be  obtained 
with  the  help  of  formulas  presented,  for  instance,  in  [11],  It  Is  possible  to  see 
that  for  a  nunber  of  parameters  of  flow  and  field  electrical  forces  can  be 
comparable  with  aerodynamic  forces. 
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DIFFUSION  AND  CONDUCTIVITY  IN  A  PARTIALLY 
IONIZED  MULTITEMPERATURE 
GAS  MIXTURE 


V.  A.  Polyanskiy 


(Moscow) 

In  the  work  expressions  are  obtained  for  a  diffusion  flow  of  mass  and 

withrdifferen?etfiCienJS  °f  ddffuslon  in  e  partially  ionized  gas  mixture 
fMoTHdif£ere?J  temperatures  of  components  occurring  in  an  electromagnetic 
field.  Equations  of  transfer,  obtained  from  kinetic  equations  for  each 
of  the  components  of  the  mixture  by  the  method  of  Gred  using  the  "13 
moments  approach  [1]  serve  initially.  Integrals  of  collisions  in  kinetic 
taken  in  Landau  form  for  particles  Interacting  according 
to  Coulomb  law,  and  in  Boltzmann  form  for  other  particles  Exoression- 
for  generalized  Ohm's  law  and  coefficients  of  mobility  and 
conductivity  in  plasma  with  different  sorts  of  ions.  In  §  2  are 

coefflcients  °f  diffusion,  mobility,  and  conductivity  in  0 
partlally  ionized  gas  for  the  case  when  anisotropy  of 
tranof^r  phenomena  can  be  disregarded  (  The  coefficient  of 

ambinolar  diffusion  in  such  gas  is  found.  In  §  3  is  calculated  conduct! vlt 
of  completely  ionized  plasma  with  two  sorts  of  ions.  If  condition  <  1 

5  1.  Diffusion  equations  for  a  multitemperature  gas  mixture  containing  charged 
particles  and  being  in  an  electromagnetic  field,  in  hydrodynamic  approximation1 
have  the  form 


S  («•*)*  -f  +  •».  X  >c)  —  c.  2  (J*  x  m)  = 

p  * 

~  V/>,  —  em  V  P  +  div  «•  —  et  div  a  —  pem  (  — - 2  -**- )  E* 

\  nig  |  / 


(1.1) 


H!  ot,nnn!!C^ifv,paraj?eterS  of  each  of  the  components  of  the  mixture  chanre  lit  tin 
O?  °f  free  path  antl  ln 


Here 

J*  -  p.  («•  —  ■),  p.  -  m«n.f  c.  =»  p./p,  pm  =»  n.A7‘ 


•  »  S  P  -  2  P..  P  =  2  P«»  n  -  S  »• 

•*«  —  e"  | B | / m.c,  E*  =  E  +  e-1  («  *  B),  x-  B/|B| 

J°  -  diffusion  flow  of  mass,  ha  -  flow  of  heat,  p  ,  7ra  and  nQ  -  correspondingly 

partial  pressure,  tensor  of  viscous  stresses  and  number  of  particles  in  unit  volume 

of  the  a  component  of  mixture,  TQ  —  temperature  of  a  component,  in  reference  to 

average  mass  speed  of  mixture  u,  oua  —  cyclotron  frequency  of  particle  with  charge 

e  and  mass  m  ,  h  —  unit  vector  in  direction  of  magnetic  field, 
a  a 

System  (1.1)  follows  from  the  equation  of  motion  of  a  gas  mixture  of  the 
whole  and  from  equations  for  flows  J0,  which  are  obtained  by  the  method  of  moments 
from  kinetic  equations  for  each  of  the  components  written  in  a  system  of  coordinates 
which  is  motionless  with  respect  to  the  mixture  as  a  whole  [1],  Integrals  of 


collisions  in  kinetic  equations  are  taken  in  Landau  form  for  particles  interacting 
according  to  Coulomb  law,  and  in  Boltzmann  form  for  others.  In  accordance  with 


this  coefficients  aap  and  ba^  are  written  in  different  form.  For  Coulomb 


interaction  of  particles  we  have 


ntfi 


ffT  mm  +  mfl  t.p  ’ 


«•* 


m. 


1 


"*«  +  m*,  tm 


(»*P> 


(3.2) 


1 


m.  +  mf  ' 


,  <»*3> 


(1.3) 


1  \'h 


(i.M 


^  *  r  WmK+SMV  *  «•  m« 

- J1bA*»’ 

(A^  —  Coulomb  logarithm) 


For  other  laws  of  Interaction  of  particles  coefficients  aQp  and  bQp  (and  also 


caP,  dap#Ta*,  see  below)  are  expressed  through  [2]  of  Chapman-Cauling  integrals 

-1 


u*»,  where  in  quantities  t 


(1.5) 


I 


The  form  of  these  coefficients  is  easy  to  establish,  comparing  (1.1)  with 
rresponding  expressions  of  [1],  System  (1.1)  is  linearly  dependent: 


... 


Therefore  for  determination  of  J01  it  is  necessary  to  add  to  (1.1)  the  evident 


equality 


jr  -  o 


(l.e: 


Heat  flow  hp  can  be  excluded  from  (1.1)  with  the  he3p  of  system  [3] 

emfh*  —  w,f«*  (h*  x  *)  =  —  Xi  V  T .  —  div  n*  -f  2  J9 


Let  us  write  quantities  cq  ,  tq*  and  dQ„  in  case  of  Coulomb  interaction  of 


particles 


C0m  *=  1,  =  “ 


±^21  +  v  W»T«T»  r3  t. 

V  *««  £  +  "*>  (T.  +  V*  T  Tp  + 

+  1 .3  h  -f  1 .6  -  6.*  (2.2  +  0.4  £)] 


0.9m.T>«  (3  -f  26.3)t/ 
('-%  +  >V(T«  +  T#)*T(u 


(1.9 


«-yr. 

I  +  m^/m. 


(l.ln 


Expressions  for  cQ^,  dQ^  and  Ta*  under  other  laws  of  interaction  of  particles 
can  be  written  using  corresponding  results  of  fl,  3]. 

The  solution  of  system  (1.7)  is  written  in  the  following  way  [3): 

h‘  -  -  V  |X.,- V I  n  +  X  VjT,  +  Kt  (V?-.  x  x)|  + 

»  Vi*1 

+  +  I1*#  x  *)1  * 

"  I  > 

X  (div  n9  •  m) x  +  *«£  div  n9  +  K$  (div  n9  x  k)1 


Expressions  for  p®*1  and  p«|  are  obtained  from  the  formula  for  papN  by  mean 

of  replacement  of  the  sign  ||  correspondingly  by  1  and  A  .  The  signs  ||,  i  for 

vectors  mean  that  these  vectors  are  directed  along  (J|)  and  across  (i)  of  the 

magnetic  field,  I c I  and  Ic  I  are  determinants  with  elements  c  u  and  c  *  |c|n 

'  1  11  ah  ah  1  1 3a 

and  |c  | pa  are  cofactors  of  elements  (ha)  of  these  determinants,  o</m  is  a 

permutable  tensor. 


lx*  lx  f 

divn*  x  k  =  aUm xm  -J?-,  div n*  •  x  xr  -~- 


Cml  “ 


Solution  of  system  (1.1)  can  be  obtained  by  substituting  (1.11)  in  (l.l)  and 
excluding  with  the  help  (1.6)  from  every  equation  of  system  (1.1)  the  quantity  j“. 
Simple  calculations  show  that  diffusion  flow  of  the  mass  of  each  component  of  the 
mixture  is  composed  of  several  parts: 


(1.13) 


Mass  transfer,  caused  by  gradients  of  densities  of  components  of  mixture, 


V  “  2  P*  |G«*n  Vn  ^  P*  +  V±  In  p#  -f  C.f  (In  x  x)) 


(l.lU) 


Thermal  diffusion  mass  transfer 


J  *  “  s  9$  ^  (( +  5^  2^  Vi.  in  T$  + 

+  [C*»X  +  *»•  (Vfi-T1  -  W  />.,*)]  Vi  In  T,  + 

+ [c*»‘  +  c;2(*h  (Wd..,  1+  ^X/>./)](Vln  T^xx)} 


(1.15) 


Flow  of  mass  due  to  viscous  transfer  of  momentum 


kT*  Ti l^Tl  n'1  *f 

[  Cj,-  c./  +  Q  S  4,,  (X, -  x,/*>./  +  ( 1  • 1 

^•t  )]  (div  n9  •  x)  x  -f  T  Ga-i  *  -f  V  b ts  (>.4;,  *Zia + 

J  L  "9Y.  » 

4-  ^fli^«YA)] (div n9  X  x)j 

Mass  transfer  by  electromagnetic  field 

V  -  -P.K."E„* -p.tf.-  (E*  x  k)  (!  -1 

Here  are  introduced  generalized  coefficients  of  diffusion  of  multicomponent 
mixture  DQp  and  mobility  Kq 

„  w.  I«»>w-|.«»i..  „  x_*r.  I l„ - 1  1.. 

*  1  .(•)  1  •  *'•$  ■  .  . - 


l«wl 


+'-^XZ!  **'"• 


Here  k»|  —  determinants  with  elements 

+  S4.,(P„"-Pt.") 

T 

a*9<‘>  ■*  «M  —  «••  +  S  6«t  (My#1  —  I*,.1) 

“  "M*  ~  *f  2  %y  (|*Y#  *  —  Hy«  *  ).  —  (1  —  f.)  ». 

2' (.+B 


(1.20) 


-  cofactor  of  elements  aQ&(p)  of  these  determinants.  Expressions  for 
quantities  C*)1,  C«|  and  for  mobility  A'|  are  obtained  from  formulas  for 

by  replacement  in  them  of  the  sign  ||  correspondingly  by  the  signs  J- and  Ae 
It  is  n  >t  difficult  to  see  that  coefficients  Dmfl  for  a  mixture  with  identical 
temperatures  of  components  coincide  with  generalized  coefficients  of  diffusion 


mmmnm* 


Dlj  glven  in  lf  coefficients  of  binary  diffusion  [D^  in  are  taken 

in  the  first  approximation,  and  in  quantities  aQ(  terms  of  form  6apM6yll.  are 
omitted.  Calculation  of  these  terms,  appearing  due  to  heat  transfer  by  diffusion, 
corresponds  to  the  second  approximation  in  coefficients  of  binary  diffusion 
^DiJ^k*  From  calculations  made  in  [4]  for  certain  potentials  of  interaction  of 
particles  of  mixture,  it  is  clear  that  the  distinction  of  [D^]  ,,  from  fD1J1 
composes  only  several  percent  (for  instance,  for  the  potential  of  Lennardl Jones 
this  distinction  does  not  exceed  3*  for  the  majority  of  binary  mixtures).  However 
in  the  case  of  Coulomb  interaction  of  charged  particles  the  example  of  triple 
mixture  considered  below  shows  that  calculation  of  diffusion  heat  transfer  can 
lead  to  considerable  change  (see  also  [5]). 

The  obtained  expression  (1.13)  permits  an  easy  writing  of  the  generalized 

Ohm's  law  for  plasma  containing  an  arbitrary  quantity  of  sorts  of  charged  particles. 
Density  of  current 


J  =  S  *«n.u* 

Consequently,  the  generalized  Ohm's  law  has  the  form 

+  (1.21) 

«  *  a 

Conductivity  of  such  plasma  is  expressed  by  the  formula 

(1.22) 

Replacement  of  sign  ||  In  (1.22)  by  signs  1  and  a  glves  expresslon!! 
correspondingly  for  a and  oA. 

In  conclusion  of  this  section  we  will  give  the  full  system  of  hydrodynamic 
equations  describing  motion  of  a  multitemperature  partially  ionized  gas  mixture 
in  an  electromagnetic  field.  The  system  is  obtained  by  the  method  of  moments  from 
kinetic  equations  for  each  component  of  the  mixture,  written  in  a  system  of 
coordinates  which  is  motionless  with  respect  to  the  mixture  as  a  whole.  The 
system  contains  N  -  1  continuity  equation  of  separate  components  (N  -  number  of 
components  of  mixture),  continuity  equation  and  motion  of  mixture  as  a  whole, 

N  equations  of  energy  and  an  "equation  of  state”  mixture.  In  hydrodynamic 
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approximation  (see  footnote  on  p.  15  )  we  have 


p~  -j-  div J*  ■=  0,  ^  +  pdivu  =  0 


+  E-fijxB 


(1.24) 


|t.  ^  -  -  c.T.div.-'^divli*- £  divJ*— ^  + 

+  ^J*-Vp-|,'Vr.  +  pJ*di»«  +  ir-[(«.-S^.8e>)E  + 

+  ToxB-£jxBl +  S  r»r+"'^,<r,_r") 


(1.25) 


r 


(1.26) 


Tensors  of  viscous  stresses  of  each  component  of  the  mixture  n  in  complicated 
form  depend  on  tensor  of  speeds  of  deformations  of  all  the  mixture.  Expressions 
for  ma  are  obtained  in  [3].  Quantities  J°,  J,  are  given  by  formulas  (1.13), 
(1.21)  and  (1.11). 

§  2.  Below  is  considered  a  three-component  mixture  composed  from  ions  (i), 
electrons  (e),  and  neutral  particles  (a).  Temperatures  and  mass  of  particles  of 
heavy  components  are  assumed  identical  (T^  ■  Ta  *  T,  m^  »  mQ  *  m).  Temperature  of 
electrons  T,  >  T,  where  is  considered  the  executed  condition 


(e-  TIT.) 


(2.1) 


Coefficients  aQ^  to  dQ^  for  such  a  mixture  taking  into  account  (2.1)  take  the 


form 


*=  — 0.5t«j“'  -  it.,’1,  *•<  0.5TI.-1.  *<<  “ 

«<<  — 0.5tu-'  —  «<•  “  «t«  ■■  t,4_i 

(««  ”  — T»-',  ««i  ™  “  **•»”' 


(2.2) 
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b„  —  —  vM.r',  b.i  ■*  y6,t<.-\  bat  —  e0YM.."' 

bu  —  — ybtT„-'  +  Ofit'QYXu-'.  b„  =  \b,i.r\  6„  —  -O.6e0YT.r'  (2.3) 

“  ”“*®YV.  b„  —  e*0v61T.,-,l  6,i  =  — O^Oyt,,-' 


-  -2.56, (yr.,)-'  +  5«(1  -  0){v0t.,)-*,  d.t  . 

-  ed(vOr,.)-',  d„  ~  -2.56,(yT(.)-'  +  5e(l 

d„  -  2.56,(yt,()-«,  «  «(3-4.50)(yT„)-', 

d„  -  2.56,(y©t.,)-\  rf„  -  -1.5(Y0t„)-« 


2.56,  (YTij)-' 

d„  **  — 2..r,(e0y)~'v 


(2.4) 


Here 


*•“'  “  *•«"'  +  W.  v  -  6,t„-*  -  0.6T.,-'.  Y  «*  hi  /  *f 
ti  -  02S(t2Cu*  -  1),  6,  -  -  1). 

i  -  150*6,  -  (1  -  0)  <U,.«  -  12 C„*  -  50  +  00C..») 

—  (50^’*  —  /  3Qm",  —  Q^i*  /  3Qm*« 


Coefficients  c 


ap  and  quantities  tq* 


for  a  triple  mixture  are  written  unit  In 


[3].  Let  us  give  results  of  calculations  of  generalized  coefficients  of  diffusion 
and  conductivity  for  the  case  when  anisotropy  of  phenomena  of  transfer  can  be 
disregarded  ( |  «,  |  t.«  <  1).  During  calculations  estimates  of  ratios  of  effective 
cross  sections  of  collisions  Q^IQt y  for  range  of  temperatures  510*#K  <  T  <  10*%  5> 
f.  <510»*K  given  in  §  2  of  [3]  were  essentially  used.  Additional  data 
confirming  accuracy  of  these  estimates  can  be  found  in  [6].  These  data  permit 
a  decrease  of  the  lower  bound  of  electron  temperature  Te  to  2.|0*«K  for  certain 
gases.  With  an  accuracy  of  quantities  of  the  order  e'?.0V.  with  respect  to 
remaining  coefficients  DJ  take  the  form 

Wr  /  «i  .  «\  Mr.  /  ... ,  06r# 


Here 


Dmil  ’=Diml  =  — fgT*(  —  ,  o  |  4.  i*\ 

•i  (1  +  A)  m  m  (2t.|  TmJ 

•  =«.',•  D.\<D.\> 

•«  +  V*  «*•»  (i  -f  A)  *  aP~i~fp*  (z  =  0, 1 . 5) 

*  l  W.  ^  T.  Ttot„  /'  fc- -!*»/.  />  -  2.5^vt#* 


(2.5) 


2.5hvH/», 
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«**«% 


6.  ot  .  . .  '  VU 

—  -5L  4.  Hi  *1  ,  -0.0 

*  y  #-0.1»(M-|.«4B|*_|.2V) 


»* 


t 


Calculations  made  on  the  assumption  that  degree  of  ionization  is  small  and 
collisions  of  neutral  —  neutral,  neutral  —  charged  particle  type  predominate 
show  that  calculation  of  diffusion  heat  transfer  introduces  in  Dm$*  insignificant 
correction  fp  ~  0.01—  0.08  (p  —  0,  .....  I>).  At  a  high  degree  of  ionization,  when  collisions 
between  charged  particles  become  essential  magnitude  of  correction  Increases: 
fp  ~  0.5  (p  -  0.  2.  4).  This  leads  to  considerable  increase  of  certain  diffusion 
coefficients  D,*". 

Mobility  of  charged  particles 


V  =wai •  *•'  =nr#a.Drfc 

■«  “  £;  [*  -  T  K  -  ^  - ".)] 


(2.6) 


In  (2.6)  for  convenience  of  writing  mobility  K\l  is  taken  with  an  opposite 
sign  as  compared  to  (1.19).  Subsequently  for  simplicity  we  will  consider  that 
plasma  is  quasineutral.  (Zn.^  =  ne,  =  ag  =  1).  Simple  computations  taking  into 
account  estimates  of  ratios  QmtJQn  from  [5]  give 

*,»/*«»  ~  e(a  +  (eO)-V»(!  -  a)l 

Consequently,  at  a  high  degree  of  ionization  (a  ~  1)  K,i/KJ  ~  c  <  1.  If  a  <  1,  then 
inequality  becomes  less  strong,  since  then  A.', ’/A'/  ~  e'.'iQ-V». 

Conductivity  of  plasma 


m,  V  '  ",  II 


(2.7) 


The  expression  for  o1  becomes  simpler  if  break  away  of  temperature  of  electrons 
from  temperature  of  heavy  particles  is  not  very  great  (e'/»0-9«  <  I) 


■  «v> 

•  "  -2.5v*w/) 


(2.6) 


Formula  (2.8)  is  analogous  to  expression  (4.17)  of  [9],  if  in  the  latter 
quantity  t0£  is  determined  at  electron  temperature  T0.  This  confirms  the 
affirmation  in  [3]  with  respect  to  expression  for  density  of  current  J. 
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We  will  consider  ambipolar  diffusion  when  |*»#|i«*  C  1.'  Let  us  assume  that, 
besides  the  condition  of  quasineutrality  condition  ZVnt  =  >  Vn«  is  carried 

out  and  all  currents  are  equal  to  zero  (n1  —  u  «■  u*  —  m  —  wa).  Let  us  assume  that, 
further.  Influence  of  viscous  transfer  of  momentum  and  gradients  of  temperature 
on  diffusion  flows  of  ions  and  electrons  can  be  disregarded.  After  exception  from 
expressions  for  J1,  Je  of  electrical  field  E*  we  will  have 


w#  —  D.«Vpi/p,  —  ZWp./p.  (2.9) 

Here  —  coefficient  of  ambipolar  diffusion 


J  3.  Below  formulas  (1,19)  and  (1.22)  are  applied  to  ditemperature  completely 
ionized  plasma  with  two  sorts  of  ions:  (i)  and  (s).  Let  us  assume  that  T,  m,  **,(*»<  < 
"•)  -  temperature  and  mass  of  ions,  Z^e,  Z^c  -  their  charges.  When  |«*. 
mobility  of  charges  particles  in  such  plasma  are  written  in  the  following  way: 

X, 1  =  • 

jr  I  _  *«**«  *1 

*  =  *mmm  l  %  x+  (mi  +  m.)  J 


Now 


t*-‘  —  T,r'  + 1,,-',  tr'  —  (•.in-'  4-  +  *#) 


Conductivity 


•V.  _ _ _ 

ifmt  \V2k  It  A*  -f  zt\  In  A„) 


(3.2) 


In  (3.1),  (5.2)  calculations  are  made  accurate  to  (m, / and  it  is 
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* 


If  |u«|tfl^l,  formulas  (3.1),  (3.2)  are  true  for  longitudinal  coefficients. 
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DISPERSION  OF  A  HEATED  MASS  OF  GAS 
IN  REGULAR  CONDITIONS 


I.  V.  Nemchinov 


(Moscow) 


We  consider  motion  of  a  given  mass  of  gas,  in  particles  of  which  energy 
is  liberated,  where  intensity  of  energy  release  depends  exponentially 
on  temperature  and  density  and  arbitrarily  on  time.  The  analogy  of  the 
solution  of  L.  I.  Sedov  of  the  problem  about  adiabatic  dispersion,  found 
earlier  by  the  author  is  analyzed  [1]  —  self-simulating  solution, 
describing  motion  of  gas  with  preheating  in  regular  conditions  [2], 
character  of  distribution  of  parameters  with  respect  to  particles  of  gas 
also  in  time  for  different  indices  of  degree  in  the  law  of  heat  emission 
is  investigated.  The  question  about  establishment  of  a  self-simulating 
solution  is  discussed,  and  also  its  applicability  to  certain  specific 
processes  of  gas-dynamic  motion  in  the  presence  of  Intense  heat  addition. 


§  1.  Let  us  consider  the  problem  about  nonadiabatic  motion  of  a  gas  when 
intensity  of  energy  release  in  particles  Q  [erg/g/sec]  depends  on  thermodynamic 
parameters  characterizing  the  state  of  the  gas,  for  instance,  on  temperature  and 
density  —  exponentialy,  and  on  time  —  arbitrarily.  The  equation  of  energy  has  the 

form 


* 

ft 


£)/£) 


(1.1) 


Here  e  —  energy  of  mass  unit  of  gas,  n  —  constant  adiabatic  index,  v  specific 
volume,  p  -  density  of  substance,  t  -  time,  m  -  Lagrange  (mass)  coordinate  of 
particle;  the  index  *  marks  characteristic  measured  parameters  in  the  law  of  heat 
emission,  f  and  <p  are  arbitrary  dimensionless  assigned  functions  of  arguments 


i 


characterizing  change  of  intensity  of  source  in  time  and  energy  release  with  respect 


to  particles. 

If  the  total  mass  of  moving  and  heated  gas  is  fixed,  then  there  exists  an 
analogy  of  the  solution  of  L.  I.  Sedov  of  the  problem  about  adiabatic  dispersion 
[1]  —  self-simulating  solution  [2],  describing  regular  conditions  of  motion  and 
heating  of  gas. 

In  [2]  was  the  case  of  plane  motion  of  a  gas  when  a  =  0  and  p  =*  0  considered 
in  detail,  i.e.,  when  intensity  of  energy  release  does  not  depend  on  thermodynamic 
parameters . 

Such  a  case  corresponds,  for  instance,  to  the  rather  wide-spread  case  of 
absorption  of  electromagnetic  radiation  by  a  substance,  when  the  mass  coefficient 
of  absorption  kv  fem  /g]  does  not  depend  on  the  state  of  the  substance:  kr  «  k,v,  const. 
Then  Q,x  —  Ektv,,  where  E  is  total  energy  of  electromagnetic  radiation  incident  per 
unit  of  surface  [erg/cm  ]  and  t  —  characteristic  time  of  action  of  source  of  energy, 
where  /  ■«  cxp(— fc.r.m)  for  absorption  of  monochromatic  radiation.  As  m*  it  is  possible 
to  select  the  quantity  (*•.«•.)*'.  For  the  "transparent"  region,  dimensions  of  which 
rQ  are  such  that  *ro  <  1.  we  will  obtain  f  -  1. 

Due  to  heating  the  coefficient  of  absorption  can  be  changed,  and,  if  its  change 
can  be  described  by  the  root  law,  then  for  transparent  regions  where  / »  1,  we  will 


obtain 


Completely  ionized  plasma  with  natural  frequency  u>0  during  calculation  of 
energy  transfer  from  electrons  to  ions  with  frequency  of  collisions  v ^  absorbs 
electromagnetic  radiation  with  frequency  cu,  where,  if  v<  <  «  and  u  »  «*,  then  [3-6], 


» V. 


4  VK*,**J. 

s  (*fr rv 


Here  ee  and  mc  -  charge  and  mass  of  electron,  nr  _  number  of  electrons  in  unit 
volume,  kB  —  Boltzmann  constant,  T  -  temperature,  L-  Coulomb  logarithm  [6],  which  it 
is  possible  to  consider  approximately  constant.  Consequently,  in  this  case  0-1, 
a  -  3/2.  N.  G.  Basov  and  0.  N.  Krokhin  [3]  proposed  to  use  absorption  of  plasma  by  the 


shown  mechanism  of  a  monochromatic  pulsating  light  beam  of  great  power  to  achieve 

*7 

very  high  temperatures  of  the  order  10  degrees  K. 

During  comparatively  small  changes  of  temperature  near  characteristic  temperatur 
T,  the  dependence  of  the  rate  of  reactions  and,  consequently,  dependence  of  heat 
emission  on  temperature  and  density  may  also  be  approximated  by  root  law. 

In  the  monograph  of  K.  P.  Stanyukovich  [7]  the  problem  about  motion  >f  gas 
driving  a  piston  already  was  considered  taking  into  account  heat  emission  from 
pressure  by  the  root  law  (dependence  of  burning  rate  of  powders  usually  is 
approximated  thus).  It  was  assumed  that  pressure  drop  in  moving  gas  is  small, 
which  is  true  only  for  a  sufficiently  heavy  cast  off  b  )dy,  i.e.,  p  p(f)* 

During  thermonuclear  reactions  [8,  91  the  law  of  heat  emission  lias  usually  the 

form 


(A  =  coast.  B  "  const) 


Approximation  by  exponential  dependence  leads  to  the  expression 


-X.  +  2 
3 


B 

»  \  •  3  —  1.  —  j,»/f 


Electrical  conductivity  of  strongly  ionized  gas  changes  by  the  law  [10] 


<h(Z) 


4e,»  V  2nmtL 


where  o0(Z)  -  dimensionless  coefficient  of  the  order  of  unity  depending  on  average 
charge  of  plasma  Z.  If  electrical  current  j  is  constant  with  respect  to  cross 
section  of  discharge,  then  Joule  heat  liberated  in  it  Q  ~  T-‘lw. 

For  several  physical  and  hydrodynamic  problems  (if  relationship  of  parameters 
is  such  that  regular  conditions  of  dispersion)  can  be  established  consideration  of 
the  character  of  variation  of  parameters  In  time  and  their  distribution  with  respect 
to  particles  for  different  values  a  and  (3  presents  interest. 

Equations  of  motion  of  gas  and  inseparability  in  the  presence  of  preheating 

do  not  charge  form 


lu  -  tp  ,  dr  1  dr 

fT+toir  "°»  Ft  m=U'  sTr 


(1.2) 
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Here  u  —  speed  of  gas,  r  —  Euler  coordinate,  m  —  is  Lagrange  coordinate, 
v  -  1,  2,  3  in  flat,  cylindrical,  and  spherical  cases. 

The  problem  about  regular  conditions  of  motion  of  gas  of  given  mass  has  a 
solution  in  separable  variables 

p  «  P(m)p*(t),  v~V{m)v*(t) 

u-V(m)u*(t),  r  =  R(m)r*{t)  (1.3) 

Putting  (1.3)  in  system  of  partial  differential  equations  (1.1)  and  (1.2),  we 
will  obtain  two  systems  of  ordinary  differential  equations,  one  of  which  serves 
for  finding  the  dependence  of  variation  of  parameters  on  time,  the  other  -  for 
determination  of  distribution  of  parameters  In  regular  conditions 


dm*  j  _  dp  ti*-' 

dt  ™  dm  V 

I  U 

_ —  <t  dir  t 

(r  •)•  *  v  dm  V 


(l.v 


(1.5) 


(1.6) 

(1.7) 


Let  us  note  that  the  obtained  particular  exact  solution  of  equations  of  one- 
dimensional  motion  of  gas  taking  into  account  preheating  is  a  generalization  (in  the 
case  of  nonadiabatic  motions  of  gas)  of  the  solution  of  the  problem  about  .diabatlc 
dispersion  of  a  fixed  mass  of  gas  [1],  al3o  being  the  solution  in  separable  variables, 
where  in  this  case  the  right  side  of  the  equation  of  energy  is  equal  to  zero,  i.e., 

jj  (In  (p»*)l  ■■  0,  »r  PV9/(m)  «  const 

In  the  considered  solution  with  preheating  from  (1.5)  it  follows  that 

const,  (T  — 1)0  -f*)  “  P  (1.8) 

However  the  degree  of  arbitrariness  in  the  investigated  solution  is  somewhat 
less  than  during  udiabatic  dispersion  when  f(m)  determines  possible  arbitrariness 
in  initial  data,  since  in  problems  with  preheating  f(m)  usually  is  fixed  from 
physical  considerations.  Let  us  indicate  that,  in  general,  y  i*  k.  For  a  ■■  +»/*  and 
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P  ■=* +1  (heating  plasma  by  electromagnetic  radiation  of  constant  frequency)  magnitude 
Y  T/»  ( vhereas  true  adiabatic  index  of  gas  x  —  */*  appearing  in  left  part  of  equation 
(1.1)). 


It  is  natural  that  nonlinearity  of  system  of  equations  (1.1)  and  (1.2)  permits 
motion  to  be  described  by  a  solution  in  separable  variables  only  if  initial  profile 
of  parameters  corresponds  to  solution  of  ordinary  differential  equations,  obtained 
in  assumption  of  self-similation  of  motion.  In  the  presence  of  prolonged  energy 
release,  when  volume  occupied  by  gas  and  its  energy  will  become  essentially  larger 
than  their  initial  values,  it  is  possible  to  assume  that  motion  will  reach  self- 
simulating  conditions  and  during  initial  distribution  of  parameters,  different 
from  "self-simulating,"  i.e.,  self-simulating  conditions  will  be  asymptotic. 

It  is  interesting  to  note  that  zero  initial  data  (motion,  starting  from  state 
of  rest  of  absolutely  cold  gas)  also  satisfy  separation  of  variables.  Actually, 
when  p°(0)  -  0  and  u°(0)  =  0  arbitrary  profile  P(m)  e- \  U(m)  satisfies  condition 
p(0,  m)  *  0,  u(!  ,  m)  -  0.  In  such  a  case  nonself-slm.' :  lutlon  of  motion  can  take 
place  only  because  initial  distribution  of  density  is  different  than  self-simulating. 
However  from  intuitive  ("physical")  considerations  it  is  clear  that  after  as  a 
result  of  heating  a  substance  considerably  expands,  not  only  character  of  distribution 
of  density,  but  also  its  absolute  value  is  immaterial.  As  will  be  shown  below, 
in  many  cases  during  prolonged  energy  release  kinetic  and  thermal  energy  of  moving 
gas  are  proportional  to  each  other  and  have  one  order  of  magnitude.  Therefore  toward 
the  end  of  energy  release  speed  will  be  of  ord^r  i SF/A/.  where  E  -  total  energy 
liberated  in  gas,  and  M  —  its  mass.  Consequently,  dimension  of  region  occupied 

by  gas  will  be  of  order  iticTu,  where  x  -  full  time  of  energy  release,  and  average 
specific  volume  of  order  (i?2?7T/)m/-'. 

It  follows  from  this  that  for  sufficiently  small  mass  of  moving  gas  M, 
sufficiently  great  liberated  energy  E,  and  sufficiently  great  duration  of  energy 
supply  t,  average  density  of  substance  p  will  be  considerably  less  than  initial 
density.  It  is  clear  that  although  in  "absolute  value"  x  can  be  a  sufficiently  small 
magnitude  (as  compared  to  "usual"  scales),  dispersion  will  take  place  in  regular 
conditions  of  prolonged  heat  supply.  It  is  natural  that  the  criterion  of  duration 
of  feed  of  energy  is  t»<„  where  tg  -  characteristic  gas-dynamic  time  of  dispersion. 
If  characteristic  initial  dimension  r,  —  (kv9yr>,  and  characteristic  rate  of  dispersion 
is  of  order  flETH,  then  t,YiEW-  r* 


For  parameters  given  in  [J>]  and  corresponding  to  preheating  of  plasma  by  light 
beam  to  r.  «  10'*K,  when  at  density  p«  —  10-*  g/cm  ,  'o  «  1  / A.  ■=■  10-*  c  and  energy  of 
mass  unit  of  gas  e,  -*  1.5 ■  10“  erg/g  and  therefore  yTe  ■»  5  -10*  cm/sec  we  will  obtain 

that  t,«m  2-io-'*  ^ec.  Consequently,  already  for  an  "extremely  small"  pulse  duration 
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of  order  10  sec  one  may  assume  that  dispersion  occurs  in  conditions  of  slow 
preheating. 

On  boundary  of  moving  gas  of  total  mass  M  during  dispersion  in  vacuiun,  pressure 
p  *  0.  At  point  of  symmetry  (or  for  boundary  with  hard  wall  in  flat  case)  speed 
of  gas  u  «  0.  Such  boundary  conditions  correspond  to  self-simulating  character 
of  motion 

m;(v)  =  M,  p  =  0;  m  =  0,  U  =  0,  P  =  1 

where  £(v)  =*  2.2m,  4m  when  v  «  1,  2,  3  correspondingly. 

Dispersion  of  gas  can  be  self-simulating  also  in  the  presence  on  its  boundary 
of  a  projected  plate  (shell),  i.e.,  when 


"•“tt  = 


(1.9) 


where  the  index  zero  below  designates  parameters  of  gas  on  its  edge,  and  m°  -  mass 
of  shell.  Putting  solution  in  form  (t.3)  in  boundary  condition  (1.9),  we  will  obtain 


(*-$)  <U10) 

Hero  and  below  by  u°  was  understood  speed  of  gas  on  boundary  (uc  -  u°,  UQ  =  1), 
by  r  —  radius  of  boundary  (r°  ■  Tq,  Rq  ■  1),  and  by  p°  —  pressure  in  center  of  gas. 
From  (1.10)  it  follows  that  with  increase  of  mass  of  shell  pressure  drop  decreases. 

For  v*>!  sometimes  it  is  natural  to  introduce  such  "elastic"  shell,  for 
instance,  if  heated  gas  is  surrounded  by  cold  unheated  gas.  Introduction  of  such 
thin  shell  is  convenient  also  for  removal  of  Infinite  speeds  of  gas  appearing 

in  certain  cases  (for  instance,  when  a  «  0,  (3-0,  when  PV  =  1;  it  is  natural  that 
the  appearing  peculiarity  will  be  integrable).  Such  a  method  can  be  applied  also 
during  calculations  on  [ETsVM]  (SUBM)  of  nonself-modeling  problems. 

Below  will  be  considered  the  case  of  dispersion  in  vacuum  under  the  following 
boundary  conditions: 


§  2.  Lot  us  consider  the  case  when  an  arbitrary  function  characterizing 
distribution  of  intensity  of  energy  release  with  respect  to  particles  of  gas 
is  constant:  f  =  1.  Let  us  divide  equation  (1.5)  by  (1.6)  and  (1.  ') 


du'r'u *  an, m  (2.1) 

7PyP  “  “T*  7h 

Here  C  —  constant  of  liberation.  When  C  >  0  pressure  P  drops  with  respect  to 
radius  R,  and  speed  of  gas  uc  is  increased  with  increase  of  dimensions  of  region 
r  .  Prom  boundary  conditions  (1.11)  and  right  sides  of  equations  (3.^)  and  (1.6) 
it  follows  that  speed  is  linearly  distributed  along  radius,  but  density  is  connected 
with  pressure  by  polytropic  law 


Equation  (2.1)  under  conditions  (2.2)  and  (1.11)  is  integrated 

/>  -=  (1  -  R*)yny-l),  PV=\-R*,  (2.3) 

Kinetic  energy  of  gas  E^,  thermal  energy  ET  and  total  mass  M  are  determined 
by  expressions 

E*  =  'jC(v)P>")«(r’)V* 

*T--rCWg(OVr/(K-l) 

M-C(v)p>*)V« 


where  for  distribution  of  parameters  (2.2)  and  (2.3)  dimensionless  integrals  Jp,,  J^, 
and  J„  have  form 


J*  -  j  fl*  (i  —  mf1'-"  n~'  dii 


(a-5) 


Integrating  all  liberated  energy,  we  will  obtain 


rf(*x  +*K) 
Tt 


(2.6) 


where  turns  out  to  equal  j 

Expressions  (2.5)  can  be  calculated  through  gamma-function 

,  r  <*  +  .).<*) 

*ii +*)*  '  W(f+*  +  ,) 


(2.7) 


Maximum  speed  of  edge  of  gas  u(  and  internal  energy  in  center  e°  are  determined 
with  respect  to  kinetic  and  thermal  energy  and  total  mass  of  gas 


K 


v.  =  .  _  JV_  EtJu 

'  MJ  •  *  (u  4  V  ™  1  l  l 


(H-i)  an j 


(2.8) 


According  to  the  general  property  of  the  gamma-function  P(j- -f  1)  =  rr(x),  and 
therefore 


Jil  __  (v  -L  2)  T  -  V 

^  v  (T  —  I) 


J_T  __  _ 2T  _ 

JK  v(T-l) 


(2.9) 


Usual  assumptions  on  possibility  of  introduction  of  average  (constant) 

temperature  and  density  of  gas  for  estimate  of  parameters  of  gas  in  regular  conditions 

j.ead  to  /*  —  JT  a  f/v,  JK  —  l/(v  +  2). 

According  to  (2.9),  the  values  /„//«  and  /,//«  when  v-V.  equal  accordingly 
1  >/3  and  7/1  ,  Instead  of  the  estimated  values  9/3  and  1.  We  show  that  the  obtained 
expressions  can  be  used  also  for  determination  of  magnitudes  during  adiabatic 
dispersion  [1]  with  constant  entropy  of  all  particles,  where  in  this  case  Y  -  *. 

Let  us  note  that  in  the  case  of  cylindrical  symmetry,  when  v  .  2,  we  will 
obtain  especially  simple  expressions 


(T~l)» 

zm-i)  ’ 


.  T-l 
JT  "  2(2T—  1) 


§  3.  Let  us  consider  a  variation  of  parameters  in  time.  System  of  equations 
(1.4)- (1.7)  taking  into  account  results  of  §  1  will  take  the  form 
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V 


(3.1) 


du 

it 


dr 

dt 


jt  " 


--6  V*-(x 


pv 


Here  as  characteristic  parameter  p*  =  is  selected  initial  density  in 
center,  r,  —  corresponding  radius,  p,v#,  corresponds  to  assigned  characteristic 
temperature;  Q0,  i*#l  are  from  relationships 

2y«#*  =  pmv0  (y  —  1),  Q,tt  (x  -  1)  =  p.**,  (3.2) 

All  magnitudes  with  index  0  and  time  t  belong  to  corresponding  measured 
parameters  with  index  ,  and  for  convenience  in  equations  (3.1)  all  indices  are 
omitted . 

We  will  consider  heating  of  initially  cold  and  motionless  gas.  Initial  values 
of  system  of  equations  have  the  form 


(3.3) 


At  first  heating  and  acceleration  of  gas  occur  for  a  small  changing  radius 

(r  ~  1)  and  almost  constant  density  (v  «  1).  In  this  case  dimensionless  temperature 
and  speed  of  gas  grow  by  power  law 


®-  MO  -f  a)fn"\  u  =  JL-  [t  (I  +  a) !*•♦•>/<*♦« > 


(3.M 


It  is  ‘1<  ar  that  for  times  t  of  the  order  of  unity  motion  of  gas  is  impossible 
t  disrc  ri.  Let  us  consider  heating  of  gas  when  times  are  great  taking  into 
account  motion  of  gas.  System  (3.1)  has  exponential  solution 

r  =  At\  £  =  u  «  sAt-1.  v'  =  r'~A'tn,  0  «=  Btn  (3.5) 


Indices  of  degree  s  and  n  and  constants  A  and  B  are  connected.  From  system 
(3.1)  it  follows  tnat 


+  (x  -  I)«,J  =  (a  +  1)n  =  1  -  sv p  (3.6) 


2i  =  n  -f  2,  =  B 


(3.7) 


Combination  of  these  two  conditions  determines  law  of  change  of  temperature 


/i(l  -f  a  -f  ‘A'  P)  ==  1  —  vp  (3.8) 

It  is  easy  to  see  that  temperature  is  increased  only  when  (Iv  <  1  does  not 
occur,  for  instance,  in  the  above-mentioned  case  of  preheating  of  plasma  by  luminous 
emittance  of  constant  frequency.  If  according  to  (3.7)  and  (3.8),  we  will  obtain 
s  <  1,  i.e.,  speed  decreases,  which  is  impossible,  then  in  such  case  during 
determination  of  behavior  of  magnitudes  for  large  times  t  one  should  set  s  »  1, 
since  kinetic  energy  approaches  a  constant  magnitude  and  is  essentially  larger  than 
thermal  energy  (full  liberated  energy  is  limited).  Inasmuch  as  proportionality  of 
kinetic  and  thermal  energy  (the  second  of  conditions  (3.7))  does  not  occur,  velocity 
(constant  A)  can  be  determined  only  by  means  of  numerical  calculations  of  initial 
stage  of  heating.  System  of  equations  (3.1)  is  easily  brought  to  system  of  two 
equations 


ST-T’  (5.9) 

When  3  -  1  for  v  -  1  (when,  according  to  (3.7),  there  should  be  n  -  0,  e  -»  const) 
both  equations  of  (3.9)  are  integrated  independently,  and  for  large  values  the 
behavior  of  the  solution  is  found  from  conditions  of  quasi-isothermality,  i.e.,  by 
means  of  equating  the  right  side  of  (3.9)  to  zero 

»-<«♦!>  ,  . . 

0  —  (X  —  1)VU 

d9  _  9 

dm  (1  -f  a)  m 

(u  — oo,  0-*  0) 

On  Fig.  1  are  shown  dependences  of  0,  r,  u  and  p  on  t  for  three  cases  v  -  1,  2,  3 
when  3  **  1,  ex  ■  3/2  and  h  ■  5/3  for  initial  data  (3.3),  obtained  by  means  of  numerical 
calculations  of  system  (3.1),  (3.2).  Dimensionless  temperature  0  has  maximum  equal 
to  1.20,  1.04  and  O.967  in  moments  of  t  equal  to  1.15,  0.724  and  O.587  correspondingly 

when  v  ■»  1,  2  and  3,  when  prior  to  moment  t  -  20  values  of  u  equal  2.75,  1.92  and 

1.49,  values  of  r  equal  46.5,  34.7  and  28.2,  and  values  of  0  of  O.813,  O.194  and 

O.O55.  Presence  of  maximum  of  temperature  distinguishes  the  results  of  this  work 
from  those  of  [3], 


(3.10) 
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at  the  simple  relationship 


Thus,  investigation  of  regular 
conditions  of  dispersion  permits 
clarifying  qualitative  peculiarities  of 
motion  with  preheating. 

If  conditions  of  dispersion  are 
established  in  which  kinetic  energy  is 
proportional  to  thermal,  then  using 
relationship  (3.7)  between  kinetic  and 
thermal  energy,  we  will  obtain 

1) 

=  ~~ 0.11 

Using  (3.2)  and  (2.9),  we  arrive 


EK  _  v«(x—  <) 
-  (*  1) 


(3.12) 


For  Instance,  in  the  flat  case  when  w  «  5/3,  when  gas  is  heated  by 
electromagnetic  radiation  with  constant  coefficient  of  absorption,  i.e.,  a  -  0, 

P  *  »  s  ■  3/2,  kinetic  energy  composes  1/2,  and  in  the  spherical  case  -  3/4  of  the 
total.  Thus,  although  temperature  continues  to  increase  (n  =  1),  a  considerable 
part  of  energy  is  expended  on  motion  of  gas. 

It  is  necessary  to  note  that  after  turning  off  the  source  of  energy  motion  is 
described  uy  self-simulating  solution  [1]  about  adiabatic  motion  in  regular  conditions 
without  change  of  distribution  of  parameters  with  respect  to  particles  of  gas  which 
appeared  in  the  period  of  motion  with  preheating.  On  such  "thickening"  of  distribution 
cf  density  and  speed  can  be  based  measurement  of  magnitude  of  liberated  energy  at 
large  distances,  even  if  mass  of  substance  in  which  this  energy  was  liberated  is 
unknown.  Actually,  by  magnitude  of  mechanical  impulse  I  of  impact  pressure  V*p«* 
and  time  of  its  maximum  t  one  can  determine  E  and  M 

kf  00 

TWO?' (  *  "  ~2~  ^  pM*  r  “  consl  ) 


Using  the  above  obtained  distribution  of  parameters  (2.2),  (2.3),  we  find  that 


coefficient  X  does  not  depend  on  7  and  equals  yv/(v  +  2),  and  tj  weakly  depends  on  7 
and  in  general,  on  character  of  distribution  of  density.  When  ->  changes  from 

to  7  -  co,  which  corresponds  to  the  uniform  distribution  of  density,  n  changes 
at  v  =  3  from  ).  93  to  .968,  where  for  7  =  7/5  it  equals  0.9^5,  and  with  a  shell- 
lik0  attribution  of  density  tj  -  1.  Maximum  pu‘  is  rather  sharp  which  one  may 

easily  see  from  formula  describing  its  change  in  time,  if  all  energy  passed  into 
kinetic  and  u°  -►  u  0 


p“* 

*  fl 

f*  \WT-»/  r  v 

~T  m 

C  V1 

**'!  U  „«] 

The  quantity  Uqd  is  determined  with  respect  to  E  and  M  from  relationships 
(2.7),  (2.8).  Another  method  of  measurement  of  yey  can  be  measurement  of  mechanical 
recoil  Impulse,  appearing  as  a  result  of  diffusion.  It  is  necessary,  however,  to 
consider  that  when  the  heated  diffusing  gas  does  not  abut  directly  with  the  hard 
wall  where  measurement"  of  pressure  is  made,  the  measured  magnitude  of  mechanical 
impulse  can  be  larger  than  if  there  was  not  a  layer  of  cold  gas.  However  effects 
°f  'brlef  impact"  [11]  decrease  with  increase  of  duration  of  preheating.  In  the 
limiting  case  very  "slow"  preheating  the  cold  gas  is  almost  motionless,  and  additional 
energy  is  not  introduced  in  it,  consequently,  increase  of  impulse  is  negligible. 

§  4.  Motion  of  gas  decreases  its  temperature,  therefore  for  problems  where 
magnitude  of  temperature  attained  as  a  result  of  preheating  is  essential,  one  should 
consider  initial  stage  of  heating  of  gas. 

We  will  consider  a  problem  about  heating  in  the  flat  case  of  a  motionless  gas 

of  constant  density  pQ  by  radiation.  Equations  of  energy  and  law  of  heat  emission 
have  the  form 


dq 


‘-‘•(vnsr-Mi rf 

«(*  — 1)- JP., 


P*  -  m 


Here  q  flow  of  radiant  energy,  equal  to  given  qQ  on  edge  of  substance 
(at  point  m  -  0) . 

If  change  of  coefficient  of  absorption  from  parameters  has  exponential  form, 
then  as  was  shown  in  [12],  region  of  initially  cold  (e  -  0)  gas  heated  by  unbalanced 
radiation  is  limited,  in  distinction  from  k  -  const,  and  distribution  of  parameters 
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in  the  "tongue  of  heating"  carries  th^  same  character  as  in  "thermal  waves"  [11] 
appearing  during  heating  of  a  substance  in  conditions  of  radiant  (nonlinear)  thermal 
conduction.  Solution  of  this  self-modeling  problem  has  form  [12] 


9  »=  9*  ( 1  —  ]  • 

/  t  \  • 

1* 

\  1  H-  \  t •  / 

\  1  +  a) 

\  t  J 

Thus,  distribution  of  temperatuie  near  point  m  =  0  carries  the  character  of  a 
plateau. 

Increase  of  temperature  and  increase  of  pressure  of  gas  proportional  to  it 
(during  constant  density  of  substance  pQ)  lead  to  dispersion  of  gas  in  the  direction 
of  vacuum.  Considering  temperature  in  region  of  motionless  gas  as  variable  only 
in  time,  we  will  find  that  boundary  of  wave  of  rarefaction  moves  by  the  power  law. 
For  generality  we  will  consider  that  intensity  of  source  also  changes  by  the  power- 
law.  In  this  case  equations  of  energy  can  be  written  in  the  form 

IT  +  P 7T “  Gt% (4.1) 

where  G  —  evident  combination  of  measured  parameters. 

It  is  interesting  to  note  that  in  regular  conditions  of  dispersion  with 
preheating,  by  such  law  temperature  can  increase  if  one  selects  sufficiently  large 
quantity  b,  since  instead  of  relationship  (5.8)  there  will  occur 


!•<!  +  •+ v«vp)-  l-vp  +  d,  •-1  +  Vm 

In  region  of  motionless  gas  v  -  vQ,  therefore  in  this  region 


«♦» 

pr  -  Pi"\  p'  -  r#f  («* )•  =  *p'V' 

*'-!«•*  -  (k'2) 

t 

(1  +  ft)  -  (i  +  «)  Cvi'*""'  (X  -  1) 

' 

Such  a  problem  is  self-simulating  [2],  Let  us  introduce  new  variables 

pap'p*,  Bc-fl’ uxt  9^9¥pxt  xvn  =  mi>*,  :ai’ix  (i*.3) 
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System  of  equations  (4.1)  and  (1.2)  (when  v  =*  1 )  can  be  brought  to  a  system  of 
ordinary  differential  equations  for  p*,  ux, p*  from  4  (indices  above  magnitudes 
subsequently  will  be  omitted) 


—  2 C(p  *«♦»)»-»♦•♦»)—  1) 


X— I IV  *  u, 


C  (3  -f  6  -f  2a)  =  1  +  ® 


(4.4) 

(4.5) 


C  “  0  corresponds  to  the  usual  wave  of  rarefaction  with  respect  to 
heated  gas.  Boundary  conditions  of  system  (4.4)  have  the  form 

*i  =  l,  p=l,  a  =  1,  u  =  0,  x  =  1;  n  ==  0,  p  =  0 


instantly 


(J*.6) 


When  ft  +  o  +  1  =  x(a  -f  1),  i.e.,  ">  »  k,  equation  of  energy  of  system  (4.4)  has 
exact  solution  pvH  »  1,  however  distribution  of  parameters  with  respect  to  u  does  not 
coincide  with  the  case  of  an  adiabatic  wave  of  rarefaction,  running  along  a  region 
with  constant  parameters. 

It  is  interesting  to  note  that  for  a  »  5/2  and  P  *  1  when  y  *  7/5  variation  of 
parameters  is  "adiabatic"  (■>  -  h).  The  case  of  a  «  0,  P  -  0  was  considered  earlier 
by  the  author  and  independently  more  specifically  in  [13].  In  this  case,  as  was 
shown  by  the  author  and  A.  A.  Mllyutin  and  independently  by  L.  P.  Feoktistov  [13], 
temperature  of  gas  on  the  edge  differs  from  temperature  of  gas  in  motionless  region 
by  'iC  I  {X  4-  x  —  I)  times,  i.e.,  when  6-0,  that  corresp  nds  to  C  *  .1/3  and  n  *  5/3  in 
all  only  2  times.  This  accelerates  appearance  at  regular  conditions  of  dispersion, 
in  which  temperature  of  all  points  is  identical. 

During  polytropic  dependence  py*  =  1  equation  of  impulses  and  inseparability 
of  system  (4.4)  (second  and  third  equation)  can  be  by  a  change  of  variables  brought 
to  one  equation  not  containing 


» 

72T 


ppWHg  B  x,  uiiU-WI+k)  =  y 


(4.7) 


Point  y  -  0,  z  -  1,  corresponding  to  boundary  of  wave  of  rarefaction,  where 
u  -  0,  n  -  1,  v  ■  1,  is  singular  point  of  equation  (4.7).  Nearby  its  behavior  of 
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integral  curves  is  described  by  equation 

Ky*c  =  Cy  +  (C-2)(z-  1)  (4.8) 

where  K  —  arbitrary  coefficient.  Slope  of  the  general  tangent  to  these  curves 
entering  node  equal  ( — 1  +  2 /C),  is  less  than  slope  2/C  of  line  of  Infinite 
derivatives,  equation  of  which  has  the  form 

C(x -f  l)y*“  =  2(z*+l  —  1)  (*i.9) 

On  boundary  of  dispersion  gas  with  vacuum  u  =  0,  and  speed  is  either  bounded 
or  infinite,  therefore  y  -*• — oo  (speed  u  <  0).  Consequently,  near  z  *»  1  |y|  is 
increased,  and  z  decreases.  If  y(z)  intersects  the  line  where  y  -  cr,  then  integral 

i 

curve  gets  in  region  y  «  0,  i.e.,  z  starts  to  increase,  and  when  y' -*■ — oo  there 
occurs  *-*>oo.  The  second  of  equations  (4.5)  can  be  converted  to  the  form 

Cm —  *-("4|>]  «0  (  *10) 

It  is  easy  to  see  that  when  z-+  oo  there  occurs  u  ~  nr,  and  since  when 
-1  <  a  <  cu  magnitude  C  lies  in  range  0  <  C  <  1,  then  u  —  0  for  u  -•  0,  which  is 
impossible.  Consequently,  z  -*  0,  where  from  the  condition  of  nonintersection  of 
line  ('1.9)  we  will  obtain 

Dehavior  of  solution  of  equation  (4.7)  when  z  -*  0  can  be  found  from  the  equation 

_ _ (»  —  i) 

f  T*  2  +  (x  +  t)Cy*“ 

If  yz*-*-  0,  then  (-v)  . — »  -—'/«<•«-•)  and,  consequently, 

(-«)  ~  V-'H*-*)'  or  (—  U)  ~ 

what  also  Is  impossible.  Therefore  solution  (4.7)  has  the  form  xCyz*-*-  —  \  when 
z  -*  0,  and  distribution  of  parameters  on  edge  of  wave  of  rarefaction  is  determined 
accurate  to  one  constant  D  by  expressions 
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u  =  — D  (C0xn)**(x  —  v*  —  Clhmr&m  (ii  .12) 

Thus,  speed  of  gas  on  edge  turns  out  to  be  finite  in  distinction  pv  -  const, 
when  (— u)  ~  ( — In  n)\  Speed  of  gas  is  proportional  to  the  root  of  the  liberated 
energy,  therefore  investigation  of  wave  of  rarefaction  permits  judging  attained 
temperature , 

Width  of  "tongue"  of  temperature  increases  according  to  the  law  when 

a  -  5/2  and  constant  flow  of  heat  (6  »  0).  Boundary  of  wave  of  rarefaction  in  the 
beginning  will  lag  behind  "edge"  of  tongue  — r  ~  t\  If  for  t  =  t,  these  magnitudes 
are  of  one  order,  then  fxp»r,t,  x  I / A..  Using  (4.7),  we  will  find  that  prior  to  the 
moment  when  hydrodynamic  motion  seizes  region  of  the  order  of  width  of  heated 
zone  w  70.  that  determines  necessary  power  qQ  to  achieve  e..  In  accordance 

with  estimate  [3]*  for  e,  “  1.5*10' J  erg/g  there  is  required  q^  10  joule/^m 
sec  for  pQ  *  10  g/cm  . 

Let  us  indicate  that  Inasmuch  as  when  6^0  edge  of  the  tongue  grows  according 
to  [12]  by  the  power  law  with  index  a(l  +  b )/( 1  +  a)  when  6  =  3/(2a  -  1)  the  problem 
about  heating  and  motion  of  gas  connected  with  it  is  self-simulating  (for  a  =  3/2 
and  6  *  3/2  the  exponent  for  growth  of  edge  of  tongue  is  3/2). 

§  5.  Limitations  put  on  applicability  of  obtained  solutions  due  to  disturbance 
of  one-dimensional  character  of  motion  can  be  demonstrated  in  the  following  way. 

Let  us  consider  dispersion  of  a  flat  layer  or  cylinder  of  limited  height,  and 
let  us  assume  that  in  the  initial  moment  wh^n  parameters  are  distributed  in  "self- 
simulating"  form,  motion  in  lateral  direction  is  absent.  Temperature  and  speed  of 
sound  are  maximum  on  line  of  symmetry  (when  a  =  f3  =»  0  in  regular  conditions 
temperature  of  all  points  is  Identical).  In  the  region  where  wave  of  rarefaction 
from  ends  still  does  not  penetrate,  and  subsequently,  the  parameters  are  changed 
Just  as  in  the  one-dimensional  case.  Let  us  assume  that  exponential  conditions  of 
change  of  temperature  (and  speed  of  sound)  were  established 

-r*— it)*  ls'1> 

Here  t  —  characteristic  time  of  change  of  temperature.  When  n  >  0  the 
quantity  tm  is  equal  to  characteristic  time  of  action  of  source,  and  Tm  -  temperature 
toward  the  end  of  preheating.  For  n  <  0  the  quantity  t  is  equal  to  the  order  of 
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when  maximum  temperature  Tm  is  attained.  During  adiabatic  dispersion  without 

preheating  t  -  characteristic  time  of  dispersion  of  order  r,  /a  and  a  t  -  r  . 

m  mm  O' 

where  rQ  —  Initial  dimension  in  "basic"  direction  a  path  x  passed  by  wave  of 
rarefaction  is  determined  by  the  expression 


1  n  ^  thc  Path  passed  by  the  wave  of  rarefaction  is  bounded  and  for 
L,  +  2n)  >  amtm  always  the  central  part  of  the  gas  will  scatter  in  one-dimensional 

form.  This  occurs,  for  instance,  during  adiabatic  dispersion,  when  n  =  —  v(x  —  1), 
f  r  x  >  2,  11  height  of  cylinder  (v  =  2)  is  somewhat  larger  than  its  initial  radius. 

1  W  Ver '  if  n  >  (for  v  "  2»  a  =  3/2  and  a  =  1  index  n  =  -2/7),  then  dispersion 
can  become  two-dimensional  also  after  achievement  of  maximum.  For  n  -  1,  according 
to  [2],  change  of  internal  energy  of  particles  of  flat  layer  is 


(5.3) 


E  I  2  _ r - _ 


The  moment  when  wave  of  rarefaction  meets  center  t*  for  a  layer  2L  long  is 
found  from  the  expression 


-  —t*  (~  2x  i!V'*  -  / 

3  3  *  \  M  -  1)  x)  ~L 


(5.M 


>nsoquently,  during  sufficiently  prolonged  or  intense  preheating  dispersion 
will  become  two-dimensional  (when  thickness  of  dispersion  layer  becomes  of  the  order 
of  its  initial  height).  At  t*  pressure  in  center  is 


p*  «  3v»(x  —  l)V*  /_£  \V./  M  \V, 
(3)(-|)V»MtMT) 


(5.5) 


Two-dimensional  character  of  dispersion  leads  to  increase  of  transparency  of 
-layer  f  mass  M  and  advance  of  "wave  of  preheating"  in  depth  of  substance. 

i  '  .  i’hr  question  about  establishments  of  regular  conditions  can  be  solved 
only  by  means  of  numerical  calculations  of  the  problem  with  arbitrary  "nonself- 
simulating"  initial  data.  Such  calculations  for  uniform  preheating  of  initially 
cold  gas  of  constant  density  pQ  for  intensity  of  feed,  not  depending  either  on 


t 


thermodynamic  parameters  or  on  time,  were  conducted  at  our  request  by  A.  S.  Fonarev, 
and  also  A.  A.  Milyutln  and  V.  L.  Bodnevoy.  Figure  2  shows  change  of  pressure  on 
a  boundary  with  a  hard  wall.  Pressure  is  referred  to 

GlzJLV- 

p  ~\x* 

and  time  to 


^  /  3t  (3k  —  1)  \'/» 
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Curve  1  -  numerical  calculation  on  ETsVM ,  curve  2  -  self-simulating  solution 
of  problem  about  dispersion  with  preheating  [1],  curve  3  -  exponential  limiting 
law  of  pressure  drop  in  regular  conditions.  As  is  easy  to  see,  solution  for  "unself- 
slmulating"  initial  data  "emerges"  on  regular  conditions. 

Indeed,  maximum  pressure  at  the  time  of 
approach  of  wave  of  rarefaction  to  a  hard  wall 
limiting  gas  when  w  ■  7/5,  is  equal  to  1.73  P*', 
whereas  by  self-simulating  solution  p  »  1.36  p** 
(moments  of  maximum  correspondingly  are 
t  -  1.10  t**  and  t  »  1.30  t**),  and  already  prior 
to  moment  t  =  O.93  t**,  according  to  numerical 
calculation,  p  =  0.320  p**,  but  by  self- 
Flg.  2.  simulating  solution  p  »  0.396  P#*  (coincidence 

with  limiting  power  law  p  —  (2/;i)’/,p**  (<••//)'/.  is 
still  better:  p  -  0.312  p**;  prior  to  moment  t  -  9.4?  t*»  by  numerical  calculation 
and  by  limiting  law  pressure  p  =  0.260**,  i.e.,  regular  conditions  of  .spersion 
will  be  asymptotic. 

I  gratefully  thank  A.  A.  Mi^yutin  and  Yu.  P.  Rayzer  for  valuable  discussions, 

V.  L.  Bodneva,  A.  N.  Zimina  and  A.  S.  Fornarev  for  the  conducted  calculations. 

Remark  during  proofreading.  The  author  had  the  use  of  the  known  work  of 
Dawson  [14],  in  which  are  repeated  rough  estimates  [3]  of  calculation  of  expansion 
of  plasma  during  its  heating.  It  is  noted  that  with  approach  of  transparency 
magnitude  of  energy  release  is  impossible  to  consider  constant  and  motion  of  substance 
should  lead  to  cooling  of  plasma.  In  formulas  of  the  work  of  Dawson  it  is  not 
considered  that  after  maximum  of  temperature  in  substance  energy  continues  to 
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develop.  However  this,  apparently.  Is  considered  in  numerical  calculations  whose 
results  are  represented  on  graphs.  Although  methods  of  calculations  are  not  set 
forth,  apparently,  they  are  in  accordance  with  the  self-simulating  solution  used 
in  this  work. 


Submitted 
29  May  196^ 
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NONLINEAR  GEOMETRIC  ACOUSTICS. 
WEAK  SHOCK  WAVES 


P.  F.  Koromkov 


(Moscow) 


In  gc  metric  acoustics  the  position  of  rays  is  determined  onlv  bv  the 

o?  f  W?re  13  from  the  '“"tlon  of  constancy  of  onor« 

f  wave  element  during  its  motion  along  a  beam  tube  [1,  2],  ^ 

sSS  r°r""Sbh— "r- 

dSr^rci:^e0no?fp^^o0Slo%0nfr^?hOCk  ~v*  “4  in  <*  b5L. 

r ^  preceding  works  were  considered  either  only  effects  of  dissipation 
-  or  only  effects  of  additional  distortion  of  rays  [ 5-81  The  la*t 
ones  were  considered  only  in  a  uniform  medium.  Y  '  1 

Sfljy  are  consldered  simultaneously  both  these  nonlinear  effects 
ifecting  propagation  of  weak  shock  waves  in  nonuniform  moving  medium. 

acoustic*3  in  ?bWh?d  a  ciOSG?  GyEtem  of  equations  of  nonlinear  geometric 

rjsst£g?s  tar 

i  aiocontlnulty  of  functions.  In  §§  6-8  are  obtained  certain  solution* 
of  the  oystem  of  equations  of  nonlinear  geometric  acoustics. 


§  .  Let  us  assume  that  f(x^,  t)  *  0  is  the  equation  of 

front  of  a  shock  wave  in  a  motionless  system  of  coordinates, 
we  will  obtain 


+ 


it 


K  <*//*»>• 


the  surface  of  the 
Differentiating, 


Here  n±  -  unit  vector  of  normal  to  front  of  shock  wave 


m 


«h  - 


(3.2) 


In  (1.1)  the  quantity  n^dx^  is  displacement  of  surface  in  direction  of  normal 
during  time  dt.  This  displacement  occurs  because  surface  moves  with  respect  to 
medium  with  speed  D  in  the  direction  of  the  normal  and  contacts  wind  with  speed  w, , 
i.e.,  speed  of  wave  element  which  is  called  radial  velocity,  is 


Vi  =  Dti{  +  Wi 


(1.3) 


Here  for  vectors  and  coordinates  tensor  designations  are  applied.  The  quantities 
i,  k  take  the  values  1,  2,  3.  In  the  direction  of  the  normal  the  surface  is  displaced 
with  speed  V^n^,  so  that  we  will  obtain 


njdr<  =  (t)  -f  rnw{)dt 


(i.'0 


Putting  (1.4)  in  (1,1),  we  will  obtain  the  equation  for  the  desired  searched 
surface  of  the  shock  wave  front 


(1.5) 


Let  us  note  that  speed  of  shock  wave  D,  in  distinction  from  the  acoustic 
approach,  depends  on  intensity  of  wave 


D  —  Me%  M  —  4-  J  + 1  , 


(1.6) 


Here  c  —  speed  of  sound  in  medium,  p  -  density  of  medium,  p  -  difference 
between  pressure  on  front  of  shock  wave  and  pressure  before  it. 

Integration  of  equation  (1.5)  leads  to  integration  of  a  characteristic  system 
of  equations,  which  we  will  write  in  the  form 


■y  «  Mcrt\  -f  Wi 


(1.7) 


From  the  first  equation  follows  a  relationship  connecting  time  derivative  along 
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beam  and  derivative  with  respect  to  coordinates 


4r  **  (Ucni  +  li’i)  ir 


(1.8) 


The  second  equation  of  (1.7)  will  be  converted  to  more  convenient  form  with 
the  help  of  (1.2) 


-,f-(nin*-«tt)(A/  +  +<r5^)  (1‘9) 

=  1  wt»*Vi  i  —  k,  8^  =  0  when  i  =}t  k 

Thus,  in  the  equation  which  determines  direction  of  beams,  as  compared  to 
geometric  acoustics  was  added  one  more  term  c(0M/dx^).  In  acoustic  approximation 
M  =  1,  and  this  term  is  equal  to  zero. 

Since  M  depends  on  pressure  in  shock  wave,  which  beforehand  is  unknown, 
equation  (1.9)  is  insufficient  for  determination  of  direction  of  beams.  Necessary 
yet  is  an  additional  relationship. 

§  2.  To  produce  the  missing  relationship  we  will  consider  short  waves  and  will 
assume  that  motion  of  gas  after  front  of  chock  wave  occurs  along  b^ams  formed  by 
the  front. 

In  this  approximation  ulong  every  beam  tube  occurs  one-dimensional  motion  begun 
by  the  shock  front.  For  this  one-dimensional  flow  in  a  channel  with  variable  area 
it  is  possible  to  write  the  equations  of  gas  dynamics,  which  have  to  be  solved 
Jointly  with  equation  (1.9),  since  position  and  area  of  every  beam  tube  beforehand 
are  unknown  and  are  determined  simultaneously  with  pressure  on  front.  Thus, 
interaction  of  neighboring  sections  of  shock  wave  occurs  in  the  considered  approach 
only  through  front  of  chock  wave.  Such  beam  approach  can  be  made  for  shock  waves 
of  any  intensity. 

Below  are  considered  only  weak  chock  waves  p' pc-  with  triangular  profile  of 
pressure,  for  which  are  obtained  simpler  equations.  For  such  waves  the  solution  can 
bo  obtained  in  evident  form,  if  position  of  beams  is  determined  only  by  properties 
of  medium  [ 5-9] 


l{  41  \  "  1  T  4-  1  .  _  /f  dl  \"* 

L  '}t  L1U  V  P«  2  "  j)  *.7?n  V  Pc 

/.  =  (l  4* 1^’.  q  *  V {cn{  -f  it*)*,  9*  —  c  +  ntff’i 


X  -  I±1  aqf 


(2.1) 


Here  l  -  distance  along  beam,  X  -  length  of  positive  phase  of  wave  along 
normal  to  front,  S  —  area  of  front  of  wave  included  in  beam  tube,  a  und  l,  —  constants 
determined  by  initial  data. 

Excluding  from  these  relationships  a  and  l„,  we  will  obtain  equation 


(2.2) 


(2.5) 


We  will  apply  these  equations  to  weak  shock  wave  propagating  along  beams 
determined  by  equation  (1.9).  Thus,  we  will  consider  that  in  the  initial  moment 
a  wave  has  triangular  profile  of  pressure.  Equations  (2.1)- (2. 3)  show  that  in 
the  considered  approach  profile  remains  triangular  and  for  the  whole  time  of  motion 
along  beam. 

Let  us  note  that  the  triangular  profile  is  considered  as  initial  profile  not 
by  random  choice.  The  fact  is  that  when  position  of  beams  does  not  depend  on 
intensity  of  wave,  profile  of  pressure  of  weak  shock  waves  at  large  distance  from 
source  tends  to  triangular,  independently  of  initial  distribution  of  pressure 
[9-10].  In  particular,  weak  shock  waves  caused  by  explosion  have  triangular  profile 
of  positive  phase  (p  >0). 

Equation  (2.2)  has  a  simple  physical  meaning  [11],  In  the  acoustic  approach 
in  its  right  side  stands  zero,  so  that  along  the  beam  is  kept  the  magnitude  standing 
in  left  part,  which  is  proportional  to  energy  of  wave  element.  In  nonlinear 
geometric  acoustics  energy  of  wave  decreases  due  to  dissipation  on  the  front,  but 
influence  of  this  dissipation  on  magnitude  of  pressure  depends  on  wavelength  : 
the  longer,  the  less  this  influence. 


Equation  (2.3)  describes  change  of  length  of  shock  wave. 

§  3.  In  the  considered  case,  when  beams  are  distorted  due  to  change  of  pressure 
along  front  of  shock  wave,  magnitude  of  area  of  beam  tube  S  is  unknown  and  should  be 
determined  with  the  help  of  equation  (1.9).  For  this  we  will  find  the  connection 
between  S  and  n^ 

Let  us  apply  the  formula  of  Ostrogradskiy-Gauss  to  vector  V^/l-lc  and  volume 


inside  beam  tube 


(5.1) 
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Here  T,  Z  -  volume  and  surface  of  beam  tube,  dr  and  dok  -  small  elements  of 
volume  and  surface.  Let  us  consider  small  segment  of  beam  tube  dl  in  length  and 
area  of  normal  section  o.  Since  T  -  o  dl  and  dl  -  V|dt,  from  (3.1)  we  will  obtain 

9  Vl  1  4  of  V  | 

3*‘{Mc  <3lVl4t~W7  (3.2) 

Using  relationship  o,V  *  SV^  ,  we  will  obtain 


J_4S 
S  it  ~ 


_  Me _ _rf 

Me  )  Me  -f-  u>t«j  dt  Me 


(3.3) 


The  quantities  p  and  M  are  connected  by  relationship  (1.6)  which  for  weak 
shock  waves  is  written  in  the  form 


P  m=*M—  1.  W<1  (3.H) 

Let  us  change  variables  according  to  these  formulas  in  equations  (1.8),  (1.9), 
(2.c  ,  (  ?.3),  and  (3.3)  and  consider  that  m  is  small  as  compared  to  unity.  After 
such  transformations  we  will  obtain  the  system  of  equations  of  nonlinear  geometric 
acoustics  in  final  form 


“  ('•*’•* +  w-» 

("*  +  -f )  “  77^7  T  S-  <«  +  “’•">)  +  m 


(3.9) 


(3.6) 


2m* 

X 


(3.7) 


H  r  r^,  m  and  X  —  unknown  magnitudes,  and  c,  w^,  p  —  functions  of  coordinates 
and  have  to  be  assigned;  they  determine  the  state  of  the  undisturbed  medium. 

Thus,  in  nonlinear  geometric  acoustics  the  equation  for  determination  of 
direction  of  beams  (2.5)  turned  out  to  be  connected  with  equations  for  determination 
°f  ^tensity  of  wave  (3.6),  This  connection  exists  due  to  the  presence  of  a 

second  term  in  the  left  part  of  equation  (3.5).  When  gradients  of  pressure  are  small 
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as  compared  to  gradients  of  speed  of  sound  and  speed  of  wind,  this  term  may  be 
disregarded,  then  equation  of  beams  (5.5)  ceases  to  depend  on  equations  (5.6,  (5.7) 
and  it  may  be  integrated  separately.  In  turn,  equations  (5.6),  (5.7)  in  this  cane 
are  integrated  and  obtain  form  (2.1). 

§  4 .  Speed  of  sound  in  atmosphere  is  changed  insignificantly  up  to  a  height 
of  approximately  100  km,  so  that  it  is  possible  to  take 


e  =  c«  +  c’(Xi ),  c%  =  const,  c'  <<  c« 


('*.!) 


Speed  of  wind  usually  is  small  as  compared  to  speed  of  sound,  and  therefore 
it  is  possible  to  take  also 


Under  conditions  (4.1),  (4.2)  system  (5.5)-(5.7) 


^  -  («*"*  -«i*)^  «  («ii»*  -  Ai *)  (4, ZTk  + 


dm 


*  dp 


2n^  +  = 


2m« 


P 


4X 

"*dT  =  m 


(^3) 


Now  we  will  consider  cases  when  initial  data  possess  cylindrical  symmetry,  and 
speed  of  sound,  speed  of  wind,  and  air  density  depend  only  on  one  coordinate  z, 
directed  along  axis  of  symmetry. 

In  the  presence  of  wind  initial  symmetry  of  shock  wave  will  not  be  kept  during 
motion  of  wave,  since  beams  are  bent  not  only  in  the  direction  to  plane  z  =  0 
(which,  let  us  assume,  corresponds  to  surface  of  earth),  but  also  to  the  side. 
However,  as  follows  from  analysis  of  equations  (4.5),  these  deflections  to  the  side 
almost  do  not  affect  changes  of  pressure  in  wave  (these  changes  are  of  the  second 
order  of  smallness  as  compared  to  changes  of  pressure  due  to  distortion  of  beam  in 
the  direction  to  the  earth).  This  occurs  because  neighboring  beams  also  deviate  to 
the  side  approximately  in  the  same  magnitude,  therefore  changes  of  area  of  beam 
tubes  with  such  deflection  are  small.  Consequently,  change  of  pressure  is  small. 
The  principal  value  is  in  distortion  of  beam  in  the  direction  to  the  earth.  Beam 
proceeding  along  the  earth  cannot  deviate.  Therefore  here  occurs  strong  change  of 
relative  position  of  beams  and  strong  change  of  pressure.  Thus,  in  equations  it 
is  possible  to  consider  only  that  value  of  projection  of  wind  speed  which  leads  to 
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curving  of  beams  to  the  earth  (or  from  the  earth).  The  equation  determining  beam 


deflection  to  the  side,  i.e.,  the  equation  for  n^  will  not  be  considered,  since  it 
does  not  affect  pressure  in  wave. 

Let  us  write  equation  in  cylindrical  coordinates  and  consider  the  remarks 

which  were  made.  We  will  consider  only  beams  near  plane  z  =  0,  so  that  nr S'  i,  nt  —  o 

and  a*  <^1. 

The  system  of  equations  of  nonlinear  geometric  acoustics  for  stratified 
atmosphere  with  small  changes  of  speed  of  sound  and  speei  of  wind  for  beams 
propagating  along  the  earth  has  the  form 


9m  ,  9a  9a 
JT  +  JF+*JT 


—  u. 


(*) 


Jr 


+  2*%  +  m*‘ 


—  m  — - ma  6 

9r  Ss  m 


1  de_  , _ 

J*  '  ~r» 

"TT*  *W 


-j-  COS© 
f»  di  T 

P  ds 


Here  —  angle  between  direction  on  considered  point  from  origin  of  coordinates 
and  velocity  vector  of  wind,  -  total  gradient  of  speed  of  sound  and  speed  of  wind, 

v  =  1,  if  initial  data  possess  cylindrical  symmetry  with  the  z  axis  as  axis  of 
symmetry,  and  v  =■  0  for  two-dimensional  problem. 

Let  us  note  that  substitution  J  =  mr-'*  may  he  freed  from  free  term  ~1  / r, 
which  appears  in  equation  (^.5)  when  v  ■  1.  Put  equations  (^.^)  and  (^.6)  are 
changed  here.  Therefore  such  a  substitution  is  not  considered. 

System  of  equations  (4.4)— (4.6)  will  be  hyperbolic.  Directions  of 
characteristics  of  thia  system  such 


dt  I  dr  =  a  ±  dz  /  dr  =  a  (Jt>7) 

Along  the  first  pair  of  characteristics  there  are  executed  correspondingly 
the  relationships 


da  ±  121  m  dm  =  —tadr  T  y/j m(v  /  r  +  06  +  2m  /  ?.)dr 

Along  the  third  characteristic  is  executed  the  relationship 

dk  *=  mdr 


(*.8) 


(*.9) 
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We  will  introduce  new  variable  P —  2)'2m.  Equations  .  )“(**•  )  Wj-H  akP  **  'rrT1 


*_a±4.  (fa  ±rf?  --(**•  t4(-T  +  0,4  +  ^)rfr 

y  =  «•  *  “  X  rfr 

The  quantity  0  constitutes  critical  angle  cf  inclination  of  wall  during  Mach 

reflection  of  plane  shock  wave  of  intensity  m  (see  (5«M)* 

§  5.  Certain  solutions  of  equations  of  hyperbolic  type  possess  the  feature 
that  characteristics  of  one  family  intersect  and  the  solution  becomes  ambiguous. 

In  gas  dynamics  to  the  intersection  of  characteristics  corresponds  the  appearance 
of  a  shock  wave,  which  removes  ambiguity.  In  equations  of  nonlinear  geometric 
acoustics  intersection  of  the  characteristics  of  one  family  is  also  possible  -  this 
was  revealed  during  numerical  calculation  of  certain  problems.  The  ambiguity  which 
appears  may  be  removed  by  introducing  a  discontinuity  of  functions  m,  nA,  >. 

Conditions  on  surface  of  discontinuity  of  functions  can  be  obtained  from  the 
same  physical  considerations  as  the  derivation  of  the  equations  oi  nonlinear 
geometric  acoustics  themselves  [6-8], 

The  unit  normal  to  the  surface  of  discontinuity  is  designated  vi>  From  the 
condition  that  surface  of  front  of  shock  wave  is  continuous  on  surface  of 
discontinuity,  it  follows  that  speed  of  wave  along  surface  of  discontinuity  on  the 
left  and  on  the  right  from  the  discontinuity  is  identical.  This  condition  gives 
the  relationship 


During  transition  through  the  discontinuity  the  area  of  the  beam  tube  is 
changed  in  accordance  with  change  of  angle  of  its  slope.  From  this  condition  wr 

will  obtain 

(*£).-(<£).  <5.3 

Finally,  along  beam  tube  are  executed  the  following  relationships,  which  ar^ 
obtained  during  integration  of  equations  (2.2)  and  (2.5)  on  a  small  segment  of  the 
beam  tube  containing  the  discontinuity  of  functions 
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(4.10) 

('*.11) 


Xi  »  Xi 


(5.3) 


The  first  relationship  of  (5.3)  expresses  conservation  of  energy  during 
transition  of  shock  wave  through  surface  of  discontinuity  of  functions.  Putting 
it  in  (5.2)  and  considering  that  parameters  of  medium  are  continuous  on  surface  of 
discontinuity  of  functions  and  that  M  is  close  to  unity,  we  will  obtain 


+ 


5?)  ('  +  =*)! 


(5.‘>) 


Relationships  (5.3),  (5*^)  and  the  second  equality  in  (5.3)  are  also  necessary 
conditions  on  surface  of  discontinuity. 

For  simplified  equations  (i».4)-(i».6)  conditions  on  surface  of  discontinuity 
of  functions  are  also  obtained  more  simply 


*  —  «i  +  /  2mi 


K(l  +  n*)(i+«) 
Xi  »=  X», 


9|  -f-  V 2»n. 


**  — 1  _ 

V{i  +»•)(!  +«)  ’ 


(5.5) 


Here  h  -  angle  of  inclination  of  surface  of  discontinuity  of  functions  to 
plane  z  *  0.  This  angle  determines  "speed"  of  propagation  of  discontinuity  in  plane 
of  variables  r,  z  since  in  the  accepted  approximation  of  small  angles,  n  coincides 
with  the  derivative  dz/dr.  From  the  first  relationship  of  (5.5)  it  follows  that 
"speed"  of  weak  discontinuity  (tt  —  1)  coincides  with  "speed"  of  first  pair  of 
characteristics  (^.7). 

Physical  meaning  of  the  appearance  of  discontinuities  in  equations  of  nonlinear 
eometric  acoustics  is  that  in  reality  (i.e.,  in  more  exact  formulation  of  problem 
than  beam  approximation)  there  appears  a  reflected  shock  wave,  since  "break"  of 
shock  wavi.  (i.e.,  discontinuity  n^)  is  possible  only  during  triple  configuration. 

The  stronger  the  discontinuity  of  functions  which  appears,  the  stronger  should  be 
the  ref  1<  t  d  wav.’.  Ihus,  actual  equations  Indicate  appearance  of  a  superfluous 
shock  wave,  for  which  besides  calculation  is  conducted.  In  certain  problems  this 
reflected  wav e  plays  an  essential  role,  as,  for  instance,  during  regular  reflection. 
But,  using  on  the  discontinuity  the  first  relationship  of  (5.3),  thereby  we  will 
disregard  the  reflected  wave,  inasmuch  as  this  relationship  expresses  conservation 
of  energy  along  beam  tube.  For  a  reflected  wave  no  energy  remains. 


!. 


For  this  reason  during  achievement  of  defined  intensity  of  discontinuity  in 
equations  of  nonlinear  geometric  acoustics  it  is  necessary  to  stop  calculation. 

This  is  necessary  to  do  where  reflection  will  be  obviously  regular,  and  namely, 
where  during  transition  through  discontinuity  the  beam  changes  angle  of  inclination 
by  a  magnitude  larger  than  critical.  It  is  possible  to  continue  calculation  further, 
if  the  reflected  wave  is  "inserted"  in  suitable  form. 

§  6.  Let  us  note  particular  cases  of  the  solution  of  system  of  equations 
(4.4)-(4.6)  in  a  homogeneous  atmosphere,  i.e.,  when  o>  =  0  and  b  «  0.  At  first  we 
will  indicate  the  solution  of  equations  (4.5).,  (4.6)  for  rectilinear  beams.  In 
the  case  of  a  plane  wave  propagating  along  the  earth 


*  ■■  "1*1*  +  «».  m  c i  /  2yc,r  +  e*.  a  ■=  0,  v  ■■  0 


In  the  case  of  a  divergent  spherical  wave 


X  —  iet  Inr+ci,  m  —  et , 


Inr  +  c,,  o««*/r,  v  —  1 


Thus,  in  these  cases  known  solutions  are  obtained  for  damping  of  weak  shock 
waves  in  homogeneous  atmosphere  [9]. 

Now  we  will  consider  the  solution  of  equation  (4.4)  in  an  unhomogeneous 
atmosphere,  and  when  pressure  along  front  of  shock  wave  changes  little,  so  that 
derivative  dm/dz  is  small  as  compared  to  derivatives  of  speed  of  sound  and  speed 
of  wind,  which  enter  the  total  gradient  u>.  Disregarding  in  equation  (4.4)  the 
first  term,  we  will  obtain 


#a/fr  + a#a/4i  —  — <■>(*) 


(6.1) 


Hence  we  obtain  equations  of  beams 


4t/4rmm  o,  rfa/rfr  —  -*»(*) 


(6.2) 


For  a  constant  total  gradient  co  ■  we  will  obtain  known  equations  of  beams 


in  the  form  of  parabolas 


•  ■■  «•  +  a*r  — (r*5) 

§  7.  The  above  considered  beam  approximation  for  weak  shock  waves  can  be 
checked  by  means  of  comparison  of  obtained  solutions  with  exact.  There  is  special 


interest  in  amplification  or  weakening  of  pressure  on  front  of  shock  wave  during 
its  propagation  along  a  wall  (along  earth). 

Pressure  on  the  wall  of  a  wedge  during  self-simulating  reflection  of  a  flat 
weak  shock  wave  for  small  angles  (a «  p,)  is  obtained  in  [13): 


10  a  a 

1  +  3jr^r~1 +1,7  pt* 


c  =  — 

*  m  i 


(7.1) 


Here  £  —  reflectivity,  a  —  half-angle  of  solution  of  wedge  or  angle  of 
inclination  of  wall,  the  index  1  pertains  to  an  incident  wave.  On  the  other  hand, 
from  the  second  relationship  on  discontinuity  (5.5)>  in  deriving  which  equation 
(2.2)  was  used,  for  small  angles  a  -*  a*  -  a  <  pi  we  will  obtain 


t-i  +  tjr  <7-2> 

If  the  wall  is  inclined  gradually,  so  that  the  discontinuity  of  functions 
starts  not  in  the  place  of  beginning  of  distortion  of  wall,  but  at  a  certain  distance, 
or  if  the  wall  is  bent  to  the  other  side  (in  this  case  occurs  weakening  of  wave), 
then  for  long  waves  X  =  ou  a  solution  is  obtained  in  the  form  of  a  simple  wave, 
and  pressure  on  wall  is  from  relationship  (4.8).  Let  us  obtain 


Here  is  considered  a  uniform  medium.  When  a  <  Pi  (7.3)  coincides  with  (7.2). 

Thus,  for  small  angles  of  Inclination  of  beams  equations  of  nonlinear  geometric 
acoustics  give  satisfactory  results. 

Now  we  will  compare  solutions  for  large  angles  (but  not  larger  than  critical). 

In  [14,  15]  is  obtained  the  exact  value  of  reflectivity  for  critical  angle  of 
slope  of  wall  ^  «  5.  On  the  other  hand,  from  the  second  relationship  on  discontinuity 
(5.5)  when  a,.,  -  we  will  obtain  £  -  5.3.  This  is  higher  than  the  exact  value 

in  all  by  6%. 

Thus,  nonlinear  geometric  acoustics  sufficiently  well  determines  magnitude 
of  pressure  on  wall  in  the  whole  range  of  Mach  reflection  from  small  angles  to 
critical. 

Let  us  note  that  it  is  impossible  to  use  formula  (7.3),  when  a  Is  positive  and 
close  to  since  in  the  solution  appears  intersection  of  the  characteristics  of 
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one  family.  To  remove  ambiguity  it  is  necessary  to  introduce  discontinuity  of 
functions,  and  the  simple  wave  is  destroyed. 

§  8.  System  of  equations  (4. 4)- (4. 6)  was  calculated  by  the  method  of 
characteristics  on  an  electron  computer  for  different  values  of  parameters  u>(z), 
r(z)»  v,  X.  The  figure  shows  the  result  of  calculation  of  amplification  factor 
C  for  the  symmetric  case  of  initial  data  corresponding  to  a  point  source  of  a 
shock  wave  on  plane  z  =  0,  for  constant  total  gradient  cq  =  tuc  and  v  =  1,  b  -  0, 

X  *  oo. 


Along  the  axis  of  the  ordinates  is  plotted  the  value  of  amplification  factor 
C“F'/Fo'.  Here  p  -  pressure  in  weak  shock  wave,  which  is  obtained  as  a  result 

i 

f  alculation,  PQ  -  pressure  which  would  be  at  the  same  distance  during  propagation 
of  a  wave  in  a  uniform  medium,  i.e.,  j,' — kpe* / r. 

Along  the  axis  of  abscissas  is  plotted  the  distance  to  the  source  (explosion), 
in  reference  to  magnitude  of  critical  distance  r.,  which  is  equal  to 


r. 


2((Y+  1)*]V»  |  u.  | 


(8.1) 


For  a  positive  total  gradient  amplification  of  pressure  is  obtained  and  for 
negative  -  weakening.  The  first  case  usually  is  observed  down  wind,  and  the  second 
-  against  the  wind. 

Let  us  note  that  all  cases  of  constant  gradients  both  of  the  speed  of  sound 
and  also  the  speed  of  wind  lead  to  two  cases:  idq  >  0  and  u>(.  <  0.  Therefore  values 
°f  r  in  various  directions  from  the  explosion  for  various  relationships  between 
gradients  of  speed  of  sound  and  speed  of  wind  are  obtained  by  simple  recalculation 

of  results  presented  on  the  figure. 

■Furthermore,  let  us  note  that  in  the  whole  region; 
influencing  at  shown  distances  the  quantity  f;  when  z  ■  0 
(on  the  earth),  discontinuity  of  functions  did  not  appear. 
During  calculations  of  the  flat  case  discontinuity  of 
functions  appears  earlier  and  affects  the  magnitude  C, 
at  r  -  0.14  r„,  on  which  £  «  1.65. 

The  author  thanks  0.  S,  Ryzhov  for  useful  comments 
made  during  consideration  of  work  and  V.  I.  Kozhevnikov  for  help  during  carrying 
out  calculations. 
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BURNING  STABILITY  OF  POWDER 


A.  G.  Istratov  and  V.  B.  Librovich 
(Moscow) 


In  the 
obtained 
substanc 
only  up 
powder, 
limit  of 
stances, 
a  steady 
unstable 
at  all). 


theory  of  burning  of  powders  and  explosives,  Ya.  B.  Zel'dovich  Ml 
a  unique  dependence  of  burning  rate  on  initial  temperature  of  the 

to  a  teJP^ature  bhere  occurs  decrease  of  this  rate 

and  then  stable  burning  becomes  impossible; 
i  ng«’  glyeS  °nly  lsolated  flashes.  This  temperature 

In  d^innM  Vs  0nIy  to  the  burnlne  of  condensed  sub- 

"aH  ff°?  the  limlt  of  Propagation  of  flame  in  gasses, 

-state  solution  exists  at  low  temperatures,  but  turns  out  to  be 

(in  gas  flame  under  the  limit,  steady-state  solutions  do  not  exist 


n/sUpHv  iJ^thKre  6i™n  a  criterion  which  establishes  the  possibility 
of  steady-state  burning  of  powder. 


(1) 


Here  T^,  Ts,  Tq  are  burning  temperature,  surface  tempexature  and  initial 
temperature  of  powder  respectively;  E 2  is  activation  energy  of  chemical 

tively?n  in  gaSi  CP1  and  Cp2  are  heat  capacities  of  powder  and  gas  respec- 

However,  in  experiments  it  has  been  noted  [2]  that  for  real  powders 
criterion  (1)  is  not  satisfied.  It  is  possible  to  name  the  following 
causes  of  this:  First,  the  criterion  of  Ya.  B.  Zel'dovich  was  derived  on 
the  assumption  that  gasification  of  solid  matter  occurs  in  an  infinitelv 
narrow,  inertialess  zone  of  chemical  transformation  (vaporization)*  only 

if  S?e*a!f!u??  that  burnin8  rate  is  determined  by  the  gradient 

of  the  Michelson  distribution  of  temperature  in  the  condensed  phase6 

at  ltS  8Urface*  In  reality,  the  zone  of  chemical  reac- 
tion  has  finite  extent  and  inertness.  Because  of  this,  the  hypothesis  of 

fied^v2?1  n  dec 1 sive  role  of  temperature  gradient  was  modi¬ 

fied  by  A.  D.  Margolin,  who  assumed  that  burning  rate  is  determined  bv 
temperature  gradient  in  the  end  of  the  reaction  zone,  where  the  chemical 

ft°n  °f.  so}ld  Natter  into  caseous  products  is  completed.  Thus 
the  stability  criterion  takes  the  form 


where  is  heat  of  reaction  in  the  k-phase. 

Secondly,  during  derivation  of  the  criterion,  Ya.  B.  Zel»dovich  con¬ 
sidered  that  temperature  of  surface  of  powder  is  constant.  However,  fast 
changes  of  it  even  small  ones,  render  a  considerable  influence  on  the  sec¬ 
tion  of  the  thermal  layer  adjacent  to  the  surface,  thereby  strongly  chang¬ 
ing  the  temperature  gradient;  this  affects  the  stability  of  burning.  Inves¬ 
tigation  of  burning  stability  taking  into  account  this  second  circumstance 
is  conducted  below. 

Let  us  note  that  another  approach  to  the  3tudy  of  burning  stability  of 
liquid  systems  was  applied  by  L.  D.  Landau.  He  considered  the  hydrodynamic 
aspect  of  stability.  He  assumed  that  flame  is  located  directly  on  the 
surface  of  the  burning  substance,  and  that  burning  rate  does  not  depend  on 
perturbations  (perturbations  were  considered  to  be  two-dimensional)  and 
is  a  known  constant.  Thus,  in  the  very  formulation  of  the  problem  L.  D. 
Landau  excluded  the  structure  of  the  powder  flame,  with  which  the  instability 
revealed  by  Ya.  B.  Zel'dovich  is  connected. 

Separation  of  stable  burning  can  occur  also  due  to  the  interaction  of 
oscillations  of  pressure  in  the  combustion  chamber  and  oscillations  of 
burning  rate  of  the  powder  (see,  for  instance,  the  work  of  Ya.  B.  Zel'dovich 
[4]).  This  question  is  not  considered  here. 

Investigation  of  stability  of  the  solution  describing  steady-state  burn¬ 
ing  of  powder  will  be  conducted  by  the  method  applied  by  G.  I.  Barenblatt, 

Ya.  B.  Zel'dovich  and  A.  G.  Istratov  for  investigation  of  thermal  diffusion 
stability  of  a  laminar  flame  (5).  In  the  method  there  is  used  the  assump¬ 
tion  that  chemical  reactions  are  concentrated  in  narrow  regions,  which  are 
negligibly  thin  as  compared  to  preheating  zones.  This  corresponds  to 
chemical  reactions  with  very  high  activation  energies. 

Let  us  assume  that  during  burning,  distributions  of  temperature  and  concentration 
have  the  form  depicted  in  Fig.  1.  There  are  distinguished  three  regions.  In  region 

1  there  occurs  heating  of  solid  powder  from  initial  tem¬ 
perature  Tq  to  surface  temperature  Tg;  then  on  the  boundary 
between  regions  1  and  2  ir  a  narrow  zone  there  occurs  the 
chemical  reaction  of  decomposition  of  powder  into  a  gaseous 
substance.  Gasification  products,  which  are  mixed  with  pro¬ 
ducts  of  burning  of  the  powder  which  are  diffusing  to 
the  surface,  move  through  region  2  and  are  heated  from 
surface  temperature  to  combustion  temperature  T^  by  heat  proceeding  from  the  zone 
reaction  toward  the  Junction  of  zones  2  and  3.  Zone  3  is  filled  only  with  combustion 

i 

products  of  the  powder. 

We  will  consider  all  perturbations  to  be  one-dimen3ional.  Furthermore,  follow¬ 
ing  work  [1],  we  will  assume  that  processes  in  the  gas  are  inertialess  as  compared 
to  processes  in  the  condensed  phase.  This  corresponds  to  the  condition  that  ratio  of 
density  of  gas  to  density  of  powder  is  minute. 

In  region  1  perturbations  of  temperature  have  to  satisfy  the  usual  heat-conduction 
equation,  which  in  dimensionless  form  is 


Fig.  1. 
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Here  x  is  the  coordinate  along  the  normal  to  the  surface  of  the  powder,  t  —  is 
time,  p^,  cpl,  are  density,  heat  capacity  and  thermal  conductivity  of  the  powder, 
u^  is  linear  rate  of  steady-state  burning.  Subscript  1  pertains  to  k-phase  of  powder; 
subscripts  2,  3  pertain  respectively  to  the  gas  phase  in  zones  2  and  3.  Superscript 
°  pertains  to  steady-state  values;  the  prime  signifies  perturbation.  For  perturba¬ 
tions  of  concentration  of  reactant  s^‘  we  will  obtain,  after  setting  diffusion  coef¬ 
ficient  in  the  k-phase  equal  to  zero,  s^1  =  0.  Density  in  region  1  obviously  can 
also  be  considered  to  be  constant. 

In  regions  2  and  3»  which  are  occupied  with  gas,  for  perturbations  of  tempera¬ 
ture  and  concentration  we  will  obtain  the  equations 

do/  |  •«  _x  •dit  .  a*,*  x  a**,' 

d;  1  di  ”  fp  ***  •  af  +  1  ~a\  " 
do,'  =  k_  a*e/ 

d\  fp 

X  «*  -T—  ■  -7— ,  f,  x  X  ,  I  rs  — — 

/I  >.|  P  f)(  '  p,U, 

The  absence  in  equations  (4)  of  terms  with  time  derivatives  is  due  to  the 
assumption  of  relatively  low  density  of  gas;  as  it  i3  easy  to  verify,  these  terms  are 
of  the  order  of  pg/p^  «  1.  For  the  same  reason,  from  the  continuity  equation  it 
follows  that  perturbation  of  mass  flow  -  (p2u2)*/Piui  ls  constant  along  zones  2  and 
3.  Dependence  of  perturbations  on  time  in  these  regions  is  quasi-steady-state  — 
time  enters  in  as  a  parameter  through  the  boundary  conditions.  In  spite  of  the  low 
density  of  gas,  mass  flow  of  substance  from  surface  of  the  powder  should  be  considered 
to  be  finite,  since  it  is  equal  to  the  mass  burning  rate.  The  introduction  of  infinitely 
large  linear  rate  of  outflow  of  gasses  does  not  at  all  mean  that  the  gas  flame  must 
be  far  removed  from  the  powder  surface;  the  essential  parameter  here  is  the  mass 
rate,  and  not  the  linear  rate. 

It  i s  not  necessary  to  write  diffusion  equations  in  zone  3,  since  in  this  region 
concentration  of  reactant  is  equal  to  zero  (total  combustion). 

It  is  also  assumed  that  heat  capacities  and  transfer  coefficients  are  constant, 
where  the  Lewis  number  is  equal  to  unity. 

Let  us  note  the  steady-state  distributions  of  temperature  and  concentration  [1] 
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Here  q2  io  heat  of  reaction  in  gas;  £°  is  distance  between  reaction  zone  in  gas 
and  powder  surface  during  steady-state  burning. 

Solutions  of  equations  (3),  (4)  have  to  satisfy,  besides  natural  conditions  at 
infinity,  also  Joining  conditions  on  boundaries  between  zones,  i.e.,  conditions  on 
reaction  zones.  As  in  work  [5],  we  assume  that  reaction  zones  are  first-order  dis¬ 
continuity  surfaces  of  temperature  and  concentration,  and  will  write  for  them  linear¬ 
ized  conservation  laws.  Thus,  we  will  consider  the  following  circumstances: 

Actual  reaction  surfaces  can  undergo  small  displacements.  Let  us  assume  there¬ 
fore  that  coordinate  of  zone  of  reaction  in  the  k-phase  (between  zones  1  and  2)  will 
be  -  d^°  +  C^'(t)  (stationary  position  of  zone  ■  °)»  f°r  the  Kas  accordingly 

C8  -  C2°  +  C2'(T);  (c2°  •  5°). 

We  will  consider  that  changes  of  chemical  reaction  rates  w^^  and  wg,  to  which 
perturbations  of  the  steady  state  will  lead,  are  caused  wholly  by  change  of  tempera¬ 
tures  T  and  T  on  the  corresponding  surfaces  in  the  k-phase  and  in  the  gas.  Such  an 
s  r 

assumption  is  natural  for  high  activation  energies  of  chemical  reactions  E^  and  Eg. 

In  the  steady  state  reaction  rates  are  equal  to  mass  burning  rate;  therefore,  reac¬ 
tion  rates  in  the  k-phase  and  in  the  gas  respectively  can  be  written  in  the  form 


Pi®.  —  Pi* i  (i  +  *  X  jv) 


or  in  dimensionless  form 
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(6) 


In  the  depth  of  the  powder  perturbations  must  be  damped;  condition  of  damping 
of  perturbations  in  the  gas  far  from  the  powder  surface  is  stringent  too,  due  to  the 
assumption  of  infinite  linear  rate  of  gas  flow;  it  is  sufficient  to  consider  pertur¬ 
bations  to  be  finite. 
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Thus, 


as  0*'<°°  RB  + 
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(7) 


On  the  powder  surface  (£  =  0)  there  must  be  realized: 
continuity  of  temperature 

^Ci'  +  e1'  =  ^;,'  +  e,'  =  e/ 


(8) 


conservation  of  heat  flow  (taking  into  account  heat  emission  in  reaction 
zone) 


—  X^-- 4,1,9,'  (v-  r,  -  T.  •  4,“  «„(!■*  — Trt) 

the  condition  of  total  consumption  of  reactant 

— <%i  /dx=  Z|0/ 


(9) 


(10) 


conservation  of  mass  flow  s2  (taking  into  account  its  production  the  powder 
surface) 


,  r  ,  ,  T.  *  *»»*  r  •  *  _  r,A  ' 

— -Jr  +  Tj-t*  +  *. 

continuity  of  mass  flow 
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(ii) 


(12) 


On  the  surface  of  the  reaction  zone  In  the  gas  (5  -  5°)  It  is  necessary  to  con¬ 
sider:  continuity  of  temperature 

(15) 


l£c.'  +  ■=  8,'  -  V 

continuity  of  concentration  of  substance  s2 

C /  d£  +  **  =  0 


(Ik) 


conservation  of  heat  flow  (taking  into  account  heat  emission  in  reaction 
zone) 


x-£u  +  xi£-x£-4,.,8,' 

condition  of  total  consumption  of  substance  s2 

X  rfV  *  ,  X  8h'  .  n  , 

-T,  Tv 


(15) 


(16) 


In  conditions  (8)-(l6),  ratio  of  density  of  gas  to  density  of  powder  was  assumed 
equal  to  zero. 
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Let  us  note  that  for  the  scheme  of  burning  of  powder  of  Y&.  B.  Zel'dovich  (con¬ 
stant  temperature  of  powder  surface,  powder  is  gasified  under  influence  only  of  the 
external  flow  of  heat),  equations  (5),  (4)  remain  the  same.  There  are  changed  only 
certain  conditions  on  the  powder  surface.  Instead  of  conditions  (8)-(ll),  we  should 
write: 

conditions  of  constancy  of  temperature  of  powder  surface 


;»’  4  ®i’ 


0. 


(17) 


conditions  of  conservation  of  heat  flow  (taking  into  account  its  consumption  in 
zone  of  gasification  of  powder) 


*C,'  .  . , ,  «er  .  A 


(18) 


conditions  of  conservation  of  mass  flow  s^  (taking  into  account  its  production 
during  gasification) 


-*Tt  +  <t  & 


(19) 


Solutions  of  equations  (3),  (4)  and  displacements  of  combustion  surfaces  can  be 
written  in  the  form 


•»'  - «  ®*p  K + •*)  o  -  Vi  (*  4  V"  rns)) 

6/ -  +  e  exp  (-£- C  4  «t)  —  /^-wfcexp  -£(C  — C#)  4* 

#/«.*■"  4.  ( exp  4-®*)  4/-£»lexp  -£(l  —  f)  4-  »*J. 

V  -  <W",  Ct#  -  /«-,  Ci'  =  t*" 
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Solutions  (20)  already  satisfy  conditions  at  infinity  (7);  the  sign  of  r  is 
selected  in  such  a  way  that  the  unstable  solution  (Rg  co  >  0)  which  is  being  sought 
tends  to  zero  as  £  -•  -a>. 

After  substitution  of  solutions  (20)  and  (5)  into  conditions  (8)-(l6),  we  will 
find  an  algebraic  system  of  linear  homogeneous  equations  for  determination  of  con¬ 
stants  a,  b,  c,  d,  f,  g,  k,  i.  Equating  the  determinant  of  the  system  to  zero  and 
expanding  it,  we  obtain  an  equation  in  complex  frequency  u>: 

2«(y  —  1)  4-  V  4-  ow  «  (p  4-  ow)(l  4-  4®Vh 

/  •*;  Bt(T,-T9)  „  BtT*  epl  \ 

- SH7  «*’  ,n) 


Roots  of  this  equation  are 


(22) 


<»i  =  0,  o>24  =  */:<r-*{(y  -  l)1  —  (y  +  1)®  ± 

±  [(y  - l)*(®*  -  2(y  + 1)®  +  (y  -  D*)]'7*) 

Let  us  notp  that  perturbations  corresponding  to  the  root  «  0  appear  when 
initial  steady-state  distributions  of  quantities  are  displaced  along  axis  x  without 
change  of  their  shape.  The  possibility  of  such  perturbations  directly  follows  from 
the  utilized  equations  of  diffusion  and  thermal  conduction,  which  are  invariant  with 
respect  to  displacement  of  axis  x.  This  property  of  invariance  was  used  in  work  [6] 
for  investigation  of  stability  of  a  laminar  flame.  In  this  work  for  the  first  time 
there  was  turned  attention  to  the  fact  that  the  presence  of  "translational"  pertur¬ 
bations  does  not  indicate  instability  of  the  solution.. 

In  view  of  the  fact  that  in  the  process  of  solution  of  equation  (21)  it  was 
necessary  to  take  the  square,  the  obtained  roots  must  be  checked  by  substitution  into 
the  initial  equation  for  the  purpose  of  elimination  of  extraneous  roots.  It  turns 

out  that  for  y  >  1,  o  s  2(y  +  1)  the  equation  has  all  three  roots,  for  y  >  1,  o  > 

>  2(y  +  lx  it  has  two  roots  —  and  (Og  (with  the  sign  +);  for  y  <  1,  o  s  2(y  +  1) 

it  has  on-  root  -  u^j  for  y  <  1,  a  >  2(y  +  1)  -  two  roots  -  and  (with  the 

sign  -);  for  the  value  y  ■  1,  the  equation  is  satisfied  by  roots  and  o>2  *  »  -l/o. 

From  (22)  it  follows  that  instability  of  solutions  (Re  u>  >  0)appears  if  there 
Is  satisfied  the  inequality 

(y  —  l)*  >  (y  +  i)® 

For  y  >  1  this  is  equivalent  to  the  inequality 

y>l  +  o/2  +  */i[o(o  +  8)]v» 

for  y  <  1,  a  >  2(y  +  1) 

y<l  +  o/  2  —  */i[o(o  +  8)  Jv* 

for  y  <  1,  os  2(y  +  1)  there  is  no  unstable  regime. 

Let  us  note,  however,  that  of  the  conditions  (24)  and  (25)  only  condition  (24) 
has  physical  meaning,  since  there  should  additionally  be  observed  the  evident  condi¬ 
tion  y  >  0. 

In  Fig.  2  there  is  depicted  the  dependence  (24)  (curve  1)  which  bounds  the  region 
of  stable  burning  of  powder  (region  under  the  curve). 

The  obtained  condition  of  stable  burning  of  powder  (24)  differs  from  the  criter¬ 
ion  of  stability  of  Ya.  B.  Zel’dovich  (1);  the  essential  parameter  influencing  burning 


(23) 

(24) 

(25) 


stability  also  turns  out  to  be  the  quantity  o  «  E2T82cpl//ElTb2cp2•  The  lnfluenc*  of 
ratio  of  activation  energies  of  reactions  in  gas  and  condensed  phases  of  powder  on 
stability  of  burning,  as  already  was  indicated,  is  explained  by  the  strong  influence 
of  changes  in  temperature  of  the  surface  on  the  gradient  near  it.  For  very  high 
s  iv&tlon  energy  of  reaction  in  the  k-phase  (o  -*  0]t  temperature  of  powder  surface 
remains  practically  constant,  and  criterion  (24)  becomes  (1). 

Criterion  of  stability  (1)  is  also  obtained  if  we  consider  the  scheme  of  burning 
with  vaporization  on  the  surface  of  the  k-phase  (conditions  (17)-(19)).  jn  work  [1] 
this  criterion  is  obtained  from  several  other  considerations. 

For  real  powders  a  •»  0.1.  For  such  o  it  is  possible  to 
ZB - - use  approximate  expression  for  the  stability  criterion 


10 f -  It  ls  necessary  to  pay  attention  to  the  fact  that  in  the 

J - 1 — 1 — -~jr  region  of  stable  burning  of  powder  which  is  above  the  stralgh 

line  y  «  1  (Fig.  2),  onset  of  oscillations  of  burning  rate  is 

Fig.  2. 

possible,  since  the  frequency  in  this  region  ls  complex. 

In  conclusion  we  thank  G.  I.  Barenblatt,  Ya.  B.  Zel'dovich  and  0.  I.  Leypunski; 
for  formulation  and  discussion  of  the  problem. 
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ASYMPTOTIC  METHODS  OF  HYDRODYNAMIC 
THEORY  OF  STABILITY 


■0.  M,  Zaslavskiy,  S.  S.  Moiseyev 

and  R.  Z.  Saldeyev 

(Novosibirsk) 

nrWl\C°?:  th!  asyroptotic  method  of  solution  of  a  differential  equation 

of  th_  fourth  order  with  two  small  parameters.  An  equation  of  such  tvne 

of  and  °hidlffeSe?t  probleras  of  the  hydrodynamic  theory 

l  otabili„y,  and  also  problems  of  transformation  of  oscillations  in  ^ 

magnetohydrodynamics  and  plasma.  In  particular,  the  character  of  a  special 
region  where  different  solutions  of  geometric-optical  approach  Vross^ 
di  ff£VeSf^ igat'-'d  Rules  of  bypass  of  singular  points  are  clarified  and  in 

different  cases  for  finite  solutions  formulas  are  cited  for  calculation 
f  the  spectrum  of  oscillations.  The  proposed  method  can  be  applied  also 
to  analogous  differential  equations  of  higher  order.  The  theory  is  applied 
to  investigation  of  instability  of  plasma  in  the  fiiid  of  gravity  PP 


Designations 


p  -  amplitude  of  perturbation; 
a,  3  —  small  parameters; 


x,  y,  z  - 


coordinate  in  direction  of  heterogeneity; 
dimensionless  coordinates  in  direction  of  heterogeneity; 


k  -  wave  vector  of  perturbation; 

—  frequency; 

L  -  characteristic  dimension; 

0 

q  ,  w  -  derivative  from  amplitude  phases  of  perturbation; 


H  1/3(1)(2)  _ 


Hank el  function  of  1  stand  2nd  kind; 
contours  of  integration  in  phases  of  solution; 


\ 


nQ  -  density  of  medium; 
g  -  potential  of  field  of  gravity; 
c  -  velocity  of  light; 

T  -  temperature; 
e  —  charge  of  electron; 

H  —  magnetic  field  strength; 

V  —  speed; 
q  —  heat  flow; 

I  —  electric  field  strength; 

^  -  Lamor  radius  of  ions; 
n  -  pre-exponential  factor  of  solution. 

1 •  State  of  problem.  Use  of  asymptotic  methods  in  the  linear  hydrodynamic 
theory  of  stability  are  well-known,  for  instance,  in  connection  with  the  problem 
of  stability  of  Poiseille  flow  (for  detailed  survey  of  works  see  [1]).  The  essence 
of  the  matter  is  that  it  is  necessary  to  construct  a  solution  and  to  find  eigenvalue 
to  -  u>(k)  for  assigned  boundary  conditions  of  equation 

®  (£»  w)  4’  U|  (£,  k,  w)  9  =  0  (1.1) 

wnere  a  -  small  parameter,  -  coordinate  (in  the  case  of  Poiseille  flow  a  is 
proportional  to  viscosity).  The  presence  of  small  parameter  a  ensured  possibility 
of  construction  of  a  formal  asymptotic  series  for  solution  with  respect  to  a 
successfully  selected  power  of  a. 

Recently  there  appeared  a  large  number  of  works  for  the  study  of  stability  of 
weak-nonuniform  plasma.  Where  a  detailed  investigation  was  conducted  the  problem 
lead  to  the  equation 

•g-u(E,  k,  o>)<p  =  o  t1-2) 

In  order  to  introduce  in  (1.2)  evidently  small  parameter  0,  characterizing 
weak  heterogeneity,  we  will  introduce  dimensionless  coordinate  x  =  £/L 
(L  -  characteristic  dimension  of  problem).  Let  us  set  U  ■»  kf(J,  where  U  ~  1 
everywhere,  with  the  exception  of  the  region  near  point  x0,  where  U(x~)  -  0.  Then 
we  have  Instead  of  (1.2) 
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In  [2]  it  was  proposed  to  use  smallness  (3  for  construction  of  asymptotic 
solutions,  well-known  in  quantum  mechanics  under  the  name  "quasiclassical"  . 1 

In  a  number  of  cases  the  following  situation  appears:  in  the  considered  region 
exists  a  point  in  which  U  turns  into  qd.  This  circumstance  was  studied  in  connection 
with  the  problem  on  transformation  of  waves  in  plasma  [5].  Pole  U  in  cases  studied 
in  [5]  was  fictitious  and  vanished  during  calculation  of  the  higher  derivative  with 
small  parameter  of  type  a  for  it.2  For  problems  connected  with  transformation  of 
waves  in  plasma  the  method  of  successive  approximations  was  used  [6], 

Asymptotic  method,  near  on  one  hand,  to  [6]  and  on  the  other  —  to  [1],  was 
applied  in  [7]  for  an  equation  of  type  (1.1)  during  investigation  of  stability  of 
inhomogeneous  plasma  taking  into  account  final  conductivity.  This  method,  as  one 
will  see  subsequently,  has  very  limited  applicability. 

Below  is  considered  the  possibility  of  a  single  asymptotic  approach  to 


investigation  of  the  equation  which  models  the  above-mentioned  problems  under  the 
condition  of  weak  heterogeneity  of  medium. 

2.  Formulation  of  problem.  Physical  questions  considered  in  the  introduction 
lead  to  the  necessity  of  investigating  the  equation 


«p*  w,  <*.  *,<•)£+ U,  (*,  *.<•)< p  -  o  <»,  k  n 


(2.1) 


where  x  —  dimensionless  coordinate,  k,  cu  —  parameters  of  problem,  a  and  (3  —  small 
parameters . 

Usually  in  the  physical  statement  of  a  problem  parameter  a  is  connected  taking 
into  account  weak  dissipative  process,  and  £3  is  the  parameter  of  "quasiclasslcality, " 
constituting  ratio  of  characteristic  length  of  change  cp  to  characteristic  length  of 
change  U^,  U2;  in  equation  (2.1)  functions  and  U2  are  dimensionless  values  where 

Ut,  £/,~l  (2.2) 


lFor  a  detailed  survey  of  works  in  this  area  see  [3,  4], 

2The  given  reasoning  somewhat  roughly  transmits  situation  studied  in  [5). 
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with  the  exception  of  points  where  they  turn  into  zero. 

Solutions  tending  to  zero  on  ±ao  we  call  subsequently  finite,  or  local. 

Otherwise  the  solution  is  called  nonlocal. 

When  (3  ■  i  in  (2.1)  investigation  of  equation  was  conducted  in  works  of  Lin1 
Tszya-tszyao  [  1  ]  and  Vazov  [8]  in  connection  with  the  problem  of  stability  of  Poiseille 
flow.  When  c  ■  0  the  equation  passes  into  an  equation  of  the  2nd  order,  in  detail 
investigated  in  numerous  works,  especially  in  connection  with  the  quasiclassical 
approach  in  quantum  mechanics  (see  for  instance,  [9]). 

The  solution  of  equation  (2.1)  is  sought  in  the  form 

* 

f(x)-Ccxp{-p^  ?(*)</*},  ?(x)  =  ?<•>(*)  +V$q{"{x)  +  ...  (2.3) 

Substitution  of  (2.3)  in  (2.1)  taking  into  account  (2.2)  gives 


vy' + •» -  • S*  (3r  - 0 


From  equation  (2.4)  we  find 


(2. *) 

(2.5) 


or,  considering  smallness  a,  we  have  two  pairs  of  values 


f  !<•>  «  ±  VUJUj  <<  -  * .  2).  qtw  -  ±  ( i  -  s.  4) 


(2.6) 


Analogously  from  (2.5)  we  find: 


—  4r  «-»•«> 


2  dx  f(<«> 


(2.7) 


Formulas  (2.6),  (2.7)  permit  writing  the  solution  of  (2.4)  for  <p  in  the  form 
(accurate  to  following  terms  in  expansion  (2,3)  for  q) 


f»  "  Y=rVLv\?i^  (<-*.  2) 
f»  -  yjff*  P  <*  "  *•  4> 


(2.8) 

(2.9) 
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The  obtained  solution  of  (2.8)  will  be  asymptotic,  and  its  accuracy  is  limited 
by  the  domain  of  applicability  of  expansion  of  (2. 3),  which  will  be  subsequently 
called  external.  It  is  obvious  that  the  solution  of  (2.8),  (2.9)  is  inapplicable 
in  regions  near  points  where  U  and  U2  turr.  into  zero;  these  regions  subsequently 
will  be  called  internal.  The  solution  must  be  sought  separately.  In  connection 
with  this  the  solution  of  equation  (2.1)  under  assigned  boundary  conditions  leads 
to  the  following  three  procedures:  1)  construction  of  solution  in  internal  and 
external  regions;  2)  indication  of  condition  of  joining  of  solutions  (this  question 
appears  in  connection  with  presence  of  Stokes  lines  during  use  of  asymptotic 
expressions);  3)  satisfaction  of  boundary  conditions  (this  leads  also  to  the  equation 
for  eigenvalues  of  problem).  Let  us  note  that  the  point  where  11^  =  0  does  not  merit 
special  attention,  since  near  this  point  the  role  of  the  term  with  o>IV  in  (2.1)  is 
immaterial,  and  behavior  of  solution  near  this  point  is  determined  by  the  theory 
well-developed  for  equation  (2.1)  with  a  =  0. 

Subsequently,  without  loss  of  generality  of  the  method 
developed  below,  we  will  select  for  convenience  a  specific 

-  form  of  functi°ns  U1(x)  and  U?(x)  (Fig.  1).  On  Fig.  2 

domains  1,  2  are  external,  and  domain  3  is  internal. 


FI*.  1. 


The  above  reasoning  finishes  formulation  of  the 


problem,  solution  of  which  will  be  carried  out  in  §§  3-5. 

3.  Weak  case.  For  selected  form  U1(x)  and  U2(x)  (Fig.  1)  l^,  U2  turn  into 
zero  correspondingly  in  points  A,  B  and  0^  02#  We  will  assume1,  that  the  distance 
between  B  and  02  is  larger  than  unity.  Near  point  02  it  is  possible  to  represent 


Vz  —  Ur,  x  <  1,  U  ~  1 


(3.1) 


and  to  consider  constant. 


On  Fig.  3  are  depicted  domains  of  applicability  of  different  approaches. 


Expansion  (3.1)  is  valid  on  segment  (02,  1);  solution 
(2.8),  (2.9)  are  correspondingly  valid  on  segments  1 


*  *  / 


Mm 


and  3. 


When  x  <  1  equation  (2.1)  takes  the  form 

«PVV  -  puxv*  + u*  B  o 


(3.2) 


lIf  the  conducted  reasoning  is  invariant  with  respect  to  replacement  **  (0}, li). 

then  we  will  speak  only  about  points  (Og#  B). 
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Fig.  3. 

analogous  to  [1],  in  the  form 


near  y  ~  1.  In  this  section  we  will  be  limited  to 

Then  it  is  possible  to  construct  a  solution 
of  asymptotic  series 


V. 


(3.*) 


Substitution  of  (3.4)  in  (3.3)  gives 

Uy*$--o  (J-5) 

Domain  of  applicability  of  solutions  of  equation  (3.3)  on  the  right  is  determined 
by  values  *  ~  a‘A  and  on  Fig.  3  is  designated  by  segment  2  (or  4).  Equation  (3.5) 
has  four  solutions  [1]: 

?»  —  1.  *fi  =*=  *  (3.6) 


Here  H^1),  H^2)  -  Hankel  functions  correspondingly  of  the  first  and  second  kind. 
Considering  that  the  argument  of  Hankel  functions  in  (3.7)  is  great  it  is  possible 
to  write  for  solutions  <$y  turning  on  4co  into  zero 

,r>0»  (5.8) 

V  ~  I  *  I  *in  {-|-  +  -?-}  <'<»> 

If  9  does  not  have  to  turn  on  +oo  into  zero,  when  x  >  0  solution  consists  also 
of  a  growing  exponential,  and  the  solution  when  x  <  0  is  determined  by  the  usual 
rules,  considering  that  x  -  0  is  the  reversal  point  [10].  Solutions  (3.8)  pass  into 
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solutions  determined  by  equation  (2.9)#  and  they,  consequently,  may  be  joined. 
Possibility  of  joining  is  ensured  because  segments  1  and  2  on  Fig.  3  have  a  common 
part,  inside  which  occurs  the  joining.  There  is  quite  another  picture  for  solutions 
(3.6)  and  (2.8),  which  do  not  pass  into  one  another  and  therefore  are  directly 
unjoinable.  This  is  connected  with  the  following  circumstance.  Pair  of  solutions 
(3.6)  in  principle  does  not  have  quasiclassical  form  and  for  it 

V  wm  /  dy1  =  0  (3.9) 

In  fact  equality  (3.9)  is  determined  accurate  to  This  inequality 

means  that  domains  of  applicability  of  solutions  (2.8)  and  (3.6)  (on  Fig.  3  —  this 
is  correspondingly  segments  3  and.  4)  do  not  overlap. 

To  remove  the  shown  difficulty  we  will  consider  equation 

pUxv'-Ui  f  =  0  (3.10) 

valid  as  a  zero  approximation  in  the  domain  -^a  <  *  <  1.  (segment  5  on  Fig.  3). 

Solution  of  this  equation  has  the  form 

«  =  VTzA-ziujruf)  (i-11) 

where  —  one  of  two  linearly  independent  cylindrical  functions  (for  Instance,  1^ 
and  ) .  For  small  values  of  the  argument  in  (3.11)  we  have  =  1,  =  x»  i.e., 

(3.11)  passes  into  (3.6).  For  large  values  of  the  argument  the  asymptotic  behavior 
of  Z1  coincides  with  (2.8).  This  finishes  the  first  procedure,  shown  in  §  2. 

The  answer  to  the  second  part  of  the  problem  shown  in  the  same  place  is  contained 
in  theorems  of  Wasow  [8],  which  in  the  considered  case  preserve  their  force. 

Equations  for  eigenvalues  in  the  case  of  local  solutions  can  easily  be  written 
immediately,  proceeding  just  as  in  the  quasiclassical.  approach  for  a  second  order 
equation  [9]  in  deriving  "rules  of  quantization": 

Expressions  (3.12)  give  two  independent  solutions  for  eigenvalues.  Tnis 
corresponds  to  the  fact  that  on  +cd  (or  -ao)  we  have  two  linearly  independent  solutions, 
determined  by  (2.8)  or  (2.9),  which  subsequently  are  "extended"  to  -oo  (or  +a>)  each 
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\ 


2 

independently  (the  connection  appears  only  in  following  order  with  respect  to  a/0 
4.  Classification.  In  equation  (3.2),  valid  when  x  <  1 ,  we  make  the 
substitution 

J  —  Pl/  (4.1) 

This  gives 

("-2) 

Solution  of  this  equation  is  obtained  by  applying  the  method  of  Laplace 

/  V  C  *  I  ,  a  l*  .  1  Ut\  .  (4.3) 

?  (y)^  j7r®*pp—  3r  3?r  +  ~r  v) dt 

where  the  integral  is  taken  in  the  plane  of  complex  variable  t  by  the  contour  on 
whose  ends  function 

«P  [yt  —  jrW  +  TTr] 

turns  into  zero.  The  solution  of  (4.3),  in  accordance  with  (4.1)  and  (3.1),  is 
valid  in  domain  1/<1/P>-1.  Let  us  be  limited  to  consideration  of  domain 

1  <y<  1/P>i,  P<*<* 

In  the  considered  domain  y  >  1,  therefore  for  calculation  of  the  integral  in 
(4.3)  it  is  possible  to  use  the  method  of  steepest  descents.  We  have  four  crossing 
points 

fc-ww-±(£p)V(*-*^) IT  <*•« 

This  determines  four  contours,  integration  over  which  gives  four  linearly 
independent  solutions.  Choosing  in  the  appropriate  way  contours,  we  obtain  solutions 

fl(»)^'Vr«  V)]  (<-!,  2.3.4) 

Determining 

f«#  -  ±  (^-) h  (y —  (if*  —  jr  jrr)  '*)  '*  0  “  *•  2> 


(*.6) 


(*•7) 
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we  obtain  from  (4.6  )x 


ft(y)~(?«°)'v,«P^7i °(y)dy  u  =  i.2)  (n.8) 

ft (y)  ~  (9*)-'u ex p jj qt °(y)  (•  =  3, 4) 

For  large  values  of  y  solutions  (4.8),  as  is  simple  to  verify,  pass  into 

corresponding  solutions  in  external  region  (2.8),  (2.^). 

Let  us  consider  the  value  of  y  turning  into  zero  internal  root  in  (4.7) 


V  «  +to  =  ±2nalp)UiJU  > 

(for  the  considered  form  of  functions  Uj(x)  and  ^(x)  in  points  ,Yq  <  0  and  yQ  is 
purely  imaginary).  Points  y(  we  will  subsequently  call  branch  points.  Considering 
(2.2)  and  (4.1),  we  see  that  the  value  in  branch  points  z  ~  fa  and  distance 
between  branch  points  From  (4.9)  immediately  it  follows  that 

«<1  («/P*<l).  «>t  (of p*>1)  (4.10) 

When  a  <  1  branch  points  do  not  enter  domain  (4.4),  where  solution  (4.8),  is 
valid,  and  they  do  not  need  attention.  When  ci  >  1  this  is  not  sc  and,  as  we  will 
see  subsequently,  calculation  of  branch  points  essentially  changes  all  consideration 

9 

and  can  lead  to  a  qualitatively  new  physical  picture  of  the  process.  The  case 
a  <  1  we  will  call  weak,  and  a  >  1  strong. 

2 

Solution  of  the  problem,  carried  out  in  §  3,  was  valid  for  a/p  <  P  < 
therefore  it  is  valid  to  carry  it  to  the  weak  case. 

If  one  were  to  introduce  the  idea  of  wavelengths 


in  the  strong  case  between  branch  points  is  "packed"  many  wavelengths  ,  of  which 
there  are  none  in  the  weak  case.  Thus,  classification  is  conducted  with  respect  to 
the  number  of  wavelengths  ,  which  is  placed  between  branch  points  (i.e.,  y  the 

Mlere  and  further  for  simplicity  of  writing  the  pre-exponential  factor  is 
designated  by  the  same  letter  as  the  integrand  expression  in  phase;  in  reality  they 
differ  by  terms  -  a,  immaterial  when  »  >  fa 
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relationship  between  parameters  a  and  (3),  although  the  distance  between  branch 
points  in  both  cases  is  the  same 

5.  Strong  case.  As  already  was  noted  the  necessity  of  calculation  of  branch 
points  a^,  &2>  and  b?  (Fig.  4)  quite  changes  the  rule  of  transition  from,  for 
instance,  the  domain  x  <  0^  into  the  domain  x  >  01 . 

In  order  to  obtain  these  rules  for  (4.8),  we  will  determine  the  branch  of 
roots  in  (4.7)  in  the  following  way  (near  point  01): 


, ./ .  ( * v< y* <*'»+* - <*>o> 


(5.1) 


.  .  r? .  ±i±'hV*ani+i*+Vi-k) _  <*>°> 

±n+  r  \±'UiVUV\v\  +  *)+V\y\- '*)  (v<o> 


After  that  solutions  (4.8)  are  written  in  the  form 


fw- 


fM 


(f»T*«p  { ±  (y) — (y))  rfy}  (v  >o> 

(f»TV,«*P  { ±  i \ (»i  ( |  y  | )  —  ip,  ( |  y  | ))  dy}  <y<0) 

(y/)%  ®*p  { ±  J  (wi  (y)  +  wt  (y))  dy}  (y>°> 

(f»T*«p{±  *'5(«,i(|yl)  +  *t,«(lyl))rfy}  (»<°) 


(5.2) 


(5.3) 


(5.4) 


where 


ft  — !  VhPU  /  <*fr  —  <•,  «>»  =  yViP1^  /  aVy  +  to 


(5.5) 


In  expressions  (5.3)>  (5.4)  the  exponential  is  factored  for  both  branch  points, 
that  will  allow  subsequent  use  of  rules  of  type  [10], 

On  the  left  from  point  A  we  write  an  arbitrary  solution,1  turning  on  -cd  into 

zero 


-  |  f  »*  «p  (—  ^  u>,  (y)  dy+i^  wt  (y)  dy)  + 

+  d  I  f  •*  r;*  ®*p  (S  (y)  di  +  5  w* (y)  rfy) 


(5.6) 


1The  meaning  of  designations  and  letters,  not  specified  in  this  section,  is 
clarified  on  Fig.  4. 
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Let  us  note,  however,  that  of  the  conditions  (24)  and  (25)  only  condition  (  ’4} 
has  physical  meaning,  since  there  should  additionally  be  observed  the  evident  condi¬ 
tion  y  >  0. 

In  Fig.  2  there  is  depicted  the  dependence  (24)  (curve  1)  which  bounds  the  region 

of  stable  burning  of  powder  (region  under  the  curve). 

The  obtained  condition  of  stable  burning  of  powder  (24)  differs  from  the  criter¬ 
ion  of  stability  of  Ya.  B.  Zel'dovich  (1);  the  essential  parameter  Influencing  burning 
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On  the  right  from  point  A  the  r ocond  term  in  (5.6)  does  not  charge,  and  the 
first  will  be  converted  according  to  rules  (5.1).  This  gives 

f (y)-lfiT‘/,[®*p(—  *-£+  *  jj| 9»° i  c*p (* "t —  l‘jj?»#rfy)]+  (5.7) 

+  &  I  ?»°  |~*;,exp  (5  (y)  dy  +  J  u't  (y)  dy) 

Considering  formulas  (5. 5)-(5.5)#  it  is  possible  to  construct  a  picture  of 
level  lines  for  each  of  the  branch  points  separately  (Fig.  4).  Level  lines  from 
two  neighboring  branch  points  crocs  on  the  reel  axis  in  points  C2-  Then 
solution  (5*7)  can  be  rewritten  in  the  following  form  for  A  <  y  <  C1 : 


?(y)»  Mp(“ +  $[»My)<*y)  + 

if*  i  9  9 

4-  exp ( $  ir»(y) dy  —  ^wt (y) dy)  + 

+  O  | qf  f*  exp  (J  (y)  dy  -f  \  wt  (y)  dy) 


(5.8) 


where 


<f.  “  IS  Vu.W-VfVMatP*- 

-  w.)  -  < 


(5.9) 


H 

T 


Integrals  in  (5.8)  are  taken  from  branch  point  &1(o2)  al°nK  the  line  where 
w^Wg)  is  purely  imaginary  to  point  C1  and  further  with  respect  to  the  real  axis 
Contours  L^  and  L2  in  (5.9)  start  at  point  A,  go  along  real  axis  to  point  C1  and 
further  with  respect  to  lines  where  w^  and  w^  are  correspondingly  purely  imaginaryf 
to  branch  points  a^,  a^.  In  writing  (5.9)  it  is  considered  also  that  near  point 
0^,  where  Ug  »  0,  expressions  under  the  sign  of  the  integral  pass  correspondingly 
into 


/«)(«-!■) 

*•  -  riiwu/vii+ui) 


Cuts  are  selected  with  respect  to  lines  1 .  It  is  not  difficult  to  verify  that 
determined  by  expression  (5.9)#  is  purely  real. 


.. 
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'V 

nm* 


So  that  solution  (5.8),  determined  on  the 
left  from  point  01,  is  written  on  the  right  from 
0^,  we  will  use  rules  of  bypass  given  in  the 
appendex.  It  is  convenient  to  introduce 


designations: 


n  -  rit(P lo)(Vt-  HUt* IP),  PI  -  VMP /  o)  (l/.  +  iW,a / p>) 


(5.10) 


(5.11) 


Then  for  0^  <  y  <  0g  we  have  accurate  to  a  constant  factor 

f  (y)  -  ie «•»  |  Px  +  Pt  !:‘/* exp  (i  jj  px  (z)  dz  +  i  jj  />,  (z)  di )  — 

-  (iV*  -f  D)  I  p,  +  p,  fVVxp  i  jj  px  (x)  di  i  jj  pt  (z)  di J  + 

••  •» 

+  «*’•  |  Pi  —  p,  fV*  ox  p  (/  jj  px  (z)  dz  —  *  J  p,  (z)  c/z  )  |- 

Ot  •, 

4-(2cosf,  —  il))\px  —  pt\'‘‘^p[~  i^pi(z)dz+  i  jj  p, (z)  dz  ) 


Here  integration  is  done  from  a1#  a2  correspondingly  over  lines  L^,  (Fig.  4) 
descending  to  the  real  axis  and  proceeding  along  it  to  point  y.  Transporting 
solution  (5.11)  to  point  02,  we  rewrite  it  in  the  form 


t (if)  -  ***  P  (“  *  | <*)  *  —  ^  ft  (*) di  )  “ 

— 1^1+ r7*  »»p  (i5pi(f)rfx+^p,(*)*)+ 


(5.12) 


+  “P (“ *5  ft (*) Pt (*)<<*)  + 

4- \Px  —  Pt r  «P  (< $  Pi(*)*  —  P«(*)  <**) 

9  9 

Integrals  from  y  to  b  decrease  in  the  same  meaning  as  from  y  to  a.  Furthermore; 


we  will  put: 


(*) A  +  *£ft(*)*) 
T  -  txp(—  +  *£ft(*W*) 


(5.13) 


(5.14) 


Contours  L?  and  are  designated  on  Fig.  4.  It  is  easy  to  verify  that  index 
of  the  exponential  in  (5.1*0  is  purely  real,  and  o2  ln  (5*13)  is  purely  imaginary. 
For  this  we  will  bend  contour  L?  so  that  it  goes  from  a1  to  0±t  then  along  the  real 


axis  and  further  from  Og  to  b^. 


An  analogous  procedure  will  be  carried  out  also  with  L4 .  Then,  according  to 
(5.10),  on  the  real  axis  where  and  coincide,  we  have 


0. 

^  (pi  -  i>t) ^  ^ (*+  fwr*ly 


Considering  that 


5  VT+ li  dt  -  (ia)\  S  V7=Ta  dt  -  (- »«)% 


we  arrive  immediately  to  the  above  affirmation. 

On  the  right  from  point  Og,  using  again  the  rules  of  bypass  (see  appendex),  we 


obtain 


f  (y)  “  I  Pi  +  Pt  |"*/*  (lOe**  —  *  2c°*^f  )  e*P  Pi  (*)  *  +  ^  P«  (*)  dt)  4 

4  I  Pi  4  Pt  l^'(2c0?*----  —  CXP  (J  Pi  (z)  dt  4  J  pt  (t)  dt)  4 

+ 1  *  -  *  rV*  (-  4  * 

X  exp  (—  jj  p,  (*)  rfx  4  jj  p,  (*)  dt)  +  |  Pi  —  Pi  I'7* —  X 

*  » 

X  «*p(j|P»(*)<k-$p,  (*)</*) 

The  condition  of  absence  on  +on  of  growing  solutions  gives 


«*•>  (DT  «  2cos  ft  —  iD 


(5.1< 


2  cos  ft  —  iD 


*f»--jjpi(*)*+  \  *{•)** 


(5.1 


Here  contours  L1'  and  Lg'  are  analogous  to  contours  1^,  Lg  and  are  taken 
correspondingly  from  b1#  bg  through  point  Cg  to  B.  Let  us  note  that  <Py  as  also 
(p2,  is  purely  real  and  positive.  Solving  system  (5.16),  we  find 


,!<*♦*♦*>  -  -fc  1,  »r  ft  +  f|  +  f*  " 


Hence 


— dx+\^pxdt  +  ^Pt'dt  —  i  i^Pidx  =  ("+x)n  ( 

Equation  (5.19)  constitutes  the  generalized  "rule  of  quantization"  for  the 
strong  case.  The  left  part  of  (5.19)  constitutes  a  full  advance  of  phase, 
consisting  of  three  parts:  1)  advance  of  phase  in  domain  AO^;  2)  advance  of 
phase  in  domain  C^Ogj  3)  advance  of  phase  in  domain  OgB. 

L  Length  of  waves  in  these  regions 

X,~  (\VUxlWt  dx)~l  in  AO^OtB,  x,  -  (\VV7Ml dx)'1  *■  OlOt 


Such  strong  "cohesion"  of  oscillations  is  characteristic  for  the  strong  case, 
and  in  this  meaning  condition  (5.19)  expresses  this  fact. 

2 

6.  Note.  1.  According  to  classification  conducted  in  §  4,  when  a/3  <  1 

p 

we  have  a  weak  case.  The  solution  conducted  in  §  5  is  valid  when  a/3  <  a.  Thus, 

for  the  weak  case  domain  P  <  a  /  p*  <  I  remains  unconsidered.  The  solution  given  in 

§  3,  as  was  shown,  is  a  generalization  of  known  solution  [1]  on  a  quasiclassical 

2 

case.  It  is  possible,  however,  to  construct  a  solution  when  a/3  <  1,  including, 

2 

as  particular  case  a/3  <  3.  For  this  we  will  turn  to  formulas  (4,6 )- (4 ,9) . 

2 

Solutions  (4.8)  are  desired  for  a/3  <  1.  Rules  of  joining  for  them  are  the  same 

as  in  §  3,  inasmuch  as  branch  points  (4.9)  do  not  lie  in  domain  of  validity  (4.8). 
"Rules  of  quantization"  (3.12)  remain  as  before. 

The  given  arguments  unify  the  method  well-developed  in  §§  4  and  j.  A  purely 
technical  distinction  is  connected  with  the  purpose  that  the  constructed  asymptotic 
solutions  (4.8)  have  different  structure  of  Stokes  lines  depending  upon  whether  or 
not  branch  points  (4.9)  fall  into  the  domain  where  solution  (4.8)  is  valid. 

2.  Given  asymptotic  method  is  easily  generalized  on  that  case  when  behavior 
Ug(x)  near  zero  U2  has  the  form  Ut~Uxm.  Besides  it  is  natural  that  conditions  of 
Joining  solutions  change;  however  equations  (3.12)  and  (5.18)  remain  as  before. 

The  case  m  »  2  for  weak  coupling  was  considered  in  [7).  For  instance,  the 
"gravitational  mode,"  found  in  [7]»  is  obtained  immediately  from  second  condition 
(3.12) . 
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3.  As  is  known  [5,  6,  11]  presence  of  heterogeneity  in  medium  can  lead  to 
one  type  of  oxcillations  in  a  certain  domain  creates  a  new  type  of  oscillations 
(effect  of  "transformation"  of  waves).  A  detailed  physical  picture  of  this 
phenomenon  is  in  [5].  The  method  well-developed  above  can  be  applied  to  this 
phenomenon.  Effect  of  transformation  already  is  contained  in  the  solution.  Thus 
for  instance,  in  a  strong  case  (§  5)  the  presence  of  oscillatory  solution 
domain  0^  leads  to  the  appearance  of  oscillatory  solution  cp1>  2  in  domaln  AOi* 

It  is  possible  to  say  that  points  leading  to  transformation  are  branch  points. 
Coefficient  of  transformation  is  obtained  as  the  ratio  of  amplitudes  cp^  to  cp-^. 

It  is  natural  that  in  the  weak  case  the  effect  of  transformation  is  small  since 
"birth"  of  a  new  solution  occurs  with  respect  to  small  parameter  a/p  .  Essential 
in  the  strong  case  is  strong  transformation.  Coefficient  of  transformation  can 
be  in  this  case  ~t. 

7.  Certain  peculiarities  of  instability  of  plasma  in  field  of  gravity.  An 
example  of  application  of  the  above  theory  is  peculiarities  of  stabilization  of 
the  so-called  "groove"  instability  of  plasma  during  calculation  of  finiteness  of 
Larmor  radius  of  ions  [12], 

The  differential  equation  for  perturbed  magnitudes  in  an  interesting  case  has, 
as  is  known  [3],  form 

a-1) 

1  •  «T  .  n#  t  „  »  _  **• 

p  “  f*/)T  *  ri=^-  **  “  *777**  ^7  ’  ».  '  *  * 

Here  L  —  characteristic  dimension,  g  -  acceleration  due  to  gravity,  nQ  -  density, 
T  -  temperature,  H(  -  magnetic  field  strength.  Here  Instability  is  stabilized, 
if  G^l,  and  the  consideration  may  be  regarded  as  correct  when  existence  of  finite 
solutions  is  shown.  However,  as  follows  from  (7.1  )>  at  the  point  where  r  »  1,  the 
coefficient  with  <p  undergoes  a  discontinuity,  and  it  is  necessary  to  substantiate 
the  existence  of  finite  solutions.  We  will  therefore  originate  from  wider  assumptions 
in  deriving  the  equation  for  perturbed  magnitudes  and  will  consider  perturbation 
of  temperature  T,  satisfying  in  the  quasiclasslcal  approach  the  equation 


y«,(y+  (V,iV)  f)  -f  n.r,  div  Vt  -  —  dlv  q< 


5  cmT, 

*-TUfT 


(hVf] 
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nere  v0i,  a q  -  correspondingly  undisturbed  speed  and  temperature  of  ions. 
Electrons  for  simplicity  will  be  considered  cold.  Choosing  perturbation  in  the 
form%f(x)  exp  (lyky+  tut)  and  conducting  standard  simple  calculations,  distinguished 
from  the  conclusion  (7.1)  only  by  calculation  of  perturbation  of  temperature,  we 
will  obtain  in  the  system  of  coordinates  where  ions  are  at  rest,  the  equation 


+  +  (—4) 


Here  ^  -  Larmor  radius  of  ions. 


Let  us  consider  for  simplicity  the  case  of  weak  connection,  corresponding  to 
tw<  separate  equations  for  finding  natural  frequencies  (3.12).  The  second  of 
equation  (3.12)  corresponds  to  the  case  of  usual  groove  perturbations,  where  role 
of  the  second  "reversal  point"  is  played  by  the  point  where  -  0,  and  finite 

solutions  exist  if  the  outside  interval  between  "reversal  points"  potential  U„/U0 
leads  to  fading  solutions.  If 


■  £(,_  i)«  <c  ^  *) 


from  (7.3)  we  will  obtain  a  result  corresponding  to  (7.1),  i.e.,  stabilisation  of 
instability.  Let  us  consider  now  what  the  second  equation  for  natural  frequencies 


leads  to,  i.e.. 


VJ 

\V1Ttdx-(n  +  >/,)» 


Qualitatively  the  correct  result  will  be  obtained  from  the  condition  U*  &  0 
sing  U2  from  (7.3)  when  r  1  4*  H  (ri<^l),we  will  find  that 


r%  «=  7i(Ay<)*  ±  y*/.(V<)4  +  ( Ay<)*G 


Prom  (7.4)  we  see  that  calculation  of  perturbations  of  temperature  leads  to 
instability  if 


\G\  >  W 


(7.5 


and  stabilization  of  instability  imposes  harder  conditions  on  Larmcr  radius  than 


\ 


required  according  to  analysis  of  equation  (7.1). 

Distance  between  points  of  "intersection"  of  solutions  in  this  case 

*  ~  kfiL 


and  the  conducted  consideration  is  valid  if 

8.  Application.  Let  us  derive  a  rule  of  joining  solutions  for  during 
bypass  around  branch  points;  to  be  specific  we  will  take  points  a^,  a^  on  Fig.  ** . 
Let  us  start  from  line  1,  outgoing  from  point  a,  .  On  this  line  the  solution  will 
be  written  in  the  form 

f  (V)  =  exp  (<  J  (W|  (*)  —  Vt  (X))  rfij  +  All*  cip  i  (w,  (J)  —  1 n  (k))  ^  g 

f  CiIU  exp  (m>i  (*)  -f  w,  (*))  dt  j  exp  i  J  (u>j  (i)  -f  »£>,  (*))  it j 

where  preexponents  are  determined  from  (^.6).  We  have 


in  passing  around  point  a^ 

Hi  n«  exp  { — Vi  In  ( w,  —  —  Il«  —  exp  {—V*  la  (wi  + 

in  pasting  around  point  a? 

Il|  —  FI*  —  exp  (—'It  In  (w,  —  »»)).  n,  -  n«  -  exp  {—V*  la  (wi  +  »,)} 


From  (8.1)  it  is  clear  that  it  is  possible  to  bypass  points  a1  and  a?.  To 
bypass  every  branch  point  separately  the  same  rules  of  Joining  are  obtained  as  in 
[-U  ]  (one  should  note  that  in  [15]  is  given  another  method  of  simultaneous  bypass 
of  points  of  Intersection  of  solutions). 


Let  us  note  that  around  point  a^  independently  is  carried  out  bypass  of  the 
pair  of  solutions  for  A,  and  D^;  around  point  a?  -  bypass  of  the  pair  of  solutions 
for  A1  and  C1  and  the  pair  of  solutions  for  B1  and  D1  is  analogously  independent. 
Let  us  d  slgnate  by  A^,  the  system  of  coefficients  of  solution  near 

lines  with  the  number  i,  outgoing  from  points  a1,  a2.  Then  the  -esult  of 
simultaneous  bypass  around  a1,  ag  gives  the  desired  formulas  of  Joining 


+  iDh  A  ™  A  +  iDu 

+  8%  —  tfj  ■+■  iCt, 

A\  »  ^j  +  lOfc  B\  +  iDf, 
A\  ■  —Blt  B\  ■  —  Ai, 


C»  lAt  +  lBt  +  Ct  —  D|,  0»-A 
C»  — C*  0,-  lAt  +  lBt-Ct  +  Dt 

Ci  mm  U|  +  |j|fC|-Ph  U\  —  U i 

Ci  "  —A,  A'  —  —Ci 


(8.2) 


In  writing  the  last  line  in  (8,2)  it  is  considered  that  the  solution  of  equation 
(2.1)  should  be  analytic  in  complex  plane  y. 
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ONE  CASE  OF  FREE  CONVECTION  OF  A  LIQUID 
IN  THE  PRESENCE  OF  DISSOLVING 
AND  ABSORBING  WALLS 


G.  A.  Bugayenko 


(Cherkassy) 

Convection  of  a  liquid  ir  considered  in  specific  conditions  when  among 

fl0W  *rG  those  which  dissolve  and  those  which  absorb 
n0r  rfiimUSl?LSo$otfnCe*  Poetically  change  neither  geometric  dimensions 
thn  The  e^act  solution  is  found  for  the  problem  on  convection  for 

dif feren^temper&turos .  s^aCG  betuoen  'rertlcal  cylinders  heated  to 


i'np  presence  of  dissolved  bodies  in  liquid  makes  it  inhomogeneous  in  composition, 
Macroscopic  motion  of  liquid  and  molecular  transfer  of  substance  change  the 
composition  of  the  solution.  In  such  conditions  the  liquid  is  a  binary  mixture  [1], 
Equations  of  stationary  convection  of  a  binary  liquid  mixture  taking  into 
account  thermal  diffusion  and  diffusion  thermal  conduction  have  the  form  [2] 

(*v) ▼  -  -  pt*  vp  +  V  v  +  g  (p»r  +  p,c)  r 

(▼ V)T  ~(x  +  NVD)v9T  +  MDv*C  V1) 

WC-XDr/T  +  Dv'C 

di  y  r  —  0 


Here  v  -  hydrodynamic  speed;  T  and  C  -  deviation  of  temperature  and  concentration 
of  light  component  of  mixture  from  their  mean  values  <T>  and  <C>  correspondingly; 
p  -  pressure  counted  from  hydrostatic  when  T  =  <T>  and  C  »  <C>;  coefficients  of 
kinematic  viscosity  v,  temperature  transfer  x,  diffusion  D  and  thermal  diffusion  X 
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and  expansion  of  liquid  p^  and  P2  arc  taken  for  <T>  and  <C>;  thermodynamic  coefficient 
N  determines  (together  with  X)  diffusion  thermal  conduction  of  medium;  •>  —  unit 
vector,  directed  vertically  upwards;  g  -  strength  of  gravity  field. 

Let  us  assume  that  liquid  fills  space  between  two  coaxial  cylindrical  surfaces, 
temperatures  of  which  are  maintained  constant.  Let  us  study  established  convection 
flow  of  liquid  on  the  assumption  that  one  of  the  cylinders  is  dissolved  in  a  liquid, 
and  the  other  absorbs  the  diffusing  substance  which  gets  on  it. 

Let  us  formulate  at  first  boundury  conditions  of  the  problem.  Speed  on  surface 
of  internal  (radius  R1)  and  external  (radius  R2)  cylinders  is  equal  to  zero; 
temperature  on  surface  of  internal  cylinder  is  constant  and  equals  TQ;  temperature 
on  surface  of  external  cylinder  ;  space  between  cylinders  is  closed,  and  quantity 
of  liquid  flowing  in  a  unit  of  time  through  normal  to  axis  section  is  equal  to  zero; 
external  cylinder  is  dissolved,  so  that  nearby  its  surface  when  r  *  equilibrium 
exists,  at  which  concentration  of  liquid  adjoining  surface  of  cylinder  is  equal  to 
concentration  of  saturated  solution  C  -  C,  (diffusion  of  substance  from  the  layer 
adjoining  the  body  occurs  slower  than  process  of  dissolution  can  occur),  and  surface 
of  Internal  cylinder  r  »  R1  absorbs  the  diffusing  substance  getting  on  it,  so  that 
on  this  surface  C  »  0  (as  in  chemical  reactions  occurring  on  the  surface  of  a  solid 
body)  [1]. 

We  will  use  the  cylindrical  system  of  coordinates  r,  cp>  z;  a  axis  is  directed 
along  the  common  axis  of  the  cylinders  vertically  upwards. 

From  considerations  of  symmetries  we  look  for  solution  of  the  problem  in  the 

form 

9,  -  r,  -  0,  T  -  T (r),  C  -  C(r) 

In  these  assumptions  equations  (1)  are  considerably  simplified.  From  the 
continuity  equation  it  follows  that  dv  /dz  =  0,  and  this  means  v  *  v(r).  From 
the  first  equation  of  system  (1)  we  find  that  dp/dr  -  0  and  dp/d<p  -  0,  whence  it 
follows  that  p  depends  only  on  z.  System  (1)  in  the  considered  case  is  brought  to 


Zk 


■ 


Hr('*  )+#•.*+(*, 


(2) 


Boundary  conditions 


-88- 


* 


- 


»(*1)-»(flI)-o.  r(*,)-r„  ryy-r,.  (5) 

C(fl,)-0  C(«,)-C, 

Since  in  the  first  equation  of  system  (2)  the  left  part  does  not  depend  on  r, 
and  the  right  on  z,  both  parts  are  equal  to  a  constant. 

Integrating  the  second  and  third  equation  of  system  (2)  under  boundary  conditions 
(3),  we  find 

r  ”1  im'aT/ «,) ~j<r  +T“  c  - 1.  (km ln  ~fc~  <4> 

Consequently,  distribution  of  temperature  and  concentration  turns  out  to  be 
the  same  as  in  the  case  of  a  motionless  medium;  this  circumstance  is  connected  with 
the  fact  that  hydrodynamic  speed  is  perpendicular  to  gradient  of  temperature  and 
concentration. 

The  first  equation  of  (2)  we  rewrite  so 


where  A  —  constant. 


Placing  (4)  in  (5),  we  will  obtain 


T5r(r  -£)  +  4llljrr  + 6-0 


where 


*  “  (P»  In(?/|  /  /*,)  +  P*  In  («,*/ hj  l  ’ 

Integrating  (6)  under  boundary  conditions  (3),  we  will  find  speed 

v  =  llArx  (a  (1  —  In  —  61  4-  /»•  In  ^  kx 


Constants  of  integration  k  and  k1  will  be  determined  from  three  conditions; 


»<*»>-  0,  *(/!,)-  0. 


wdr  —  0 


the  last  of  them  is  the  condition  of  closure  of  flow. 
As  a  result  we  will  obtain  the  values 
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Here 


44 -  In  s;  +  y(ff.a— A,1)jr,Mi£j  +  Q(R,’-Rf) 


M In  ^ 


f  -  WM  W«*  In  $  -  V4  (fl,«  -  fl,')] 
<?  “  V.  «.*  In  £  -  V.  <*.*  -  «.*)! 


Constant  A  in  (5)  turns  out  to  be 


*-*?-•  +-£>£+*?} 


Prom  the  solution,  in  particular,  it  follows  that  the  law  of  distribution  of 
concentration  is  analogous  to  the  law  of  distribution  of  temperature  (both 
l>garithmic)  and  that  heat  transfer  from  a  hot  cylinder  to  a  cold  cylinder  is 
determined  (as  also  in  the  absence  of  dissolving  and  absorbing  bodies)  only  by 
molecular  thermal  conduction  of  liquid.  The  diffusion  flow  of  the  dissolved 
substance  is  radial  and  is  equal  to 


/'“-M)br+x-5r)-  __!grJR[(r1_r.)X  +  c.] 

The  quantity  of  substance  absorbed  in  a  unit  of  time  in  area  per  unit  of  length 
of  absorbing  cylinder,  is  constant  and  equal  to  27rrJr.  The  same  quantity  of  substanc 
enters  the  liquid  from  the  dissolved  cylinder. 
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SPLITTING  A  STREAM  OF  LIQUID, 
STREAMLINED  BY  A  GAS  FLOW 


The  problem  about  disintegration  of  a  cylindrical  stream  of  ideal 
liquid,  transversely  streamlined  by  the  flow  of  another  ideal  liquid, 
has  both  independent  and  also  auxiliary  value  during  the  analysis  of 
oscillations  and  splitting  of  a  liquid  torus  [1], 

This  work  studies  two  forms  of  waves  propagating  along  the  surface  of 
a  stream:  a)  tangential  waves,  deforming  the  stream  in  the  plane  of  its 
cross  section  and  leading  to  its  splitting  of  into  longitudinal  threads: 
b)  longitudinal  waves. 

There  are  two  works  [2,  3]  in  which  influence  on  a  cylindrical  stream 
of  liquid  by  a  plane  shock  wave  directed  normally  to  the  axis  of  the 
stream  was  studied. 

Experiments  showed  that  for  a  given  speed  of  gas  flowing  around  the 
stream  there  exists  a  certain  critical  diameter  of  the  stream:  when  values 
of  diameter  are  smaller  than  critical,  the  stream  turns  out  to  be  stable 
and  cannot  be  destroyed  by  a  shock  wave  of  given  intensity.  Evidently, 
this  conclusion  is  analogous  to  the  conclusion  concerning  the  existence 
of  a  critical  value  of  Weber  number  (W  =  «lVp*/o,  a  -  radius  of  drop,  U  - 
relative  speed  of  drop,  p2  -  density  of  liquid  of  external  medium,  a  - 

coefficient  of  surface  tension  of  liquid  of  medium)  during  disintegration 
of  a  drop  in  a  flow  of  gas  [4,  5,  6].  6 

The  mentioned  experiments  substantiate  applicability  of  the  method  of 
small  perturbations  to  solution  of  the  problem  about  splitting  of  a  stream. 


1.  Let  us  assume  that  a  stream  of  ideal  liquid  of  radius  a  (density  p1)  is 
flowed  around  normally  to  the  axis  by  a  flow  of  another  liquid  (density  p2)  with 
constant  speed  Uq. 

Velocity  potential  of  perturbations  will  be  designated  for  the  stream  through 


^(r,  qp,  t),  for  the  medium  -  through  ^(r,  qp,  t),  where  r,  cp  —  cylindrical 
coordinates,  t  -  time.  Speed  on  boundary  when  r  -  a  -  2Uq  sin  cp. 

Velocity  potential  of  perturbed  motion  of  liquid  satisfies  Laplace  equation 


»  /  **\  ,  i  *©  n 


(1.1) 


Speeds  of  perturbations  are  expressed  through 


vr 


<*D  /  dr,  v,  —  r'd®  /  dqp 


(1.2) 


Pressure  during  perturbed  motion  of  liquid  is  determined  by  Lagrange-Cauchy 
integral 


*  Ml  rt 

i --  jr -£/.«. 


(1.3) 


Let  us  assume  that  dependence  of  potential  of  speeds  on  time  has  the  form 

*(r,  f,  0  —  u(r,  f  )«-<»*  (1.4) 


where  0  —  complex  frequency  of  oscillations.  Boundary  conditions  are  the  following. 
1.  Continuity  of  normal  components  of  speeds  on  boundary 


«V,  =  IV,  +  Un,  r  =  Q  +  t 


Here  £  —  radial  deflection  of  perturbed  surface  from  cylinder,  Un  —  projection 


of  flow  rate  on  normal  to  perturbed  surface  of  stream 


„  2U,  .  |*ii, 


(1.6) 


Radial  deflection  £  is  determined  from  relationship 


-  (£)_  «-£•<»>.-*> 


(1.7) 


From  (1.6)  and  (1.7)  we  will  obtain  the  first  boundary  condition  In  the  form 


2.  Equality  of  difference  of  perturbed  pressures  on  surface  of  flow  to  pressure 
of  surface  tension 


Pi  —  P*  =  o// 


\/f  ••  «*  bp) 


(1.9) 


’{ere  H  —  perturbation  of  mean  curvature  of  interface. 

From  relationships  (1.2)-(1.4),  (1.7)  and  the  equation  Au^  -  0  we  will  obtain 
the  second  boundary  condition  in  the  form 


+ w.  »•"  t  £  -  -  £  (-^r + 4 -?£•) 


wh.n  r  sb< 


(1.10) 


Let  us  introduce  dimensionless  parameters 


r*  z-  #  (~-f' 


w 


•u* p. 


(1.11) 


t  -  2^0  A "in  IJ)  «=  t 3  sin  «p,  to  -  2 


boundary  conditions  will  be  converted  to  the  form 


»m  a*  t»sinf  *u.  A 

Jr~  dR - y~d^  =  0  wh<B 


(1.12) 


Z*«,  -  ATZ«ut  +  A^toZ  sin  3 =  1 


(1.13) 


Quotients  (bounded)  of  the  solution  of  Laplace  equation  will  be  written  in  the 


form 


•i  -  2  Amfr4~,  n,  =  2 


For  V'0  55  0  we  will  obtain  eigenvalues  (frequency  of  oscillations  of  stream) 


71  *t  (*w»  —  1) 
^  A/+1 


(1.15) 


analogous  to  oscillations  of  a  spherical  drop  (Rayleigh  case).  Placing  (1.14)  in 


(1.12)  and  (1.13),  we  will  obtain  for  the  general  case  (v^  f  0) 


m 

2  -  0  ( 1 . 16 ) 


n«l  L  . 

_  mR,neltm~x)*  +  m  («•  -  1)  .Wm*J  -  0 


(1.17) 


So  that  equalities  (1.16)  and  (1.17)  are  identities  with  respect  to  coordinate 
p,  it  is  necessary  that  coefficients  for  exponentials  be  zeroes  for  all  shown  values 
of  index  m.  This  gives  an  infinite  linear  system  of  equations  for  A^,  Bm 


mAm  +  mBm  —  gr(m —  +  jjf(m  +  1)*  *■  0  (m»»i,2,...)  (1.18) 

VAm  -  MPBm  +  («  - 1)  (m  +  1)  **♦»  + 

(m- 0,1,2....)  (1  19) 

Excluding  from  (1.18)  and  (1.19)  Bm  and  disregarding  components  containing  small 
M,  after  the  substitution  =  2(\V  I  li)'h,  we  will  obtain 


Cmjm  tAm  a  +  CmjmAm  +  x=  0 

Cmjm  -  X+*m~DmW,  Rm  -  J»(f»>  -  1) 


Dm i  ™  2m*  C*  *  ma 

*.=  («•  +  2)*,  x«Z* 


(1.20) 


(1.21) 


System  (3.20)  is  broken  two  Independent  systems  for  even  and  odd  values  of 

index  m.  Dividing  left  and  right  side  of  equations  of  system  (1.20)  by  c  ,  we 

in  p  in 


will  obtain 


Here 


k  4b  Am  4*  (w  *=  0, 1,  2, . . .) 


(1.22) 


_  "m,  m-t  a  *■»,  m.l 

*■»  ~~2  .  Pm  ™  - - - - 


(1.23) 


For  large  values  of  m  a  and  0  have  order  0(W/m),  i.e.,  the  considered  system 

mm 

is  fully  regular,  starting  from  certain  sufficiently  large  m  [7].  Putting 


dtt+l  Ml  *=  M 


Atk  I  At  «  «i(u  . . .  aa kSu, 


. . .  om+iStM+u  Y»+i  *  Oi*+iP»+i 

.  Vm  wm  fluBuj 


(1.2^) 


considering  coefficients  and  A,  as  known  and  rejecting  equations  corresponding 
to  m  =  0,  2  and  m  =  1,  from  (1.22)  we  will  obtain 


•t  —  1  +  y**i,  *4=1  +  v 

•»=  *i  +  Y»»T.  *•  =  *4  +  Y**»  (1,SJ5) 


*J*+I  =  *2A-t  +  YlA  +  J^+Ji  *1*  =  *2Jk-2  + 


The  solution  of  system  (1.25)  can  be  represented  in  the  form  of  continued 


fractions 


*»*♦»  ■ 
**»» 


T|»«3  Tt»«5  \ 

1  -  I 

!*»♦* 

I  -  1  —  ••• 


Equations  of  eigenvalue  in  the  form  of  continued  fractions  have  form 


1 


T»  T» 


1  = 


IL  1L 

1  -  I  - 


(1.26) 


Equations  (1.2 6)  were  solved  by  the  method  of  s 
Successive  approximations  of  i  of  values  of  roots  W* 


uccessive  approximations. 

when  Z  =  0  are  given  in  the 


table. 


Table 


( 

m  —  3.5,... 

m-tA. 

1 

0 

_ 

0.75 

2 

0 

1.77* 

— 

— 

0.661 

2.839 

— 

— 

— 

3 

0 

1.285c. 

'..9813 

— 

0.6576 

1.8502 

6.7422 

— 

— 

4 

0 

?  247 

2.3173 

10.8813 

0.6556 

1.741 

3.4350 

13.1676 

— 

5 

0 

1.244S 

2.379 

4.675 

0.6560 

1.7082 

2.570 

6.0935 

145.213 

For  determination  of  forms  of  perturbations  we  will  obtain  the  equation  of  nodal 
lines  on  the  perturbed  surface  of  the  stream.  From  (1.2),  considering  (1.4)  and 
(1.14),  when  m  »  0  (symmetry  relative  to  average  plane)  and  R  «  1  we  will  obtain 
speed  of  lifting  of  surface  of  stream 


*r, 


mAmFT~x  cos  mfe-*1 


(1.27) 


If  transition  to  instability  occurs  when  x  ■  0,  then  S  -  0,  coefficients 
are  real,  and  equations  of  nodal  lines  on  perturbed  surface  of  stream  take  form 


-i  eigenvalues  and  values  of  W/  are  determined  from  system  (1.20).  Since  system 
(1.20)  is  uniform,  then  coefficients  are  proportional  to  Ag,  and  coefficients 
A2k+1  are  ProPortional  to  A^ .  From  equation  (1.28)  one  can  determine  value  of 
angle  <p,  corresponding  to  nodal  lines  of  neutral  perturbation. 

Equations  (1.28)  give  the  value  of  angle  »>  90°,  corresponding  to  W#  =  1.24^5 
when  m  -  2k  +  1  and  <p  -  58°,  corresponding  to  W.  «  0.636  when  m  =  2k.  On  Fig.  1 
are  given  diagrams  of  forms  of  perturbations  of  the  surface  of  a  stream,  correspond; 
to  different  eigenvalues  W,  obtained  with  respect  to  SDeed  of  ripformst-i nn 


100 

2.540 

40and80 


1000 

27.e 

35«nd85 


Hence  it  is  clear  that  when  2  <  IV  <  27.8  on  the  perturbed  surface  of  the  stream 
appear  four  nodal  lines. 

Comparison  of  these  data  and  the  table  shows  that  for  0,636  <  W  <  1.24  on  the 


stream  appear  two  nodal  lines,  and  the  main  stream  is  split,  consequently,  into 
two  longitudinal  streams.  How  the  split  occurs  when  W  >  1.24  has  not  yet  been 

e£ ^ -ished  in  View  of  difficulties  during  calculation  of  forms  of  perturbations 
for  odd  m. 

2.  Let  us  consider  waves  propagating  along  the  stream.  This  question  is 
essential  for  study  of  disintegration  of  a  liquid  torus  whose  radius  is  sufficiently 
great  as  compared  to  dimensions  of  the  cross  section  [1].  In  this  case  it  is 
possible  to  disregard  curvature  of  ring  and  to  be  limited  to  consideration  of 
influence  of  flow  around  a  rectilinear  liquid  cylinder.  It  is  necessary,  however, 
to  consider  that  on  the  torus  can  exist  only  waves  whose  length  is  confined  to  the 
length  of  the  torus  a  whole  number  of  times. 

The  Laplace  equation  for  this  case  will  have  the  form 

JL  (r  _l_  1  i  **  n  (2  1) 

*J+7r*r+ =0 

Putting 

0(r,  f,  t )  =  u(r,  q>)e-W+«z  (2«2) 

we  will  obtain 

^('77)+-^  1*0  (2,3) 

Equation  (2.3)  has  the  particular  solution 

“  =  um(r)  cos  mf,  um(r)  ==  Amlm(kr)  +  BmKm(kr )  (2.4) 

Hcrr  *Sn (kr )  ~  Bessel  function  of  imaginary  argument.  Putting 

~  °t  r  =  (2.5) 

the  solution  for  stream  Uj  and  for  external  medium  U2  is  written  in  the  form 

"  « 

U1  -  j2  AmU  i*B)  cos  mf ,  Ut  -  2  BmKm  (*B)  cos  mf  (2.6) 

Boundary  conditions  of  problem  will  have  the  form 
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9U »  9Un  &U  i 

IF  #/t  2  d/tff 

T  I  <7-1 _ 


0,  (P=i) 


W..-WW..+  sin  f  ^  ^  +  «*  ft  -  0,  /!= i 

.  _ 

Here  Z,  M,  V'q  are  as  in  (1.11).  After  substitution  of  (2.5),  (2.6)  in  (2.7) 
and  after  certain  transformations  we  will  obtain 


2ZIm  (a)  i4m  —  2 ZKm'  (a)  +  (m  -f  1)  ^0/mM  (a)  ^m4|  — 

(*•  1)  (#)  Am.x  =  0 

^Z-  (*)  Am  —  mZ*Km  (a)  +  2*  (a*  -f  m*  -  1)  /m'  (at)  ,4m  — 

-  MM  (m  +  1)  Kmn  (at)  Bm.x  +  MM  (m  -  1 )  Km.x  (a)  Bm.x  -  0 

(m- 0.1,2...) 


Excluding  from  system  (2.8)  coefficients  B  ,  we  will  obtain  system 


Am  |Z*  +  Z?m  +  PmIK]  -  AmitQm\V  -  ,1m  r9mH'  =  0  =.0,1,  j, ...) 

«.-«(.<  +  m*-l)J=12i  S„  =  («  -  I ) (»■  -  2)  l,1> 

Pm  m  [(m  + •> ^r,+ -  "  *~ij 

Q.  -  (»•  +  1 )  <m  +  2) 

Analogous  to  the  conclusion  §  1,  we  will  obtain 


Am  •  +  PaMm+t 

(*-  "  rr^r,-?r  •  p- 


(m  =  0.  1,2, ...) 

9-.* 


Using  designations  (1.24)  and  analogous  considerations,  we  will  come  to  the 
same  equations  of  eigenvalues  as  in  (1.26) 


T»  T» 

T-T- 


i  _  T4  t* 

1  - T -T-  — 


(2.12 


However,  for  the  considered  problem  the  constructed  algorithm  of  continued 
fractions  gives  somewhat  slow  convergence.  For  reliability  of  the  calculated 
values  it  is  required  to  conduct  calculations  to  m  ■  40,  and  they  become  visible. 
Let  us  introduce  certain  simplifications. 

We  will  use  the  first  approximation  from  the  formula  of  Meissel  for  Bessel 


functions  with  large  index  f 8] 


he  recurrent  relationship  [8]  for  Bessel  functions  we  have 


Applying  formula  (2.14)  to (2.15),  we  will  obtain 


*(»-!)  when  n>*l,  then 


Analogously  it  is  possible  to  show  that  for 
large  indices 


Fig.  3. 

If  one  were  to  use  (2.15)-(2..17),  then  it  is 
possibi/  instead  of  (1 . 21 )- (1 .24 )  to  obtain  such  algorithm  for  calculation  -> 


£  =  C  +  a(n’+n>-1  )«,  +  nW»t,Un+  +  (n  —  1)JV._,| 

F  =  C  +  o[a>  +  (n  -  2)*  -  «).!/.-,  +  \V(n  -  2)J/„.,[(«  -  1  )/V„„,  + 

+  (n  -  3)/V._j) 


(2.i5; 


where  wnen  n  <  20  formulas  (2.15)  are  used,  and  when  n  >  20,  —  formulas  (2,16)  and 
(2.17). 

p 

We  give  the  calculated  v°.luee  of  root  £  »  Z  '  of  the  equation  of  eigenvalues 
(2.12)  for  two  values  of  Weber  number  (Fig.  2). 

•  «=  0  1  2  5 

C-r  257.8  241.8  205  140.3  for.  ff^5 

;**  402.3  386.3  343.5  74.5  .for  if  =10 


As  can  be  seen  from  this  graph,  £  *  256  and  405  when  a  «  0.  If  one  were  to 

depict  on  the  graph  according  to  the  given  data  the  curve  W  ®  f(C)  (Fig.  3),  then 

one  can  be  certain  that  increment  £  when  a  -  0  according  to  Fig.  2  will  agree  well 

with  the  above  results  on  Fig.  3.  Thus,  results  of  the  solution  of  the  first  and 

second  problems,  carried  out  in  this  work,  will  agree  well.  Curves  of  Fig.  2  give 

maximum  of  increment  when  a  -  0,  which  corresponds  to  wave  length  X  ■  cd. 

Figure  4  gives  curve  of  increment  with 

respect  to  wave  number  for  W  =*  0,  i.e.,  for 

a  case  analogous  to  Rayleigh  cases  in 

problems  about  oscillation  of  a  spherical 

drop.  As  can  be  seen,  the  maximum  point 

p 

corresponds  to  £  -  Z  <  0.1,  and,  thus 
influence  of  the  flow  around  (Fig.  2) 
increases  value  of  increment  of  oscillations 


many  times. 

If  one  were  to  apply  obtained  results  to  the  problem  about  oscillations  of 
torus  [10,  1),  then  it  is  possible,  apparently,  to  affirm  the  following:  Since 
on  the  torus  can  appear  only  waves  whose  length  is  confined  on  it  a  whole  number 
of  times,  then  the  least  number  of  parts  into  which  the  torus  can  be  split  is  two. 
Figure  2  shows  that  two  waves  on  the  torus  indeed  can  appear  and,  moreover,  that 
chiefly  two  waves  will  appear.  This  is  confirmed  also  experimentally.  On 
photographs  given  in  the  work  of  Lane  [11],  one  may  see  distinctly  the  appearance 
of  two  nodes  on  the  liquid  torus  being  blown  by  a  flow  of  air. 
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RHEOLOGICAL  PROPERTIES  OF  POLYMERS 
IN  THE  FLUID  STATE 


G.  V.  Vinogradov  and  A.  Ya.  Malkin 


(Moscow) 


The  most  essential  peculiarities  of  rheological  properties  of  polymers 
in  the  fluid  state  are  described  and  it  appears  that  functions 
characterizing  these  properties  can  be  represented  in  the  form  of 
temperature-invariant  dependencies,  which  furthermore,  at  least  for  .Linear 
polymers,  turn  out  to  be  universal,  i.c.,  not  depending  on  nature  of 
polymers.  A  description  of  the  complex  of  rheological  properties  is  given 
on  the  example  of  experimental  investigation  of  industrial  polymers  of 
ISvic?  production:  polyisobutylene  [P-20]  (n-20)  with  molecular  weight 
100  thousand,  and  polypropylene  [OP-30]  (011-30)  with  molecular  weigh 
700  thousand.  Furthermore,  to  check  the  obtained  conclusions  resul 
investigation  of  polyethylene  ("alkatin-2"  and  others),  l lock  polys  yrene, 

etc,  were  used. 


To  produce  a  possibly  more  full  characteristics  in  the  fluid  state 
results  were  used  of  experiments  conducted  on  rotary  elastoviscosimeter 
rREV-ll  (PrB-l)  fl]  and  capillary  viscosimeter  of  constant  pressures  L<ej. 
On  the  REV-I  ias1 obtained  a  large  part  of  the  data  considered  below 
This  instrument  realizes  stress  field  with  high  degree  of  homogeneity  of 
strain  state  (-98%);  the  dynamometric  arrangement  of  the  instrument 

possesses  extraordinarily  high  rigidity  (-l-lO1®  dyne  cm/rdn),  due  to 
which  it  is  possible  to  disregard  influence  of  deformation  of  the  actual 
dynamometer  on  results  of  rheological  investigations  15] );  constant 

speed  of  shift  in  investigated  polymer  and  cessation  of  deformation  r 
carried  out  for  0.1  sec.  Stresses  during  assigned  kinematic  conditions 
of  flow  are  fixed  continuously;  error  in  thermostatic  control  does  n 


exceed  il°C.  A  capillary  viscosimeter  was  used  for  production  of  data 
on  viscosity  of  polymers  in  steady-state  operating  condition:  o  fUw  a 
higher  speeds  of  shift  than  were  attained  on  the  rotary  instrument. 


Typical  deformation  characteristics  of  polymers,  obtained  on  the  REV-1,  are 
represented  on  Fig.  1.  Here  the  left  part  of  the  figure  shows  the  dependence  of 
shift  stresses  t  on  magnitude  of  relative  deformation  ->  at  different  constant  speeds 
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of  deformation  7*  »  const  and  different  temperatures,  and  the  right  part  chows 

dependence  of  stresses  t  on  time  t  for  conditions  of  relaxation  of  stresses  (when 

7  »  const)  after  cessation  of  established  flow.  For  small  values  7*  curves  i(y) 

are  monotonic;  increase  of  7*  is  accompanied  by  formation  on  these  curves  of 

evidently  expressed  maxima  t  .  In  all  cases  for  sufficiently  large  7  are  attained 

constant  values  of  stresses  t  . 

s 

Character  of  dependence  x(y)  is  conditioned  by  relationship  between  speeds  of 

growth  of  shift  stresses  with  increase  of  deformation  in  system  and  their  relaxation, 

corresponding  to  change  of  intermolecular  interaction  and  transition  of  forced 

deformed  macromolecules  and  the  most  probable  conformations. 

During  repeated  deformation  the 

following  characteristic  effects  are 

observed:  if  flow  stops  prior  to  tm,  then 

form  of  dependence  1(7)  practically  does 

not  change;  during  transition  through 

for  a  repeated  experiment  a  gradual 

lowering  of  r  was  observed,  and  this 
m 

lowering  is  greater  the  more  7  corresponded 
to  moment  of  stopping  of  flow.  If,  however, 
the  polymer  after  cessation  of  deformation 
"rests"  a  more  or  less  prolonged  time, 
then  gradual  restoration  of  initial  form 
of  the  curve  r(7)  is  observed,  which  in 
described  experiments  always  was  complete. 

Thus,  deformation  of  polymers  in 
fluid  state  is  accompanied  by  change  of 
their  structure,  appearing  in  change  of 

mechanical  properties.  Therefore  -i  can 

m 

be  considered  as  the  limit  of  shift 
strength  of  the  structure  of  a  polymer, 
transition  through  which  is  accompanied 
by  intense  reversible  destructions  of 
this  structure  (at  very  high  values  of  7  these  changes  can  also  be  irreversible). 


Fig.  1.  Typical  experimental  results 
a)  polypropylene,  2J0°;  b)  polyiso- 

_  A 

butylene  10°;  speed  of  shift,  sec"  ; 

1  -  0.80,  2  -  0.40,  3  -  0.12, 

4  -  0.08.  5  -  0.04,  6  -  0.016, 

7  -  0.008. 
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and  drop  of  stresses  after  t  can  be  considered  as  structural  relaxation  of  stresses 
r  m 

[M. 

Experimental  data  shown  on  Fig.  1  permit  quantitatively  determining  parameters 
characterizing  strength  properties  of  melts  of  polymers.  Here  belong  all  quantities 
connected  with  transition  through  limit  of  shift  strength  and  appearance  at  conditions 
of  established  flow.  In  this  relation  the  ratio  t^t,.  is  significant.  Namely,  this 
quantity  should  be  considered  as  a  measure  of  structure  strength. 

For  certain  polymers  (plasticized  polyvinylchloride)  this  quantity  with  increase 
of  ~)  *  to  several  hundreds  sec~J  can  attain  values  of  2-3,  although  usually  t^/ t g  is 
lower.  Thus,  for  polypropylene  t  /t5  attains  a  constant  value,  equal  (at  390°)  to 
1.35  already  when  y  =  3  sec*  ,  and  does  not  increase  with  further  increase  of  ‘ . 

Magnitudes  of  relative  deformations,  corresponding  to  transition  through 
limit  of  shift  strength  and  appearance  at  conditions  of  established  flow  (in 
conformity  with  7  and  ->„)  have  important  value.  As  data  of  Fig.  1  show,  ->g 
rapidly  increases  with  increase  of  ■>  * ,  attaining  thousands  of  percents.  These 
enormous  values  of  •>  correspond  to  considerable  time  Intervals  which  are  required 
for  achievement  of  steady-state  conditions  of  flow  of  polymer  in  different  channels. 

For  further  systematization  and  generalization  of  experimental  data  the  method 
of  construction  of  temperature-invariant  characteristics,  described  for  the  example 
of  viscosity  properties  in  [3,  6]  is  important.  It  was  shown  that  it  was  possible 
to  obtain  representations  of  viscosity  properties  invariant  with  respect  to 
temperature  and  universal  with  respect  to  a  great  group  of  polymers  [7]  if  one 
considers  the  dependence  of  7/7,  on  ->‘t)0,  where  rj  is  effective  viscosity  of  a  given 
polymer  for  a  certain  value  >*,  and  tj(  is  the  biggest  Newton  viscosity  of  the  same 
polymer.  By  definition,  r\  -  Ts/y,  and  q0  -  11m  q  when  y  —  0.  This  method  of 
construction  of  temperature-invariant  characteristics  is  easily  generalized  also 
on  the  dependence  of  ->  and  on  7*.  Use  of  ->*qf  as  an  argument  permits  obtaining 
temperature-invariant  presentation  and  these  properties  of  polymer. 

The  most  important  characteristic  of  polymeric  systems  is  their  effective 
viscosity.  On  Fig.  2  it  is  shown  that  viscosity  properties  of  investigated  polymers 
can  be  represented  in  temperature-invariant  form,  which,  as  one  may  see  from  this 
figure,  is  universal.  In  the  field  of  experimental  points  on  Fig.  2  it  is  possible 
to  average  the  curve  (shown  by  dotted  line),  which  we  will  call  the  universal 


temperature-invariant  characteristic  of  viscosity  of  polymers  in  the  fluid  state. 
This  is  curve  sufficiently  well  described  by  the  empirical  formula 


n«/T)  1  +  6.12- 2.35- KH(yHo),ti  v  ' 

The  quantity  q-j  characterizes  individual  peculiarities  of  given  polymer,  with 
respect  to  t)q  is  determined  dependence  of  viscosity  of  polymer  on  molecular  weight 
and  temperature. 
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Fig.  2.  Universal  temperature-invariant  character¬ 
istics  of  viscosity;  polypropylene:  1  -  190°, 

2  -  210°,  3  -  230°,  4  -  250°,  5  -  270°,  6  -  290°; 
polyisobutylene:  7  -  20°,  8  -  10°,  9  -  0°,  10  -  10°, 
11  —  40°,  12  —  60°,  13  —  80°;  polystyrene  (according 
to  N.  V.  Prozorovskoy ) :  14  -  150°,  15  —  170°, 

16  -  210°,  17  -  230°;  polyethylene:  18  -  150°, 

19  -  170°,  20  -  190°,  21  -  210°,  22  -  230°; 
polyvinylbutyral  (see  in  [6]);  23  -  119°,  24  -  125°, 
25  -  155°. 


In  many  cases  it  has  been  experimentally  possible  to  reach  directly  the  region 
of  direct  ratio  between  t_  and  7*  (i.e.,  deviations  from  condition  t./y*  -  const 
do  not  exceed  the  bounds  of  experimental  errors).  In  other  cases  for  determination 
of  t]q  it  is  necessary  to  resort  to  one  or  another  method  of  extrapolation  (see,  for 
instance,  [6]).  However  proceeding  from  Fig.  2,  it  is  possible  to  affirm  that 
existence  of  region  of  Newton  flow  for  considered  polymers  is  an  experimental  fact, 
i.e.,  polymers  behave  not  as  plastic,  but  as  truly  viscous  media.  Anomaly  of 
viscosity  appears  with  increase  7*  (or  Tg)  gradually,  i.e.,  in  region  of  anomalous 
viscosity  to  growth  of  7*  corresponds  gradual  reversible  (thixotropic)  and  all 
deeper  destruction  of  initial  structure  of  polymer. 
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What  was  said  justifies  the  idea  of  anomaly  of  viscosity  as  on  the  region  of 
"structural"  viscosity.  However,  as  occurs  in  organic  polymeric  systems,  in 
distinction,  for  instance,  from  bentonitic  clays,  this  region  stretches  many  hundred 
orders  in  shift  stress  (speeds),  and  regions  of  completely  destroyed  structure 
(least  Newton  viscosity)  in  melted  polymers  experimentally  this  has  never  been 
reached,  probably  connected  with  the  fact  that  during  further  increase  of  ■>*  there 
starts  to  occur  not  only  reversible  (thixotropic)  destruction  of  structures  in 
polymer,  but  also  irreversible  changes  of  macromolecules  themselves  (mechanical- 
destruction)  are  developed.  Furthermore,  with  increase  of  rate  large  dissipative 
losses  are  developed  and  the  appearance  of  unstable  conditions  of  flow  (elastic 
turbulence  [8])  becomes  possible.  Relative  influence  of  these  factors  for  different 
polymers  can  be  different,  however  at  present  it  is  not  possible  to  increase  speed 
of  shift  higher  than  the  limit  speed,  corresponding  to  maximum  values  of  7'tjq  on 
Fig.  2. 

Use  of  temperature-invariant  characteristics  of  viscosity  permits  essential 
expansion  of  range  of  change  *  during  construction  of  curves  of  flow,  under  which 
is  understood  dependence  ->*(t_).  On  Fig.  3  are  shewn  curves  of  flow  of  polypropylene 
at  different  temperatures.  Part  of  the  points  (shown  on  this  figure  by  light  signs) 
is  obtained  directly  experimentally,  the  other  (blacked  signs)  are  obtained  by 
extrapolation  with  use  of  temperature-invariant  characteristics  of  viscosity  of 
polypropylene.  As  can  be  seen  from  Fig.  3,  curves  of  flow  cover  range  of  change  of 

O  X 

speeds  of  shift  10  times  and  shift  stresses  —  more  than  10^  times,  besides  effective 
viscosity  of  polymer  decreases  more  than  10^  times.  It  is  essential  also  that 
experimentally  it  is  possible  to  observe  a  rather  considerable  section  of  Newton 
flow  (lower  branches  of  curves  of  flow).  For  the  right  side  of  Fig.  1  the 
dependencies  of  lg  (t/t_)  on  t  are  represented  on  Fig.  these  relaxation  curves 
turn  out  to  be  depending  on  tg  (i.e.,  relaxation  properties  of  polymers  are 
nonlinear  with  respect  to  stress)  and  do  not  obey  the  exponential  law  of  Maxwellian 
relaxation.  Only  for  sufficiently  smell  ->*,  corresponding  to  region  of  Newton 
flows,  do  relaxation  properties  of  the  considered  systems  turn  out  to  be  linear, 
i.e.,  relaxation  curves  become  not  depending  on  stress  and  can  directly  be 
considered  as  real  characteristics  of  relaxation  properties  of  a  polymer.  Another 
experimental  proof  of  the  linearity  of  binding  elastic  properties  for  sufficiently 


Fig.  3.  Curves  of  flow 
of  polypropylene: 

1  -  190°,  2  -  210°,  3  - 

230°,  4  -  250°,  5  -  270°, 

6  -  290°. 


small  -y*  is  comparison  of  relaxation  curves  with 
curved  development  of  stress  appearance  at  conditions 
of  established  flow:  in  the  case  of  linear 
viscoelasticity  one  curve  should  be  the  mirror  image 
of  the  other. 

Relaxation  properties  of  polymers  in  the  linear 
region  (for  small  *y*)  are  not  described  by  value  of 
time  of  relaxation.  However,  it  is  characteristic 
that  curvature  of  dependence  of  lg  (t/Tg)  cm  t 
essentially  shows  only  for  small  t,  then  these 
dependencies  become  practically  rectilinear,  i.e., 
over  a  certain  time  behavior  of  polymer  during 
relaxation  can  be  simulated  by  one  Maxwellian  element 
with  characteristic  time  0Q,  determined  with  respect 
to  tangent  of  angle  of  inclination  of  rectilinear 
section  of  graph  of  dependence  of  lg  (tAs)  on 
Most  likely,  for  sufficiently  large  t  the  rectilinear 
section  again  passes  into  curvilinear,  corresponding 
to  large  relaxation  times.  However,  experimentally 
such  a  section  has  not  been  shown,  which,  most 
probably,  is  connected  not  with  its  fundamental  absence, 
but  with  difficulties  of  measurement  of  very  small 
stress  with  the  help  of  a  dynamometer  of  high  rigidity, 
and  lowering  of  rigidity  of  dynamometer  leads  to 
appearance  of  large  and  indeterminate  errors,  caused 
by  its  deformations  [3]. 

On  Fig.  5  is  represented  the  dependence  of  Rq/^0 
on  7*t)0  (in  logarithmic  coordinates).  And  in  this 
case  it  is  possible  to  construct  a  temperature- 


Fig.  4.  Typical  relax¬ 
ation  curves;  polypxo- 


pylene.  230  ;  speed  of 

shift  (sec’1): 

1—0.004,  1-0.00*.  1-0.012, 
1— 0011,  I -0.C  1  —  0.03, 

1  —  0.12,  1-0.10,  1-012, 
Jt— 040,  J7-0J0.  72- 


invarlant  characteristic  which,  as  Fig.  5  shows, 
turns  out  to  be  universal  with  respect  to  the 
considered  polymers. 

It  is  obvious  that  Fig.  5  characterizes  regularity 
of  change  of  relaxation  spectrum  during  growth  of  -y*. 
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Pig.  5.  Dependence  of  relaxation  properties 
(with  respect  to  0 0)  on  conditions  of  determining 

conditions  of  deformation;  polypropylene: 

1  -  190°,  2  -  2501 ,  3  -  290°;  polyethylene: 

4  —  150°;  polyisobutylene:  5  —  10  ,  6  —  0C, 

7  -  10°. 


Let  us  note  two  experimental 
facts.  First,  these  changes 
occur  equally  for  different 
polymers,  outside  the  dependence 
on  temperature.  Secondly,  these 
changes  occur  so  that 
characteristic  times  of 
relaxation  decrease  with  growth 
of  ■)  * .  Thus,  with  increase 
of  speed  of  shift  occurs  the 


following:  both  effective  viscosity  and  characteristic  relaxation  times  decrease, 
while  both  process  possess  the  same  regularities.  It  is  natural  then  to  assume 
that  change  of  relaxation  (viscoelastic)  properties  of  polymers  in  the  current  state, 
flowing  with  increase  of  speed  of  deformation  in  the  direction  of  decrease  of 
characteristic  relaxation  times,  is  the  cause  of  anomaly  of  viscosity.  Universality 
of  temperature-invariant  characteristic  of  viscosity  is  determined  by  universal 
character  of  change  of  relaxation  properties  with  increase  of  speed  of  shift. 

No  matter  how  the  theory  of  nonlinear  behavior  of  polymers  was  constructed, 
in  any  case  for  sufficiently  small  values  of  parameters  the  relationships  of  linear 
theory  of  viscoelasticity  must  be  executed;  therefore  for  all  cases  the  relaxation 
spectrum,  characterizing  linear  region  of  mechanical  behavior,  remains  a  property 
of  the  system.  Usually  spectral  functions  are  found  according  to  data  of  dynamic 
(frequency)  or  other  tests  conducted  in  a  more  or  less  narrow  range  of  change  of 
frequency  (or  time),  using  those  or  other  methods  of  approximation  of  conversion 
of  known  integral  transforms  [9].  Thus,  in  particular,  knowing  dynamic  viscosity 
as  a  function  of  frequency  u>,  it  is  possible  to  calculate  the  frequency  spectrum 
by  the  formula 


Ar(«)-4-Re|ifw0«)l 


(2) 


where  by  N(o>)  is  understood  [9]  a  function  determined  as  an  original  of  the  Laplace 
transform,  where  the  representation  of  this  original  constitutes  a  relaxation 
function  of  stress  after  instantaneous  assignment  of  constant  deformation.  Here 
it  would  be  interesting,  not  turning  to  special  dynamic  tests,  to  find  function 
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N(a))f  applying  the  above  generalization  of  data  on  viscosity  properties  of  considered 
systems.  It  is  possible  to  use  the  following  known  and  repeatedly  checKo.i 
experimental  fact  (see,  for  instance,  [10]):  dependencies  qd(o>)  and  q(7*)  — 
are  equivalent.  This  peimits  immediate  representation  of  dependence  qd(u>)  in  a 
very  wide  range  of  change  of  frequency  by  the  formula 


W«U  =  1  +  #.12  +  2.35 


(5) 


It  follows  from  this  also  that  from  the  above  proved  possibility  of  construction 
of  temperature-invariant  characteristics  of  viscosity  and  their  universality  follows 
the  possibility  of  representation  of  all  relaxation  and  dynamic  characteristics  of 
polymers  in  the  fluid  state,  including  here  the  very  same  spectrum  in  temperature- 
invariant  form.  The  first  part  of  this  affirmation,  directly  following  as  a 
particular  case  from  the  above  results,  was  repeatedly  confirmed  experimentally  in 
the  works  of  Ferry  [11]  on  tne  example  of  different  amorphous  polymers.  Here  it 
is  affirmed  and  below  certain  examples  will  illustrate  not  only  the  possibility  of 
construction  of  temperature-invariant  characteristics  of  viscoelastic  behavior  of 
polymers  in  the  fluid  state,  but  also  their  universality  at  least  with  respect  to 
line  polymers. 

Placing  now  (3)  in  (2)  and  executing  all  operations,  we  will  obtain  the 
dependence  N/tjq  on  coq(l,  i.e.,  temperature-invariant  representation  of  relaxation 
(frequency)  spectrum.  The  expression  for  H(u>),  found  by  (2),  has  the  form 


*<•>)  =  *u[S  U  («■).)•  “"] :  [2  JW.  («n.)'  “1*] 


0) 


ft-1 


*-« 


and  are  expressed  through  coefficients  and  indices 

of  formula  (3).  The  maximum,  function  (4)  lies  at  value  un^,  intermediate  between 

8*10  and  1*1CK  dynes/cmc.  It  is  interesting  to  note  that  this  value  un}0  is  well 

correlated  with  data  of  Fig.  5.  Namely,  if  one  were  to  consider  limiting  value 

0 c ,  which  is  obtained  when  7'  —  0,  then  it  is  possible  to  see  that  for  sufficiently 

4  p 

small  7*  (in  linear  region)  (t)q/0q)  0  (^0^  "  dynes/cm  (one  should  consider 

that  relaxation  time  0  is  simply  the  inverse  of  relaxation  frequency  to).  Thus, 
indeed,  a  considerable  part  of  relaxation  occurs  in  a  time  which  corresponds  to  the 


Values  of  constants 
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maximum  of  the  relaxation  spectrum.  Thereby  are  confirmed  validity  of  temperature- 
invariant  representation  of  spectrum,  position  of  maximum  along  the  axis  and 

stability  of  this  position,  at  least,  for  those  polymers  for  which  experimental 
data  are  represented  on  Fig.  5. 

The  analytic  expression  N(ca),  determined  by  (4),  turns  out  to  be  rather 
complicated  for  further  use.  However,  as  consideration  of  specific  values  of 
function  N /rj(  (iut|  ),  chows,  it  can  be  represented  —  in  a  very  wide  range  of  change 
of  argument  —  in  the  form  of  the  more  convenient,  and  qualitatively  and 
quantitatively  sufficiently  accurate  expression 

{  2.24- 10-» («»)•)•  °  (0  <«»).<  4.68- 10*) 

0.186  (4.68- 10*  3.80- !0»)  (5) 

7.1- 10*  (3.80*  10*  <  ut)«  <  oo) 

This  function  satisfies  the  known  relationship  of  the  theory  of  linear 
viscoelasticity 

Formula  (5)  determines  the  universal  relaxation  spectrum  of  polymers  which 
are  in  the  fluid  state,  for  the  linear  region  of  their  mechanical  behavior.  An 
independent  experimental  check  of  particular  cases  of  deformation  concludes  the 
possibility  of  testing  the  validity  of  conclusions  obtained  above.  Certainly, 
already  the  fact  itself  of  equivalence  of  functions  t^(cu)  and  q('>*)  predetermines 
accuracy  of  further  conclusions  about  universality  of  relaxation  properties  of 
polymers  in  the  fluid  state  and  following  from  a  fixed  form  of  dependence  N(u>) 
forms  of  different  viscoelastic  functions  (relaxation,  dynamic,  and  delay). 
Nevertheless,  there  is  a  special  interest  in  principally  an  independent  experiment. 
Such  an  experiment,  in  accordance  with  the  above  material  may  be  relaxation  of 
stress  after  stopping  an  established  flow  with  preservation  of  constant  deformation. 

Using  the  principle  of  Boltzmann-Volterre,  it  is  possible  to  show  that  for 
the  considered  case  dependence  of  stress  on  time  i(t)  is  expressed  through  N(tu) 
by  an  Integral  transform  of  the  form 

•e  (6 ) 

T(0  - 

t 
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or  in  universalized  temperature-invariant  form 

IjW  (*)/*  ^  (  ) 

T*  i  x 

*-*»TU 

Let  us  note  that,  as  follows  from  comparison  of  determination  of  function 
N (to)  with  expression  (6),  the  case  of  relaxation  of  stress  after  instantaneous 
assignment  of  a  constant  deformation,  held  constant  during  the  experiment,  is  not 
equivalent  to  the  case  of  relaxation  of  stress  after  instantaneous  stopping  of 
established  flow  also  keeping  constant  deformation. 

Results  of  calculation  of  dependence  ( t/t s )  on  t/q0  by  formula  (7)  are 
represented  on  Fig.  6  in  the  form  of  a  solid  line.  Experimental  data  for  certain 

typical  cases,  obtained  in  the  linear  region 
in  the  form  of  separate  points.  As  can  be  seen, 
the  analytic  curve  will  agree  satisfactorily 
with  experimental  data  obtained  for  polymers 
different  in  chemical  nature,  for  which,  however, 
the  principle  of  universality  of  the  temperature- 
invariant  characteristic  of  viscosity  holds, 

The  same  data  of  Fig.  6  confirm  the  above 
principle  of  universality  of  temperature-invariant 
relaxation  spectrum  for  polymers  which  are  in 
the  fluid  state,  and  its  found  analytic 
representation. 

Above  was  obtained  the  universal  relaxation 

Fig.  6.  Stress  relaxation 

after  instantaneous  stopping  spectrum  of  polymers  for  the  linear  region  and 

of  established  flow; 

,  .  .  .  ,  .  __o  it  was  shown  that  with  increase  of  •>’  and 

plyisobutylene:  1  -  22  ; 

polypropylene:  2  -  190°,  transition  into  the  nonlinear  region  the  spectrum 

5  2^  ,  4  —  2r  ,  —  2  !  .  changecj  so  that  there  occurs  a  decrease  of 

characteristic  relaxation  times.  The  experiment  does  not  correspond  quantitatively 
on  the  question  of  how  changes  of  N(ou)  occur,  indicating  only  the  direction  of  this 
process.  However  a  phenomenological  theory  [12]  was  proposed,  as  whose  basis  was 
the  above  proved  fact  of  decrease  of  characteristic  relaxation  times  with  growth 
of  *y*.  According  to  this  theory,  decrease  of  q  with  increase  of  -y*  is  caused  by 


I 


"truncation"  of  the  relaxation  (frequency)  spectrum  to  small  u>.  Then  it  is  possible 


to  write 


n(r>-  5  ■£»*. 


where  function  0^(7'),  playing  a  central  role  in  the  theory  [12],  shows  up  to  what 
frequency  u)Q  the  spectrum  is  cut  off  at  an  assigned  rate  of  deformation,  i.e., 
constitutes  the  function  of  change  of  relaxation  spectrum.  Let  us  determine  ^(7*), 
proceeding  from  equation  (8)  and  above-obtained  expressions  q(7*)  (see  i1))  ^ 

N (cd)  (see  (5)).  Obviously,  we  will  obtain  a  universal  temperature-invariant  function 
u>  D  (7*t](  ),  Inasmuch  as  in  (1)  and  (5)  in  such  a  form  are  represented  arguments  tj 
and  N.  The  numerical  solution  of  equation  (8)  relative  to  0^(7’)  showed  that 
u>0q,  -  7’q(1,  i.e.,  in  all  cases  ui0  =  7*,  and  function  of  change  of  spectrum  ^(7*) 
turns  out  to  be  in  general,  a  universal  function,  not  depending  on  individual 
parameters  of  polymer.  Such  a  form  of  function  0)^(7*)  means  that  during  transition 
to  steady-state  operating  conditions  of  flow  of  viscoelastic  polymers,  occurring 
with  speed  of  shift  7*,  there  occurs  destruction  of  those  structural  elements  of 
the  polymer  which  are  responsible  for  relaxation  processes  occurring  with  frequencies 
smaller  than  this  speed  of  shift. 

In  [12]  the  connection  between  N(oj),  ^(7*)  and  was  considered  in  the 

most  general  form.  When  the  obtained  relationships  were  made  irore  specific  it  was 
assumed  that  destruction  of  the  spectrum  is  described  by  the  formula  0^(7*)  -  7*/Re*» 
where  Re#  «  5-6  is  the  critical  value  of  criterion  of  elastic  turbulence  [8], 
inasmuch  as  it  was  supposed  that  destruction  of  viscoelastic  elements  of  structure 
of  the  polymer  initiates  development  o^  elastic  turbulence.  The  result  obtained 
above  is  based  on  direct  treatment  of  experimental  data  and  is  not  connected  with 
additional  assumptions.  This  result  accurate  to  a  constant  factor  coincides  with 
the  assumption  accepted  in  [12].  Noncoincidence  of  factors  in  the  expression  for 
a>0(7*)  is  caused,  judging  by  obtained  results,  most  probably  by  the  fact  that  local 
changes  of  structure  when  R  ■  1  appear  earlier  than  the  developed  well  noticeable 
macroscopic  unstable  flow  of  polymers  is  observed  (when  Re  -  Rc,  -  5-6). 

The  argument,  of  the  above-obtained  temperature-invariant  characteristics 
7*q  equals  ^(ti^/t)),  and  from  the  existence  of  temperature-invariant  universal 
characteristic  of  viscosity  it  follows  that  q/Ro  iG  an  implicit  function  of  tb, 


m 


l.e.,  the  argument  of  considered  characteristics  will  be  a  single-valued  function 
of  shearing  stresses. 

Thus,  change  of  viscoelastic  characteristics  of  polymers  in  the  fluid  state 
is  determined  only  by  effective  stresses. 
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POLYMER  CREEP  IN  THE  VITREOUS  STATE 

A.  V.  Dolgov  and  N.  I.  Malinin 
(Novosibirsk,  Moscow) 

The  theory  of  linear  heredity  (viscoelasticity)  was  widely  used  for  description 
of  deformation  properties  of  polymers  in  a  highly  elastic  state,  and  also  in  the 
region  of  transition  from  a  vitreous  to  a  highly  elastic  state  [1-5). 

At  sufficiently  high  stress  levels  creep  of  polymers  and  plastics  appears  also 
in  the  vitreous  state  [6-8].  However,  as  is  noted  in  [6]  (p.  126),  the  theory  of 
linear  heredity  does  not  give  satisfactory  results  during  description  of  behavior 
of  vitreous  polymers. 

Unfortunately,  up  to  now,  apparently,  there  have  been  no  attempts  to  apply 
theories  of  nonlinear  heredity  for  description  of  creep  of  amorphous  vitreous 
polymers  and  plastics  on  their  basis.  There  are  however  several  works  in  which 
nonlinear  theories  of  viscoelasticity  were  successfully  applied  for  crystal  polymers 
(caprone  [9],  a  monofiber  of  polypropylene  [10]),  and  also  for  amorphous  polymers 
in  a  highly  elastic  state  (plasticized  polyvinylchloride  [11,  12)). 

Of  a  number  of  works  dedicated  to  development  of  theories  of  nonlinear  heredity, 
useful  in  this  or  that  measure  for  vitreous  polymers,  are  noteworthy  the  following. 
Yu.  N.  Rabotncv  [15]  proposed  a  generalization  of  the  line  integral  of  the  Volterra 
equation  for  nonlinear  hereditary  material  in  the  form 

.  i 

=  o(9)J  (*-•)*•  (1) 
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Here  o  —  stress,  e  —  deformation,  t  -  time,  E  —  elastic  modulus,  J  -  kernel  of 
equation  of  heredity,  <p ( e )  -  certain  nonlinear  function,  determined  experimentally. 
For  bodies  whose  deformation  properties  are  described  by  equation  (1),  isochronous 
curves  of  deformation,  obtained  from  family  of  curves  of  creep,  taken  at  various 
stresses,  have  to  be  similar  to  the  curve  of  "instantaneous"  deformation.  According 
to  [9],  this  principle  with  sufficient  degree  of  accuracy  is  also  satisfied  for 
certain  plastics,  in  particular  caprone. 

Leaderman [ 1 4  ]  wrote  the  equation  of  nonlinear  heredity  in  the  form 

(2) 


Here  J-,(  —  kernel  and  f(o)  —  nonlinear  function  of  stresses,  determined  by 
experimental  means.  Leaderman  applied  equation  (2)  for  description  of  the  creep  of 
fibers  and  other  polymer  materials.  M.  I.  Rozovskiy  in  (15]  proposed  a  relationship 
of  the  nonlinear  theory  of  heredity  in  the  form 

i 

•J"T+S/I3<W  1JMI-0)*  (3) 

It  is  not  difficult  to  show  that  equation  (3)  by  partial  integration  can  be 
obtained  from  relationship  (2),  if  one  sets  /.(x)  —  rf/0/ dx. 

For  material,  the  time  of  elastic  consequence  (or  its  uymbatic  relaxation  time) 
which  depends  on  stresses,  M.  I.  Rozovskiy  proposed  the  equation  (15) 


9  f  (4) 

*  =  -£-  +^(1-0;  3)}(9)J9  v  ' 

The  assumption  about  existence  of  dependence  of  time  of  relaxation  of  polymers 
on  magnitude  of  effective  stress  was  expressed  by  A.  P.  Aleksandrov  [16], 

This  hypothesis  was  used  by  Yu.  S.  Lazurkln  for  explanation,  of  phenomenon  of 

"forced  elasticity"  of  polymers  [17].  The  dependence  of  relaxation  time  of  polymers 
on  the  magnitude  of  effective  stress  was  directly  observed  by  B.  A.  Dogadkin, 

G.  M.  Bartenev  .ind  14.  M.  Reznikovskly  for  smoked  sheets  of  natural  rubber  [18]. 
Ideas  on  the  dependence  of  time  of  relaxation  of  polymers  on  stress  were  used  in 
the  investigations  of  A.  L.  Rabinovich  [18],  P.  M.  Ogibalov  [20],  It  is  necessary 
to  note  that  such  dependence  can  be  obtained  from  schematic  consideration  of  the 
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molecular  process  of  deformation  of  polymers,  when  under  the  action  of  applied 
stresses  'very  molecular  polymer  chain  accomplishes  a  gradual  transition  from 
initial  unbalanced  to  final  equilibrium  configuration.  This  transition  constitute 
the  totality  of  acts  of  turn  or  the  molecular  segments  of  the  chain  relative  to 
their  neighbors,  where  a  separate  act  Is  accomplished  under  the  action  of 
fluctuations  of  thermal  motion  and  Is  accompanied  by  transition  through  the  energy 
barrier,  which  Is  caused  by  Influence  of  adjoining  groups. 

Possibility  of  construction  of  functional  dependence  of  general  form  by  a 

representation  In  the  form  of  the  sum  or  Integral  operators  of  first  and  highest 

degrees  by  analogy  with  expansion  of  the  usual  function  In  a  power  series  by  the 

nylor  i  rmula  was  noted  In  the  monograph  of  V.  Volterra  [21]  (pp.  19-21).  Xhls 

possibility  for  nonlinear  hereditary  media  was  realised  by  Naknda  [22],  by  obtaining 
the  equation 


r  1  ‘ 

•  M 

I  I  I 

+  l-fc,  I—  t-  . . 


Unre  Jj,  Jg,  Jy  etc.,  are  experimentally  determinable  functions,*  symmetric 
relative  to  their  arguments  (it  is  assumed  that  prior  to  t  .  0  stresses  0  .  0). 

The  posclbllty  of  very  accurately  describing  the  deformation  behavior  of  high 
polymers  using  equation  (9)  was  confirmed  In  [10,  12],  the  authors  of  which  kept 
'■  rms  up  to  the  third  order  Inclusively.  However  It  Is  necessary  to  note  that 
dependence  (5)  Is  more  complicated  than  the  foregoing.  This  fact  can  cause  In 
certain  cases  Insurmountable  difficulties  of  mathematical  character  In  solving 
specific  problems  using  equation  (5);  the  difficulties  arise  also  when  seeking 
functions  J1 ,  J?,  J?,  etc.,  from  experimental  data. 

In  this  work  an  attempt  Is  made  to  describe  deformation  properties  of  amorphou 
vitreous  polymer  (unplasticised  polyvinylchloride  at  T  .  lo°0)  during  uniaxial 
extension  with  the  help  of  equation  (^). 

Hereditary  media  differ  from  "nonheredltary"  because  their  deformations  depend 


‘Fun  ‘Inns  Jj,  J?,  etc.,  can  have  strong  peculiarities,  for  Instance,  In  the 
L°^tLn6:DIraC  fUnCU01'!  P-llamics  will  also  determine  "InstlnLeW 


on  the  whole  past  cf  the  stressed-deformed  state  of  a  body  up  to  considered  moment 
'f  time  t.  Let  us  imagine  that  the  past  of  a  stressed-deformed  state  of  a  body 
t  pan  at  ^ime  tQ,  when  the  body  was  first  subjected  to  a  load.  Interval  of  time 
**  “  points  0^  on  the  time  axis  we  take  on  periods  A0^  ■  ^  ^  For  a 

linear  body  it  is  possible  to  assume,  following  Volterra  [21]  (p.  194),  that  during 
the  period  of  A0^  stresses  o  introduce  a  contribution  in  the  magnitude  of  deformation 
e(t),  equal  to 

=  o/(t  0)A0j,  0<_i  <  0  <  0j  ^  j 

Directing  to  0  and  integrating  from  tQ  to  t,  we  obtain  the  Volterra  equation 
of  the  theory  of  linear  heredity. 

For  a  linear  body  the  principle  described  by  expression  (6)  no  longer  is 
satisfied.  Instead  of  (6)  we  will  formulate  a  new  principle,  determined  by 
relationship 

Ae<  =  K(a,  t  —  0)A0<  (y) 

Let  us  note  that,  in  virtue  of  the  principle  of  invariance  relative  to  the 
beginning  of  the  reading,  time  as  an  argument  of  fum  Mons  J  and  K  can  appear  only 
in  the  form  of  the  difference  t  -  0.  Directing  A 0±  to  zero  and  integrating  from 

tQ  to  t,  we  obtain  the  equation  of  dependence  of  deformations  on  stresses  in  the 
form 

i 

•  *  ^(0)  +  jA'(3,<--e)d0  (8) 

where  F(o)  is  a  function  determining  "instantaneous"  deformation. 

It  is  necessary  to  note  that  the  principle  described  by  realtionship  (7),  does 
not  possess  sufficient  generality  for  derivation  of  equation  (5) 

Because  of  the  selection  of  form  of  function  F(o)  it  is  necessary  to  note  the 
following.  Defunr.ation  F(o)  is  developed  practically  instantly  (more  exactly,  with 
the  8peed  of  sound).  If  time  of  observations  is  much  larger  than  time  of  passage 
f  da,  i  waves  through  sample,  then  F(o)  can  be  considered  not  dependent  on  the 
prehistory  of  the  stressed-deformed  state  of  the  body.  The  magnitude  of  the 
instantaneous  elastic  deformation  of  polymers  is  connected  with  change  of  interatomic 
distances  and  valence  angles  [1]  (p.  117),  [23]  (pp.  149-150). 
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The  instantaneous-elastic  modulus,  determined  by  the  ratio  of  effective  stress 
to  the  magnitude  of  conditionally-instantaneous  deformation,  does  not  depend  on 
temperature  [25]  (p.  150),  or  insignificantly  drops  with  a  temperature  rise  [1] 

(p.  Il8).  Thus,  form  of  function  F(o)  can  be  determined  either  by  a  curve  of 
deformation,  faken  at  low  temperatures  when  the  material  is  "frozen"  and  highly 
elastic  deformation  practically  does  not  develop,  or  when  influence  is  sufficiently 
fast . 

In  the  book  of  T.  Alfreya  [1]  (p.  557)  are  given  curves  of  deformation  for 
samples  of  polymethyl  methacrylate,  a  filamentous  amorphous  polymer  (as  is 
polyvinylchloride),  at  temperatures  up  to  -40°C.  When  T  =  -40°C  the  diagram  of 
elongation  constituted  a  straight  line  up  to  destruction.  Taking  into  account 
these  data,  one  may  assume  that  "instantaneous"  deformation  obeys  the  law  of  Hooke, 
i.e.,  F(o)  =  o/E.  This  conclusion  is  confirmed  also  by  results  of  A.  L.  Rabinovich,1 
establishing  independence  of  modulus  E  from  stress  for  a  series  of  polymers  when 
load  is  removed  very  rapidly.  Thus,  equation  (8)  will  be  written  in  the  form 

f 

(9) 

I 

Dependence  (9)  constitutes  a  nonlinear  Volterra  equation  [24]  (pp,  61-68), 
and  coincides  with  the  equation  of  M.  I.  Rozovskiy  (4),  proposed  for  a  material  . 
whose  relaxation  times  depend  on  stress,  since  it  Is  always  possible  to  assume  that 

K (o;  t  —  0)  =  o(0)/(o;  /  —  0). 

In  this  work  unplasticized  polyvinylchloride  [PVC](nBX)  was  investigated  at 
T  =*  19°C.  The  material  was  in  the  vitreous  state,  since  its  temperature  of 
vitrification  is  80°C  (according  to  [6]  (p.  18)).  According  to  results  of 
investigations  of  short-term  (up  to  2500  sec)  creeps  are  determined  by  the  modulus 
E  and  form  of  function  K(o,  t  -  0).  Then  with  the  help  of  equation  (9)  behavior  of 
material  during  other  programs  of  deformation  is  predicted  when,  for  instance, 
load  increases  by  the  linear  law  with  time  or  changes  intermittently.  Obtained 
results  were  compared  with  corresponding  experimental  data. 

Tests  were  conducted  on  a  program  machine  with  magnetic  load,  described  in 

1Report  on  Second  All-Union  conference  on  theoretical  and  applied  mechanics 
4  February,  1964,  Moscow. 
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article  [25].  Deformations  were  measured  on  the  working  part  of  the  sample  on  a 
base  of  60  mm.  Every  experiment  of  the  number  described  below  was  repeated  3-4 

times,  and  deviation  in  results  of  repeated  experiments  did  not  exceed  3-4#. 

On  Fig.  1  are  represented  curves  of 

creep  for  PVC,  written  in  coordinates  e  -  t. 

was  determined 


Instantaneous  deformation  e 
in  accordance  with  the  above-stated,  Hooke 

law. 

The  modulus  of  "instantaneous" 
elasticity  was  calculated  by  three  methods. 
It  was  possible  to  determine  it  by  the 
magnitude  of  "instantaneous"  deformation 
during  tests  on  creep  conducted  for  loads 
which  were  not  too  high.  With  high  loads 
of  creep  grew  very  fast  and  separation  of 
"instantaneous-elastic"  deformation  from  creep  was  difficult.  By  the  second  method 
the  modulus  E  was  determined  as  the  tangent  of  the  angle  of  inclination  of  the 
initial  linear  section  of  the  curve  of  deformation  (solid  curves,  represented  on 
Fig.  2),  taken  with  a  constant  rate  of  load.  And,  finally,  it  was  possible  to 
determine  modulus  E  by  the  magnitude  of  "instantaneous"  return  as  the  load  was 
removed.  All  these  three  methods  gave  the  same  value  of  modulus  E. 


Fig.  1.  Curves  of  creep  for  PVC  at 
T  -  19°C. 


On  Fig.  3  are  given  curves  of  deformation  for  PVC  under  loading  at  constant 

_0- 

rate  o  and  subsequent  removal  of  load,  taken  at  1  C. 

Removal  of  load  was  done  over  0.03  sec,  i.e.,  practically  instantly.  After 
removal  of  load  the  curve  of  return  was  taken  in  coordinates  e  -  t  (diagram  was 
recorded  on  tape  of  oscillograph  H-700)  as  long  as  rate  of  return  did  not  decrease 
to  a  minute,  almost  elusive  magnitude.  On  Fig.  3  return  is  represented  by  heavy 
lines  proceeding  along  the  axis  of  abscissas.  For  sample  No.  82  return  is  fixed 
over  0.1  sec  for  samples  49  and  80  -  over  0.5  and  2  sec  correspondingly.  From 
Fig.  3  it  is  clear  that  the  straight  line  corresponding  to  "instantaneous"  return 
is  parallel  to  the  initial  linear  section  of  the  load  curve  that  confirms  the  above 
position,  and  also  results  obtained  by  A.  L.  Rabinovich.  From  diagrams,  represented 
on  Fig.  3,  is  obtained  the  value  of  clastic  modulus  E  -  3*1°4  kg/mm2  at  T  -  lr  C, 
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Fig.  2.  Curves  of  elongation 
PVC,  E  2.97-104;  1  -  o*  = 

=*  2.92*10"^  kg/mm‘  sec,  2  - 
o'  -  9.10"^  kg/mm"'  sec, 

3  —  o*  *  4.58*10~2  kg/mm  sec, 


practically  not  differing  from  modulus 

E  =  2.97*10 ^  kg/mmc  at  T  *  19°C.  Nonlinear 

sections  of  diagrams  on  Figs.  2  and  3  differed 

considerably,  caused  by  higher  creep  at  T  =  19°C. 
rc  1 

Creep  el  1  was  determined  by  the  difference 
of  full  and  "instantaneous-elastic"  deformations. 
On  Fig.  4  curves  of  creep  (the  same,  as  on  Fig.  1) 
are  depicted  in  logarithmic  coordinates 
lg  e^c^  -  lg  t  (as  the  beginning  of  the  time 
reading,  as  usual,  the  moment  of  application  of 
load  is  taken).  In  these  coordinates  diagrams 
of  creep  are  well  approximated  by  straight  lines. 
This  result  will  agree  with  data  of  the  work  of 


Findley  [8],  which  graphs  of  lg  e^c1  .  lg  t 


were 


4  —  o' 


1.07  kg/rmTi  sec. 


5  —  o'  =7  kg/mrn  sec, 

6-o*  *  8  kg/mm"  sec;  when  on  curves  of  creep  for  PVC  a  third  section 

T  5*  iq°c  r  i 

was  observed,  the  diagram  of  lg  -  lg  t  at 

the  end  sharply  deviated  from  the  initial  rectilinear  dependence.  With  high  loads 

and  small  times  the  third  period  of  creep  was  finished  by  a  brittle  break  of  the 

sample,  and  for  smaller  loads  and  sufficiently  large  durations  it  finished  by 

formation  of  a  neck  in  accordance  with  mechanism  of  "forced  elasticity".  Both 

these  mechanisms  are  studied  in  detail  for  amorphous  polymers  in  [17],  On  Figs. 

1  and  4  sections  corresponding  to  the  third  period  of  creep  are  absent.  Theory, 

equations  of  which  are  given  below,  does  not  describe  creep  of  material  on  the 

third  section. 

The  empirical  formula,  corresponding  to  rectilinear  in  coordinates  lg  e^, 
lg  t  of  the  diagrams  (Fig.  4),  has  the  form 


also  very  well  contained  on  straight  lines  up  to 
t  =  100,000  hours  and  more. 

Here  one  should  note  that  in  certain  cases, 


«|<|  —  Ait* 


where  A1  and  n  are  tension  functions  of  0.  The  last  one  during  the  period  of  the 
experiment  was  kept  on  a  constant  (if  we  disregard  insignificant  transverse 


\ 


compression  of  sample)  level  and  therefore  can  be  considered 
as  a  parameter.  For  convenience  it  is  possible  to  set 
n  =  1  -  f2(o),  =  f1(o)/l  -  f2(o);  equation  (9)  will 

take  the  form 


a 

•  =  T 


s 


/l(3) 


d9 


(11) 


On  Fig.  5  small  crosses  represent  results  of 
experimental  determination  of  function  f„ (a),  points  — 
corresponding  results  for  f2(o).  Dpende  ce  f,(o)  is 
rather  well  approximated  by  the  function 


/,<«)=.  Alb -j- 


(12) 


Fig.  3.  Curves  of 
loading  and  removal 
of  load  for  F.'C  at 

T  »  15°C  for  samples 
No.  49,  80  and  82 
correspondingly: 

o*  «  8.6*10“^  kg/mm2 

sec,  o*  *  3.86*1CT^ 

p 

kg/mm  sec,  o*  «  6 .6 
2 

kg/mm  sec. 


where  A2  and  Oq  are  parameters.  This  one  may  well  see  on 
Fig.  5»  where  the  oroken  line  depicts  function  (12),  while 
A2  =  1.64*10  and  oQ  -  1.086  kg/mm2.  Values  of  f2  for 
stresses  lower  than  o  -  2.79  kg/mm  were  not  determined, 
since  with  such  low  o  creep  was  insignificant,  and  accuracy 
of  determination  of  f2  is  insufficient.  For  stresses 


o  a  2.79#  3.18  and  4.27  kg/mm  is  obtained  the  same  value 
f2,  equal  to  0.8.  In  order  to  estimate  movement  of  function  f2(o)  at  lower  stresses,  we 
will  take  into  account  experimental  data  of  Findley  [8],  obtained  for  a  large  number  of 
polymeric  materials,  including  polyvinylchloride.  Findley  established  that,  at  least 
at  not  too  high  stresses,  not  provoking  destruction  or  cold  extraction  of  sample  over 
~30"  hours,  straight  lines  approximating  diagram  of  creep  in  coordinates  lg  -  lg  t, 
are  parallel.  On  the  basis  of  these  results  Findley  considered  parameter  n  in  the 
empirical  equation  assumed  by  him  for  the  family  of  curves  of  creep  of  form 


as  constant.  Really,  for  stresses  a  -  2.79#  3.18  and  4.27  kg/mm2  function  f  (a), 

and  consequently  also  n  practically  do  not  change  with  change  of  stress.  In 

connection  with  the  above-stated  we  will  consider  that  f2(o)  when  stresses  are 

2 

below  2.79  kg/mm  will  keep  a  constant  value. 

Thus,  the  region  of  stresses  from  o  -  0  to  a  certain  critical  stress  provoking 
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destruction  or  "cold  extraction"  of  sample, 

can  be  divided  into  three  subdomai 

the  lowest  stresses,  when  4i <n/o)*o 

we  have  a  linear  subdomain.  This  result 

coincides  with  data  of  the  work,  of  G.  I. 

Bryzgalin  [26],  establishing  that  at 

sufficiently  low  stresses  plastic  on  the 

basis  of  glasslike  polymers  behav  as  linear 

hereditary  bodies.  In  this  subdomain  for 

determination  of  creeps  of  plastics  and 

polymers  it  is  possible  to  use  theories 

of  linear  creep.  For  curves  of  creep 

corresponding  to  the  second  subdomain,  one 

should  consider  nonlinearity  of  the 

r  c  1 

dependence  of  deformations  el  J  on  stresses, 
but  it  is  possible  to  use  the  dependence 
of  Findley  (13)  and  to  consider  n  constant. 
If  In  this  subdomain  the  principle  described 
by  equation  (7)  is  satisfied,  it  is  possible 
to  show  that  for  calculation  of  deformations 
of  plastics  it  is  possible  to  use  the 
I.  Rozovskiy  (3).1  And,  finally,  in  the 
s  necessary  to  take  into  account  dependence 
,  and  for  calculations  of  creeps  to  use 


Fig.  4.  Curves  of  creep  for  PVC 
(the  same  as  on  Fig.  1 )  in 

lg  J  ^  -  lg  t. 


Fig.  5.  Graph  of 
functions  f„ (o)  and 

f2(o). 


On  Fig.  2  solid  lines  depict  curves 
of  deformation  for  PVC,  obtained  during 
constant  loading  rates.  The  dotted  line 
represents  analytic  curves  built  according 
to  equation  (11)  with  use  of  functions 
f1(o)  and  f2(o),  depicted  on  Fig.  5. 
Construction  of  analytic  curves  was 
connected  with  calculation  of  magnitude  of 
integral  in  the  right  part  of  equation 
(11).  During  determination  of  magnitude 
of  integral,  which  was  conducted  by 
numerical  methods,  xt  was  taken  into 

account  that  the  integrand  expression  had  a  weak  peculiarity  at  t  *»  0.  Dotted 

5.5  kg/mm2.  For  higher  stresses  usually  processes 

These  processes. 


Fig.  6.  Curve  of  creep  under  step 
loading: 

/  —  e  —  2.79  h«/ ***,  i  —  o  ""  4.24  kg/.***,  3  — 
•  —  &.04  5.4  kg/***;  T  -  1»*C 


curves  go  only  to  stresses  a 

began  connected  with  the  third  stage  of  creep,  illustrated  above 
as  was  noted  earlier,  are  not  described  by  theories  considered  here.  From  Fig.  2 
it  is  clear  that  during  low  loading  rates  o*  -  4.58*10  2,  9*10  \  2.92*10  ^  kg/mm 
sec  deviations  of  experimental  curves  from  calculated  curves  do  not  exceed  3$,  if  one 
considers  deviations  with  respect  to  stresses. 

If,  however,  these  deflections  are  considered  deformations,  then  they  will 
be  sometimes  higher,  since  curves  of  deformation  are  at  the  end  rather  hollow. 

p 

During  high  loading  rates  (o  -  1.07,  7,  8  kg/mm  sec)  deflections  of  analytic 
curves  from  experimental  is  somewhat  higher  and  attain  if  one  were  to  determine 
them  with  respect  to  stresses.  But  if  deflection  for  deformation,  then  they  turn 
out  to  be  somewhat  lower. 

Higher  deflections  of  analytic  curves  from  those  determined  experimentally 

can  be  explained  by  the  following  circumstance.  Dependencies 

i>  t  sec  (for  instance 


at  high  loading  rate 

(10)  and  (12)  are  built  by  points  corresponding  to  values 

t  -  10  sec  and  more). 

It  is  necessary  to  expect  that  dependence  (11),  in  which  these  data  were,  will 

be  with  sufficient  degree  of  accuracy  satisfied  only  for  sufficiently  large  values 

of  time.  But  there  are  no  bases  to  extrapolate  this  dependence  on  times  measured 

r  c  i 

in  tenths  of  a  second  and  less,  for  which  exact  values  of  el  1  and  o  by  fully 


understandable  causes  connected  with  inertness  of  machine,  in  experiments  on  creep 
were  not  obtained.  Moreover,  extrapolation  of  rectilinear  sections  of  diagrams  of 
creep,  represented  on  Fig.  4,  cn  region  of  lower  values  of  t  will  lead  to 
contradiction,  since  these  straight  lines  will  cross,  which  is  improbable.  Therefore 
good  coincidence  of  analytic  curves  with  experimental  can  be  expected  only  for 
sufficiently  large  t,  for  instance,  when  t  >  10  sec. 

On  Fig.  6  is  represented  curve  of  creep  in  coordinates  e,  t,  obtained  for  a 
step  increasing  load.  Solid  lines  —  experimental  data,  hachured  —  calculation  by 
equation  (11)  taking  into  account  (10)  and  (12).  For  a  step  variable  load  equation 
(11)  is  integrated  easily.  Let  us  assume  that  the  initial  step  (which  subsequently 
we  will  consider  for  simplicity  as  zero)  was  applied  at  time  ■  0,  the  i-th 

step  —  at  time  t  *  t^.  Deformation  on  k-th  step  of  stress  is 

+ 2  ]  (i“) 


where  we  will  consider  t  -  t^+1  =  0.  On  the  initial  section,  corresponding  to 
stress  o  =*  2.79  nj/mm  ,  experimental  and  analytic  curves  coincided.  From  Fig.  6 
it  is  clear  that  ana.’ytic  curves  within  limits  of  band  of  scattering  are  near  the 
experimental  curves. 

On  Fig.  7  are  represented  curves  of  deformation  for  PVC  during  repeated  cycles 

p 

of  loading  —  load  removal.  Magnitude  of  load  was  4.35  kg/mm  .  Under  a  load 

deformation  increased,  during  removal 
of  load  it  fell.  Calculations  were 
conducted  by  formula  (14),  useful  for 
the  considered  case.  Solid  line  - 
experiment,  dotted  line  —  analytic 
curve.  As  can  be  seen  from  Fig.  7, 


under  a  load  during  the  first  cycle 

Pig.  7.  Curves  of  creep  for  PVC  under  deformations,  corresponding  to  the 

deformation  in  coordinates  «•/•  —  i; 

analytic  curve,  are  lower  than 

corresponding  experimental  magnitudes  approximately  by  4$.  This  small  divergence 
is  fully  explained  by  scattering  of  experimental  data,  since  the  analytic  curve  is 
built  according  to  the  basic  experiment,  results  of  which  accurate  to  the  magnitude 


Fig.  8.  1  —  curve  of 

creep  for  PVC,  o  =  5.39 

p 

kg/mm  ,  2  —  curve  of 
return  after  experiment 
on  creep  1060  sec  long 
of  the  type  represented 

on  Fig.  1;  T  -  l6°C. 


of  scattering  can  deviate  from  data  of  control  experiment, 
represented  on  Fig.  7.  Subsequently  on  sections  of 
curve  (Fig.  7),  where  the  load  acted,  the  analytic  curve 
deviates  from  the  experimental  also  insignificantly. 

Analytic  curves,  corresponding  to  return  (when 
load  is  removed),  will  deviate  considerably  more  from 
experimental  curves.  However  during  the  design  of 
constructions  this  experimental  fact  cannot  have  a  large 
value  on  creep  and  strength,  since  during  the  period 
when  the  load  does  not  act  on  construction  danger  of 
its  destruction  is  absent. 


If  one  were  to  use  the  ideas  well-developed  in  [10-12],  then  it  is  possible  to 


construct  curves  of  creep  and  return.  They  will  have  the  form  represented  on  Fig. 
8.  Return  in  the  beginning  occurs  faster  than  creep,  but  then  deformations  of 
creep  exceed  deformations  of  return.  The  theory  described  by  equations  (4),  (8) 
and  (9)  does  not  explain  this  effect.  As  it  was  shown  in  [10,  12],  the  theory 
described  by  equation  (5)  possesses  generality  sufficient  for  prediction  of  such 
effects . 


In  conclusion  one  should  note  that  the  solution  of  nonlinear  integral  Volterra 
equation(9)#  important  for  applications,  may  be  obtained  by  the  method  of  successive 
approximations  described  in  the  monograph  of  F.  Trikomi  [24]  (pp.  61-68). 


Submitted 
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RUPTURE  OF  A  BODY  WITH  LINEAR  DISLOCATION 

M.  Ya.  Leonov  and  K.  N.  Rusinko 
(Frunze) 


Brittle  rupture  of  an  unbounded  body  with  introduced  material  half-plane 
is  investigated  (edge  dislocation)  during  its  uniform  extension  to  infinity 
by  forces  perpendicular  to  the  shown  half -plane.  The  basic  purpose  of  this 
work  is  clarification  of  the  influence  of  different  laws  of  interaction  of 
opposite  edges  of  cracks  on  conditions  of  brittle  rupture.  In  this  meaning 
it  is  the  continuation  and  development  of  [1], 

§  1,  Initial  model  of  a  solid  body.  We  consider  an  ideally  uniform  model  of 
a  fragile  body  possessing  the  following  properties:  l)  maximum  tensile  stresses 
do  not  exceed  certain  constant  of  material  (oq),  called  resistance  to  breaking  away; 
2)  dependence  between  deformations  and  stresses  is  described  by  the  law  of  Hooke, 
if  tensile  stresses  do  not  attain  magnitude  oQ;  3)  in  the  model  cracks  are  formed 
when  maximum  normal  stress  in  the  body,  deformations  of  which  everywhere  obey  the 
law  of  Hooke,  exceeds  o0;  4)  edges  of  crack  are  attracted  by  stress  o  which  is  an 
arbitrary  continuous  nonnegative  nonincreasing  function  o(h)  of  the  distance  h 
between  edges  of  slot  (Fig.  1),  where  it  is  considered  that 


0(0)-*,  ^o{h)dh<  oo 


(1.1) 


As  in  [1],  here  there  are  made  no  assumptions  relative  to  smallness  of  area 
of  interacting  part  of  surface  of  crack. 
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§  2.  Formulation  of  problem.  Let  us  consider  in 
conditions  of  flat  deformation  an  unbounded  body  into 
which  is  introduced  a  material  half-plane  of  thickness 
u;  at  infinity  normal  stresses  s,  perpendicular  to  the 
Introduced  half-plane  are  applied  to  the  body. 

If  the  indicated  body  remained  continuous  and  its 
deformation  everywhere  obeyed  Hooke's  law,  then  normal 


stresses  o  in  points  lying  on  the  continuation  of  the 

J 


Fig.  1. 

implanted  half-plane  would  be  represented  in  the  form  [2] 


Ea 


4n(l  —  v*)/ 


(2.1) 


Here  l  —  distance  from  boundary  of  introduced  half-plane,  E  —  elastic  modulus, 
v  —  Poisson's  ratio.  For  sufficiently  small  i  stresses  determined  by  the  formula, 
will  exceed  resistance  to  breaking  away.  Consequently,  in  this  region  of  the 
considered  model  will  be  formed  a  crack. 

Under  the  action  of  tensile  stresses  s,  applied  to  the  body  at  Infinity,  the 
shown  crack  will  be  developed.  Under  assigned,  fixed  power  u  of  the  Introduced 
layer  it  is  required  to  determine  maximum  intensity  of  load  s  (limiting  intensity 
of  load  s),  at  which  is  possible  equilibrium  of  the  considered  body.  Origin  of 
coordinates  is  selected  in  the  center  of  the  crack,  axis  x  is  directed  along  crack, 
axis  y  —  in  the  direction  of  extension  of  body  (Fig.  2).  Distance  between  edges 
of  slot  is  equal  to  doubled  displacement  along  y  axis  of  surface  points  of  crack 
from  action  of  pressure  p(x),  supplementing  stress  (2.1)  to  stresses  o(h),  i.e., 

K*>  =  ,  +  T«(i— *)(«  +  »■>— 1,1 2|,(*,  t°)»  (2,2) 

Here  v(x,  +0)  -  normal  displacement  of  shore  of  crack,  L  -  half-length  of 
crack.  For  determination  v(x,  +0),  following  [2],  we  will  obtain 

»<*•  +°>  -  aw  = 

Placing  here  the  value  of  pressure  given  by  formula  (2.2),  and  calculating 
corresponding  integrals,  we  will  obtain  [2] 
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$  0))  A(x)<H 


If  in  the  last  formula  function  o[2t>(x,  +0)]  is  given  in  evident  form  through 
+0),  we  will  obtain  the  integral  equation  for  finding  displacement  v(x,  +0). 

In  this  equation1  also  unknown  is  parameter 
|  |  |  |  |  |  j  |  |  |  |  |  |  L.  This  parameter  will  be  found  from  the 

*4*l*-rrTn  condition  of  boundedness  of  tensile  stresse 


which  is  equivalent  [3]  to  relationship 


Let  us  note  that  under  load  s,  less 


than  limiting,  at  point  x  -  -L,  y  *  0  normal 


are  infinite 


however,  are  negative  (compressing),  and 
therefore  during  investigation  of 
crackformation  are  not  taken  into  account 


Equation  (2.3)  and  condition  (2.4)  are 
sufficient  for  determination  of  displacement 
of  edge  of  crack. 

§  3.  Multistage  law  of  attraction  of 


opposite  edges  of  crack.  Let  us  replace  temporarily  dependence  o(h)  (Fig.  1)  by 

hown  on  Fig.  3.  For  the  present  we  will  consider  that 
lot  either  are  attracted  with  stress  a0i  /  n  (i  =  1,2 . n),  if  distance 


a  broken  line,  as  was 


lIn  [2]  is  expounded  the  approximate  solution  of  this  equation  for  the  case 
of  linear  dependence  o  [2v], 

zAs  we  will  see  subsequently,  during  the  action  of  a  limit  load  normal  stress 
a  is  bounded  alao  at  point  x  =  -L,  y  -  0. 


between  them  is  within  the  limits  from  & 


n-i+1* 


or  do  not  interact  otherwise; 


here  n  -  arbitrary  integer,  -  any  magnitudes  (with  the  dimension  of  length) 
satisfying  inequalities 


Let  us  consider  at  first  the  case 


of  slot  Interact 


In  this  case  edge 


as  is  shown  on  Fig.  4 


Boundary  conditions  for  this  slot  will  be 


«•('+!)/*  wh»f!  bf 

<M'+2V*  wh*n 

OL  wh4n  b 


where  r  —  integer  depending  on  p,  (t  =  r  4-  1,  r  -f-  2, 


an  unknown  magnitude 


equations  for  their  determination  will  be  composed 


below 


With  such  a  law  of  interaction  by  formula 
(2.3)  it  is  easy  to  find  displacement  of  points 
of  edge  of  crack.  In  this  case 


~  S  2  VI}  —  x*  arc  cos 

>-r+ll 


Here  and  subsequently  we  consider  principal  values  of  the  function  arc  cos 


Stress  on  end  of  slot  x  -  L  must  be  finite,  that  is  equivalent  to  condition 


This  condition  give3 


2  (sln  T i  +  T;)  —  «=  0 
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Relationship  (3.2)  may  be  converted  to  the  form 


L  -  T(if-  vh  To  [  S  (sin  rj  +  Ti)+ •*»/■  — 

In  order  to  compose  n  -  r  equations  for  n  -  r  unknowns  of  the  quantities  b^, 
we  will  turn  to  the  law  of  attraction  between  surfaces  of  crack.  Dependence  of 
intensity  of  interaction  of  edges  of  slot  on  distance  h  between  them  is  represented 
on  Fig.  3.  In  points  where  2v  =  h  =»  &n_i+i  (i  *  r  +  1,  r  +  2,  ...,  n),  the  indicated 
force  of  interaction  changes  by  the  quantity  Oq/ti.  Abscissas  of  these  points  on 
Fig.  k  are  designated  by  bi.  Equating  doubled  displacement  2v(x,  +0)  of  the  shown 
points  to  corresponding  values  t>,,  we  will  obtain  equations  for  determination  of 
unknowns 

2w(frr+ii  +  0)  =  6*— r 

2v(br+t,  +0)  =  ftn-r-t,  D‘6) 

4-0)  =  An— r— I. 

2v{bu,  +0) 

Using  formula  (3.2),  we  will  write  these  equations  in  expanded  form: 


j~r4ll.fa4LsinTf4,|«»  —  *  2  T I - j  + 

=  4LsiaTr«t  ?  2  T> - —0  + 

\  "  J-r+l  *  • 


,  +  Tr..  2  <»,n  -  »()  In  1  _  ”  [i"*  ~ 


+  1l) 


^,6,  -  4/.  sin  rn(ns  —  ~  2  Ji—  ^r~)  + 

V  ■  1  "  / 


(3.7) 


Adding  the  left  and  right  side  of  the  last  equalities  (including,  also  those 
passed  through,  designated  by  dots),  we  will  obtain 


r£rS»,-r®V  £  i»+«t(— f  S 

i-l  J-r+*  '  J-r+l  • 


(3.8) 
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Excluding  parameter  L  from  formulas  (3.5)  and  (3.8),  we  find 


Dependence  (3.9)  is  basic  during  further  investigation  of  destruction  of  a 
body  with  dislocation. 

Let  us  consider  now  the  case  |i  >  i„.  In  this  case  edges  of  crack  do  not 

Interact  on  certain  section  -  L  <  *  <  b„  and  on  remaining  section  of  surface  o! 
slot  are  attracted,  as  is  shown  on  Pic-  ^  _ ...  .  . 


§  *».  Determination  of  limit  load 
assume  that  From  formulas  (3. 
obtained  in  assumption  that  bn_r  <  u  < 
it  is  possible 


n-r+l 

in  general,  to  determine 

'I  fl  1 1 1  1 1 1 1  I  f|  1 7  dimenslons  of  slot  (L-  W  br+2#  ••••  »„). 

corresponding  to  given  load  s  and  power  of 

Fig.  5. 

dislocation  n.  However  subsequently  we  wil] 
find  the  maximum  value  of  load  s  (limiting  Intensity  of  load  s),  at  which  Is  o0! 
equilibrium  of 


considered  model  of  body 
In  this  case  (n  <  «„)  the  limit  load  is 
formula  (3.9)  as  a  function  of  variable! 
quantities  y.  are  connected  bv  n  -  r  ro' 


0 

whan 

— L<*<61 

ajn 

whan 

*.<*<». 

wh«n 

n 

For  determination  of  maximum  of  right  side  of  formula  (3.9)  we  will  Introduce 
new  variables 

*  N 

=*  S  Ti«  *«  =*  S 
•-M-1  f-r+I 


The  quantities  7^,  determined  by  formula  (3.4),  satisfy  inequalities 
0  <  Y<  <  «  (<  =  r  +  1,  r  +  2,  . . . ,  n).  Consequently,  variables  z1  and  z2  can  take  only 
positive  values.2 

During  substitution  (4.1)  formula  (3.9)  will  be  converted  to  the  form 


t  M  a_  **  /»)  4*  *r  (**  —  »i)  —  »i* 

^  (*•  —  *»  +  «i) 


The  right  side  of  this  formula  is  equal  to  zero  when 


at(nr  +  x,  +  *,)  -f  nr(za  —  1,)  —  *,*  =  0 


(*.2) 


(*.3) 


Subsequently  under  region  of  variation  of  variables  z^,  z?  we  will  consider 
the  region  (in  plane  z^,  z2)  bounded  by  curve  (4.3)  and  positive  direction  of 
axes  z^  and  z^. 

From  formula  (4.2)  it  follows  that  when  z ^  »  a^  the  right  side  of  this  formula 
does  not  depend  on  z2«  Futhermore,  Independently  of  the  value  Xj  >  0  we  have 

£L.=0'  $L<' 

Hence  we  conclude  that  the  right  side  of  formula  (4.2)  has  maximum  at  an 
arbitrary  value  of  z2  >  0,  if 

II 

*1-  2  ri 


formula  (3.9)  is  obtained  from  relationships  (3.7),  therefore  equations  (3.7) 
and  (3.9)  are  linearly  dependent. 

2Formulas  (3.4)  and  (4.1)  put  additional  limitation  on  variables  z ^  and  z2 

(namely,  ii  <  n(*i  —  r).  ft  <  n  —  r),  which,  however,  during  investigation  of  maximum  of 
right  side  of  relationship  (4.2)  need  not  be  considered. 
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This  maximum  (limit  load)  is  in  the  form 


It  is  easy  to  establish  that  function  s,  determined  by  formula  (4.2),  does  not 
have  other  maxima. 

Formula  (4.4)  together  with  n  -  r  -  1  independent  equalities  (5.7)  serves 
for  finding  the  quantities  6,  (J*  r+1,  r  +  2,  corresponding  to  limit  load, 

which  have  no  interest  here. 

Let  us  consider  now  the  case  p  >  In  this  case  the  limit  load  coincides 

with  maximum  of  magnitude  s,  determined  by  formula  (3.9)  ns  a  function  of  variables 
7^ •  This  maximum  is  found  by  formula  (4.5),  in  which  one  should  consider  r  *  0. 
Thus,  under  the  multistage  law  of  attraction  of  opposite  edges  of  crack  limiting 
intensity  S*  of  load  s  will  be 

(f  —  1 . a) 

wh»n 

wh»n  »•« 

Remark.  From  equalities  (3.2)  and  (3.3)  it  is  easy  to  find  that  during  action 
of  limit  load  we  have  formulas 


1  (».  -f-  0) 


»t»»n  X- 


■■ -l . 


!^<o 


«h*n 


(*».7) 


Hence  we  conclude  that  under  limit  load  (and  consequently,  under  a  load  less 
than  limit)  displacement  of  edge  of  crack  v(x,  +0)  is  a  diminishing  function  of  x. 
Thus,  the  taken  diagram  of  interaction  of  edges  of  crack,  depicted  on  Figs.  4,  5, 
is  correct. 

Fut.hermore,  from  the  first  formula  of  (4.7)  it  may  be  concluded  that  under  the 
action  of  a  limit  load  normal  stresses  are  bounded  also  at  point  x  -  -L,  y  -  0. 

§  5.  Dlslocatory  theorem.  Work  TQ,  which  it  is  necessary  to  expend  on 
surmounting  internal  forces  during  formation  of  a  unit  of  free  surface  of  crack 
in  a  solid  body,  is  called  surface  energy  of  a  solid  body,  i.e.. 


* 


00 

7.  =  4$ 


(5.1) 


Particular  surface  energy  will  be  the  quantity 


n 

r(W>“Ti  «<*>* 


Under  the  multistage  law  of  interaction  of  edges  of  a  crack  (Fig.  3)  doubled 

surface  energy  is  the  area  bounded  by  coordinate  axes  (o,  h)  and  broken  line  o(h), 

i.e. , 


(5.2) 

led 


2  T9*n  ^  3  (It)  dh  — 

•>  /-i 


(5.3) 


and  doubled  particular  surface  energy  is  the  area  shaded  on  Fig.  6.  We  assume  that 
H  satisfies  inequalities 


In  this  case  we  have 


“■(«)- r(S‘/+  »<■) 


(5.4) 


It  is  obvious  that  when  //  ^  6„  we  have 


T(B)  «  f. 


(5.5) 


Comparing  equalities  (4.6)  with  relationships  (5.3),  (5.4),  (5.5),  under  the 
multistage  law  of  attraction  of  opposite  edges  of  a  crack  we  arrive  at  the  following 

value  of  limiting  intensity  of  tearing  ’’oad,  applied  to  a  body  with  dislocation  of 
assigned  power  p: 


” 'M 

•  * 


(2T0*)-  rf*) 


(5.6) 


Formula  (5.6)  is  obtained  with  an  arbitrary  value  of  n,  6^  (i  ■  1,  n), 

'haracterizing  multistage  law  of  attraction  of  edges  of  crack  (Fig.  3).  Setting 
by  corresponding  value  n  and  law  of  change  bi  (as  a  function  of  i),  from  the 
multistage  law  of  attraction  of  edges  of  a  crack  can  be  obtained  any  assigned 


_ 


2.  Two-stage  law  of  interaction 


0»  »hi«  A  <  fli 

*/<*•  *^#n  ^  s 

.  0  wh*n  A  >  flj 


(6.3) 


Let  us  consider  the  case  5g  -  261 .  Here  from  formula  (5.5)  we  obtain 


fti-We/* 


Under  a  two-stage  law  of  interaction  the  limit  load  is  in  the  form 


Fig.  6. 


dependence  of  interaction  of  surfaces  of  slot.  This 
proves  accuracy  of  formula  (5.6)  under  an  arbitrary 
(physically  acceptable)  law  of  attraction  of  opposite 
edges  of  a  crack.  This  result  can  be  formulated  in 
the  following  way. 

Dlslocatory  theorem.  Limit  load  during  extension 
of  body,  containing  edge  dislocation  of  power  u,  is 
determined  by  formula 


o(h)  dh 


(5.7) 


Fig.  7. 


i.e.,  it  is  equal  to  the  average  intensity  of 
attractive  forces,  acting  on  opposite  edges  of  crack 
from  0  to  n. 

§  6 .  Comparison  of  limit  load  under  various  laws 
of  interaction  of  edges  of  slot.  1.  Single-stage 


law  of  Interaction 

o(h)  =a  0^  irhtn  h<  6i.  o  (A)  =  0  when  *>«I 


A  body  whose  edges  of  the  crack  are  attracted 
according  to  law  (6.1)  is  called  [1]  a  simplified  model  of  a  fragile  body.  For 
this  model  from  formula  (5.7)  we  have 


"  *•  wh,n  •  *$•=  27V|»  fwtiMT >>27V3* 


Relationships  (6.2)  were  obtained  by  other  method  in  [1,  4]. 


I 


wh*n 

wh*n  V»  TaJ<3»  <  p  <J*/|  r*/a# 
when  »*>•/•  TV* 

3.  Cosinusoidal  law  of  attraction  of  edges  of  crack 

0  (A)  *■  Of  COS  (  flA  /  2d)  <Aen  A<A,  <5  (A)  =  0 

From  condition  (5.3)  follows  d  =  n7'«/oe.  In  this  case 

S*  =*  2ft/|»8in(l/,Oo|i/7,o)  when  |*<nra/a« 

•S*  — 2T*/|i  wh.n|i>nr,/a* 


4r  *  i  •/,+•/.  Tyaji 

2r^j4» 


(6.4) 


(6.5) 


(6.6) 


4.  Linear  law  of  Interaction  of  edges  of  cracks 

0(A)  =oo(i- h/ 6)  «*•»  *<*.  0(A)— 0  wh.n  (6.7) 

In  this  case  from  condition  (5.3)  &  is  obtained  in  the  form 

fl  —  47#  /  Oo 


here 


"»«•«  |i<4r,/a. 

0#  \  27’,/«4i  whW)  n>4r,/9. 


Dependence  (6.2)  on  Fig.  7  is  given  by  curve  1,  dependence  (6.4)  —  by  curve  2, 
dependence  (6.6)  -  by  curve  3,  and  dependence  (6.8)  —  by  curve  4. 
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STUDY  OF  DESTRUCTION  OF  BRITTLE  BONDINGS 
BY  METHODS  OF  THE  THEORY  OF  CRACKS 


B.  M.  Malyshev  and  R.  L.  Salganik 
(Moscow) 

Bonding  parts  of  construction  by  means  of  gluing  has  found  wide  application. 

This  is  explained  by  a  number  of  advantages  which  gluing  possesses  as  compared  to 
other  forms  of  bonding,  and  also  by  the  fact  that  in  certain  cases,  as  for  example, 
in  bonding  polymers  with  metals  or  polymers  to  polymers,  it  turns  out  to  be  the 
only  acceptable  form  of  bonding.  There  is  extensive  literature  about  gluing,  its 
application  and  methods  of  calculation  and  tests  of  glue  compounds  (see  [1-8], 

A  basic  characteristic  of  a  glue  bonding  is  its  strength.  The  strength  of  a 
glue  bonding  is  determined  by  adhesion  of  glue  to  glued  surfaces  —  adhesion  and 
natural  strength  of  glue  —  cohesion.  Correspondingly  we  distinguish  adhesive 
(peeling  without  destruction  of  glue  layer)  and  cohesive  (destruction  of  glue 
layer)  types  of  destruction  of  glue  bondings.  Quantitatively  adhesion  (cohesion) 
is  characterize  by  work  expended  on  ungluing  a  unit  area  of  glued  surface  -  the 
work  of  adhesion  (cohesion).  This  magnitude  can  be  equal  in  the  case  of  a  breakaway, 
shift  or  their  combination. 

At  present  there  ie  a  method  of  its  determination  only  for  the  case  of 
ungluing  a  thin  film  from  a  sufficiently  flexible  material.  On  use  of  this  method 
are  based  standard  instruments,  in  which  peeling  of  film  is  produced  by  a  certain 
method.  Methods  of  determination  of  work  of  adhesion  (cohesion)  for  bonding 


relatively  hard  bodies  are  unknown.  In  connection  with  this  the  bonding  strength 
of  such  bodies  is  characterized  by  another  magnitude  -  specific  adhesion,  by  which 
is  understood  crushing  stress  in  bonding  during  strictly  normal  and  uniform 
(occurring  immediately  in  all  points)  breakaway.  An  analogous  characteristic  is 
introduced  for  shift.  Accordingly  basic  forms  of  tests  are  a  break  of  samples 
which  are  glued  end  to  end  and  overlapping  (Fig.  la  and  b). 

During  tests  of  samples  glued  end  to  end,  because  of 


difficulties  of  creation  of  a  uniform  breakaway,  there  is 
usually  obtained  a  great  scattering  of  experimental  data  for 
specific  adhesion  (see,  for  instance,  [9]).  These  difficulties 
led  to  an  attempt  to  reach  uniform  breakaway  by  means  of 
a  realization  so  fast  that  speed  of  development  of  cracks 
appearing  in  weak  places  did  not  exceed  the  speed  with  which 
other  sections  of  contacting  surfaces  are  disconnected,  and 
breakaway  occurred  in  the  first  approximation  evenly  over  all 
points  of  the  area  [10], 


During  tests  of  overlapping  bonding  scattering  of  destroying  stress  of  shift 
averaged  over  the  whole  area  usually  is  not  so  great.  However  this  is  not  connected 
with  uniformity  of  breakaway,  which  in  this  case  evidently  occurs  by  means  of 
spread  of  cracks,  but  is  connected  with  the  fact  that,  in  contrast  to  the  preceding 
case,  a  crack  always  appears  in  a  defined  place  -  near  end  of  overlap.  On  Fig.  2 
are  given  photographs  of  surfaces  glued  by  epoxy  after  breakaway:  u,  b)  for  the 
case  of  a  bonding  of  overlapping  lines  from  plastic,  c)  for  the  case  of  a  round 
plate  from  plastic  which  was  glued  flatwise  to  a  hard  surface  and  was  detached  by 
a  concentrated  force. 

Under  a  certain  load  near  ends  of  overlap  it  was  possible  to  observe  appearance 
of  cracks,  which  then  with  great  speed  spread  through  the  whole  bond.  In  case  a 
through  the  whole  bond  passed  one  crack,  appearing  near  the  left  end  of  the  overlap, 
which  it  is  possible  to  see,  along  characteristic  traces  which  usually  remained 
on  the  surface  of  the  bonding  after  passage  of  crack.  On  photographs  these  traces 
constitute  transverse  lines  arched  in  the  direction  of  motion  of  the  crack.  In 
case  b  a  crack  was  formed  at  first  near  left  end  of  overlap,  then  —  near  the  right 
(meeting  point  of  these  cracks  is  marked  by  an  arrow). 

Appearance  of  crack  near  ends  of  overlap  can  be  explained,  proceeding  from 


available  theoretical  results  [3,  5]  including  the  fact  that  for  a  sufficiently 
long  overlap  stresses  are  concentrated  near  its  ends,  and  in  the  middle  part  are 
distributed  practically  evenly.  If  one  were  to  consider  that  the  bonding  is 
destroyed  when  stresses  in  it  attain  a  defined  magnitude,  there  will  follow  a 
conclusion  concerning  the  appearance  of  a  crack  near  ends  of  overlap,  where  stresses 
are  maximum.  Hence  there  also  is  obtained  a  tendency  of  the  breaking  load  to  a 
certain  constant  value  with  increase  of  length  of  overlap,  observed  in  reality. 
Crushing  stress  averaged  over  the  whole  area  will  decrease  and,  consequently, 
cannot  serve  as  a  characteristic  of  bonding  strength. 

The  examined  examples  illustrate  a  general  case.  Most  frequently  destruction 
of  bondings  occurs  by  means  of  spread  of  cracks  along  it.  Therefore  for  determination 
of  strength  of  glue  bondings  destroyed  thus  it  is  natural  to  use  methods  of  the 
theory  of  cracks  [11],  applied  until  recently  to  uniform  materials.  We  note 
immediately  that  this  theory  permits  tracing  development  of  cracks  already  present 
and  does  not  touch  the  problem  of  their  onset,  which  should  be  considered  separately. 

Application  of  this  theory  for  determinutior  of  strength  of  bondings  is 
Justified  because  not  always  is  the  appea.unce  of  a  crack  or  the  beginning  of 
development  of  an  already  present  crack  (for  instance,  "ungluing")  equivalent  to 
destruction  of  the  whole  bonding,  as  occurred  in  the  example  of  bond  overlap  which 
was  examined.  Frequently  due  to  stability  of  cracks  for  their  advance  it  is 
required  to  increase  applied  loads  so  that  the  breaking  loads  for  the  body  an  a 
whole  do  not  depend  on  dimensions  of  initial  cracks  and  can  be  considerably  larger 
than  those  loads  which  correspond  to  beginning  of  movement  of  cracks  [12], 

In  spite  of  the  essential  role  of  cracks  in  destruction  of  glue  bonds,  in 
existing  methods  of  calculation  and  test  of  glue  bonds  the  mechanism  of  destruction 
by  means  of  propagation  of  cracks  is  not  considered. 

In  the  proposed  work  is  given  a  method  of  determination  of  energy  of  destruction 
(work  of  adhesion,  cohesion)  founded  on  the  study  of  propagation  of  cracks  'n  a 
bonding  in  the  case  of  bonding  hard  bodies  to  each  other.  It  is  shown  that  during 
normal  breakaway  of  samples  glued  and  hardened  in  approximately  the  same  conditions 
and  tested  by  setups  with  essentially  different  geometry,  energy  of  destruction 
remained  practically  constant  during  stable  propagation  of  a  crack  and  did  not 
depend  either  on  dimensions  of  samples  or  on  test  setup. 
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Constancy  of  energy  of  destruction  in  propagation  of  a  crack  most  graphically 
appeared  in  a  setup  using  breakaway  by  a  normal  concentrated  force  of  a  thin 
transparent  plate  glued  flatwise  to  a  hard  surface.  In  this  setup  due  to  axial 
symmetry  a  disk-like  crack  was  obtained  and  on  a  considerable  Intermediate  section 
spread  under  an  almost  constant  force  that,  as  analysis  showed,  verifies  constancy 
of  energy  of  destruction. 

The  revealed  behavior  of  energy  of  destruction  during  normal  breakaway  fully 
agrees  with  that  taken  in  the  theory  of  cracks  spreading  in  uniform  materials, 
assumption  on  autonomy,  i.e.,  independence  of  state  of  strain  near  the  end  of  a 
quasistatically  advancing  crack  from  applied  loads  and  geometry  of  system.  In 
general,  when  in  the  undestroyed  bonding  near  the  end  of  the  crack  act  both  normal 
and  also  tangential  stress,  it  is  possible  to  expect  dependence  of  energy  of 
destruction  on  ratio  of  these  stresses  autonomous  in  that  same  meaning.  One  of  the 
proposed  setups  permits  determining  such  a  dependence. 

This  dependence  universal  for  a  given  bonding  is  the  only  characteristic  of 
bonding  necessary  for  application  of  the  theory  of  cracks  to  calculation  of  strength 
of  fragile  and  quasifragile  glue  bondings. 

§  1 .  Results  of  theoretical  investigation  and  basic  assumptions. 

1°.  Preliminarily  we  will  give  basic  positions  of  the  theory  of  propagation 
of  cracks  in  uniform  material  [11]. 

In  a  uniform  material  (for  simplicity  we  consider  a  plate)  cracks  spread  so 
that  in  the  undestroyed  body  near  the  end  of  the  crack  on  a  place  located  along 
direction  of  propagation  of  crack,  there  act  only  tensile  stresses,  which  create 
a  normal  break. 

Experimentally  it  has  been  confirmed  that  development  of  cracks  in  uniform 
material  will  agree  with  basic  hypotheses  taken  in  the  theory  of  cracks. 

1.  Sections  of  crack  near  ends,  where  internal  bondings  are  still  not  finally 
destroyed  and  interaction  (cohesion)  of  its  opposite  edges  is  essential  (end 
regions),  are  small  compared  with  dimension  of  crack. 

2.  End  of  crack  starts  to  advance  deep  into  the  body  only  after  achievement 
by  cohesive  forces  of  certain  maximum  magnitude,  where  further  quasistatic  motion 
of  this  end  occurs  so  that  distribution  of  cohesive  forces,  and  together  with  it 
a  certain  integral  characteristic  of  their  intensity  —  modulus  of  cohesion,  and 
form  of  crack  in  end  region  are  autonomous,  i.e.,  are  not  changed  during  change  of 
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applied  loads  and  geometry. 

Work  expended  on  destruction,  proceeding  on  formation  of  a  new  surface  (energy 


of  destruction),  is  expressed  through  the  modulus  of  cohesion,  elastic  modulus, 
and  Poisson's  ratio  and  therefore,  according  to  the  second  hypothesis,  should 
remain  constant  during  propagation  of  crack. 

With  the  help  of  the  shown  hypotheses  determination  of  equilibrium  of  a  plate 
with  cracks  leads  to  the  mathematically  exact  problem  at  hand. 

It  is  essential  that  such  an  approach  will  apply  not  only  to  truly  fragile 
materials  (comparatively  not  numerous),  but  also  to  the  case  when  propagation  of 
crack  is  accompanied  by  plastic  deformations  in  the  narrow  zone  just  before  the 
surface  (quasibrittle  rupture).  This  case  is  realized  for  the  majority  of  structural 
materials . 

2°.  Let  us  consider  propagation  of  cracks  along  bonding,  using  certain  results 
of  [13].  A  distinction  of  propagation  of  a  crack  along  bonding  between  two 
sufficiently  durable  bodies  first  of  all  is  that  the  crack  is  restricted  in  selection 
of  direction  and  therefore  in  its  mobile  end,  in  general,  no  longer  will  be  a 
purely  normal  break. 

To  study  such  a  crack  by  suitable  mathematical  model  there  is  a  cut,  located 
along  the  boundary  of  bonding  of  two  elastic  bodies,  between  which  outside  the  cut 
there  is  full  cohesion.  In  the  considered  case,  as  also  for  a  crack  in  a  uniform 
material,  investigation  of  distribution  of  stresses  and  displacements  in  the  small 
neighborhood  of  the  end  of  the  cut  plays  a  basic  role.  Therefore,  without  loss  of 
generality,  it  is  possible  to  consider  cut  of  length  l ,  located  along  rectilinear 
boundary  of  bonding  (axis  x)  of  two  infinite  plates.  Analysis  of  solution  of 
corresponding  problem  of  theory  of  elasticity  [14]  shows  that  on  continuation  of  a 
cut  nearby  its  end  distribution  of  normal  oy  and  tangent  Txy  stresses,  caused  by 
applied  loads,  is  determined  by  the  expressions 


0,- 


(p,nrb)  +  °<1)] 
~ryr  ,n  tttH  B • C09  (p  ,n  tzi)  +°  wl 

*t.«  «  3  —  4v,(t 


2*  |M  +  |t|M|  ’ 


(1.1) 
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Here  u.  .  ,  p  —  shear  moduli,  v^,  v0  —  Poisson's  ratio  of  glued  materials, 
s  -  distance  from  considered  point  on  continuation  of  cut  to  end  of  cut,  A  , 

Dq  —  "coefficients  of  intensity  of  stresses,"  calculated  through  applied  loads; 

P  serves  as  an  index  of  distinction  of  properties  of  glued  materials;  it  turns  into 
zero  when  these  properties  coincide. 

When  materials  are  identical  (0  =  0),  stresses  near  end  of  cut  change 
monotonically,  infinitely  increasing  when  s  -*  0.  Normal  stresses  are  proportional 
to  coefficient  Aq,  tangent  stresses  —  to  Bq. 

When  materials  are  different  (P=*0),  character  of  dependence  qualitatively 
remains  as  before  at  distances  from  end  of  cut  exceeding  certain  x. 

*.  «  /exp  (— n/2p)  (1.2) 

At  closer  distances  (s  <  x#)  character  of  dependence  essentially  changes:  stress, 
infinitely  increasing  in  absolute  value,  will  with  infinitely  increased  frequency 
change  sign  according  to  approach  toward  end  of  cut,  and  normal  and  tangential  stress, 
as  one  may  see  from  formula  (1.1),  depend  on  both  coefficients  Aq,  Bq.  For  opposite 
edges  of  cut  is  obtained  a  physically  absurd  result  —  that  they  penetrate  each  other 
(this  occurs  with  a  frequency  increasing  with  approach  toward  end  of  cut).  This 
deficiency  of  the  mathematical  model  will  be  removed  if  one  assumes  that  opposite 
edges,  bulging,  press  one  another  and  form  a  contact  site.  Region  of  propagation  of 
these  sites  near  end  of  cut,  Just  as  region  of  f luctuations  of  stresses  on.  its  contin¬ 
uation,  has  an  extent  of  order  x#.  A  maximum  estimate  fcrx#  is  obtained  if  one 

assumes  the  least  of  Poisson's  ratio  of  glued  materials  equal  to  zero.  Then  p  <  0,17 

-4 

and  x,  <  10  l.  In  the  real  case  one  may  assume  that  this  coefficient  is  not  less  than 
0.2,  and  then  x.  <  10"^ 1 . 

On  contact  Rites  appear  forces  of  reaction,  which  for  determination  of  state 
of  strain  near  end  of  crack  have  to  be  considered  along  with  applied  forces. 
Furthermore,  in  a  real  crack  forces  of  interaction  of  opposite  edges  must  be 
considered,  effective  from  the  side  of  strongly  deformed  but  still  undeetroyed  glue. 

All  these  forces  give  on  continuation  of  the  crack  stresses  also  expressed  by  the 
formulas  (1.1),  but  with  their  own  values  of  coefficients  of  intensity  A  ,  B  . 

Under  equilibrium  the  action  of  these  forces  should  compensate  the  action  of  applied 
loads.  This  is  expressed  by  equalities 


A%  +  A'~  0,  Bt  +  B'ma  0 


(1.3) 


1 

1 


which,  as  one  may  see  from  expressions  (1.1),  ensure  on  a  certain  length  X 
compensation  of  stresses  appearing  from  applied  loads,  so  that  stressbs  on 
continuation  of  crack  are  finite,  and  there  occurs  a  smooth  closing  of  the  opposite 
edges  of  the  crack  on  the  ends. 

Length  X  in  a  real  crack  corresponds  to  section  of  transition  from  completely 

destroyed  bonding  to  undestroycd  bonding  and  for  sufficiently  fragile  bondings 

has  order  of  thickness  6  of  glue  layer.  If  X  <  x#,  then  fluctuation  of  stresses 

o  and  t  in  an  undestroyed  bonding  determined  by  formulas  (1.1)  will  take  place 
y  xy 

only  at  distances  from  end  of  crack  exceeding  X.  When  X  >  x#  these  fluctuations 
will  not  occur  at  all,  and  during  description  of  phenomena  in  end  region  the 
distinction  of  index  p  from  zero  can  be  disregarded.  As  can  be  seen  from  given 
estimates  for  x,,  this  case  occurs  in  real  bondings,  since  thickness  of  glue  layer 
does  not  occur  less  than  0.01  mm. 

The  two  hypotheses  used  for  cracks  in  a  homogeneous  body  can  be  extended  to 
the  considered  case  of  a  crack  in  a  bonding.  The  first  hypothesis  on  smallness  of 
end  region  is  transfered  without  change.  The  second  hypothesis  is  generalized 
and  is  that  a  quasistatic  advance  of  the  crack  starts  and  occurs  during  achievement 
of  a  certain  limiting  state  in  the  undestroyed  bonding  near  end  of  crack  at  which 
normal  and  tangential  stress  in  this  place  are  connected  by  a  functional  dependence, 
autonomous  in  former  meaning,  i.e.,  not  changing  form  during  change  of  applied 
loads  and  geometry  of  system.  In  virtue  of  equalities  (1.3)  and  the  fact  that  it 
is  possible  to  disregard  0  in  (1.1),  stresses  in  bonding  near  equilibrium  end  of 
crack  are  expressed  through  coefficients  of  intensity  Aq,  Bq,  so  that  mtre  is  an 
autonomous  dependence  among  these  coefficients. 

Propagation  of  crack  is  accompanied  by  irreversible  processes  of  destruction  of 
bonding.  Certain  work  is  expended  on  this.  This  work  of  adhesion  (cohesion), 
for  a  unit  area  of  new  surface,  described  by  contour  of  crack  during  its  displacement 
in  neighborhood  of  given  point  in  depth  of  bonding,  constitutes  the  specific 
surface  energy  of  destruction,  which  will  designate  by  T.  Energy  of  destruction 
T  is  simply  determined  by  forces  of  interaction  of  opposite  edges  of  crack  in  end 
region  and  in  the  case  of  quasistatic  propagation  of  crack  1b  expressed  through 


Aq,  B(  by  the  formula 


T 


*  <Ei  +  N*i)(lH  +  !>»«») 1 

T  MMim  <**+!)+  m(*i +*) 
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Therefore  the  shown  dependence  between  A  and  3q  can  be  recorded  as  the 
dependence  of  energy  of  destruction  T  on  any  combination  Aq  ana  Bq,  not  being  a 
function  of  A02  +  B  . 

Considering  that  in  examining  phenomena  near  end  of  cruel;  in  real  bonding 
the  distinction  of  index  3  from  zero  can  be  disregarded,  from  formulas  (1.1)  we 
obtain  proportionality  of  normal  stresses  in  bonding  to  coefficient  AQ,  and  tangent 
stresses  to  coefficient  Bq,  up  to  end  of  crack.  Therefore  it  is  convenient  to  select 
as  the  argument  on  which  depends  energy  of  destruction  T  in  state  of  mobile 
equilibrium,  \/Bc,  equal  to  the  ratio  of  normal  cy  and  tangent  txy  stresses  in 
bonding  near  end  of  crack.  Thus,  we  obtain  the  autonomous  dependence1 

r  =  T.HAo  /  Bt)  =  T.f(o,  I  t*d)  (1.5) 

where  T,  -  any  characteristic  value  cf  T,  for  instance,  corresponding  to  normal 
breakaway  ( Aol Bo  =  oo ). 

This  dependence  will  exist  also  for  space  cracks  under  the  condition  that 
stresses  of  shift  along  contour  are  absent.  Calculation  of  the  latter  does  not 
present  difficulties  and  leads  to  the  addition  of  one  more  coefficient  of  intensity 
CQ,  so  that  in  expression  (1.5)  there  will  be  two  arguments:  Aq/Bq  and  Aq/Cq, 
equal  to  ratio  of  normal  stresses  in  bonding  to  tangent  stresses,  directed 
correspondingly  perpendicular  to  contour  of  crack  and  along  it. 

§  2.  Formulation  of  problem  of  experimental  investigation.  For  an  experimental 
check  of  the  existence  of  dependence  (1.5)  a  setup  is  needed  which  allows  simple 
determination  of  coefficients  of  intensity  AQ  and  BQ  through  measured  magnitudes. 

1°.  As  such  a  setup  it  is  possible  to  propose  the  breakaway  of  two  thin 
end-to-end  plates  by  concentrated  forces  applied  to  opposite  edges  of  crack  (Fig.  3). 
For  not  very  small  angles  a  between  dirr  :tions  of  force  and  crack  this  setup  is 
easily  realizable,  and  in  the  case  of  lengths  of  cracks  which  are  small  as  compared 


lIf  during  description  of  phenomena  in  end  region  it  was  impossible  to  consider 
3-0,  then  in  expressions  (1.1)  the  dimension  of  crack  l  essentially  would  enter  and 
then  the  autonomous  dependence  between  coefficients  Aq,  Bq  either  would  not  exist  at 

all  or  would  have  to  be  brought  to  constancy  of  energy  of  destruction  T  for  any 
values  of  ratio  Aq/Bq. 


with  dimensions  of  plates,  very  simple  analytic  dependencies  can  be  obtained, 
For  left  end  we  obtain 

y  _  *  ±  hi*i)  (t*»  4-  mm) _ A*  , 

T  IMxi  +  l)+|ii  («•  +  1)J  (/»  +  h)  hb*  •  B,  m  ® 


(2.1) 


where  b  —  thickness  of  plates;  remaining  designations  are  shown  on  Fig.  3.  In  order 
to  obtain  hence  the  formula  for  the  right  end,  it  is  necessary  for  indices  1,  2 
to  change  places  and  to  replace  a  by  tt  -  a. 

Thus,  in  the  considered  setup  normal  and  tangential  stress  in  bonding  near  end 
of  crack  are  related  to  one  another  Just  as  normal  and  tangent  components  of  the 

applied  concentrated  force. 

From  resulting  expressions  it  is  clear  that 
in  this  setup  check  of  existence  of  dependence 

(1.5)  leads  to  check  of  constancy  of  energy  of 
destruction  T  as  each  end  of  crack  advances  under 
a  given  value  of  angle  a. 

If  this  constancy  is  established  with 
different  a,  the  actual  dependence  (1.5)  can  be 
found  by  constructing  the  graph  of 
a)  =  T(A9/B,). 

2°.  If  one  were  to  be  limited  to  only 
finding  the  characteristic  points  of  dependence 

(1.5) ,  In  particular,  energy  of  destruction, 
corresponding  to  normal  breakaway,  then  a  simpler 
setup  can  be  proposed  involving  the  breakaway  of 
a  thin  beam  glued  to  an  undeformed  surface  by  a 
normal  concentrated  force  (Fig.  4).  This  setup 


Fig.  3. 


Fig.  4. 


Is  analogous  to  setups  applied  for  determination  of  energy  of  destruction  of 
homogeneous  bodies.  For  the  first  time1  such  a  setup  was  used  for  determination  of 
surface  tension  of  mica  [15].  The  expression  for  T  is  obtained  from  the  equation 


xFor  other  purposes  similar  setups  were  considered  in  connection  with 
questions  of  adneslon  in  articles  of  collection  [16],  pp.  101-145.  (Remark  during 
proofreading. ) 
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IT* 


h  -  height  of  beam.  From  relationship 


where  E  —  elastic  modulus 


3  P»  PH*  9Elu>* 
1 bf  2bEl  “  2bl* 


Another  setup  is  much  more  convenient  than  determination  of  energy  of 

m  during  normal  breakaway.  This  setup  consists  in  the  breakaway  of  a 

i  glued  flatwise  to  a  hard  surface  by  a  concentrated  force  (Fig.  f>). 

Due  to  axial  symmetry  the  crack  will  be 

IP  disk-like.  Taking,  as  in  the  preceding 

1  f  4  setup,  rigid  fixing  of  plate  along  contour 

of  crack,  we  will  obtain  for  bend  w  and 

i  V  potential  energy  n  the  expressions. 

I  9*0+  ^2‘ 

&  =*  icn  *  “  ~  .t 


where  h  -  thickness  of  plate,  a  -  radius  of  crack.  Hence  from  equation  of 
conservation  of  energy  (2.2),  in  which  it  is  necessary  to  replace  bBl  by  2ira5a, 


we  will  obtain 


§  3.  Setting,  up  experiments  and  results  of  tests.1  For  possibly  sharper 
development  of  distinction  of  elastic  properties  of  glued  materials  tests  were 
conducted  with  bondings  of  plastic  with  plastic  and  plastic  with  steel,  elastic 
modulus  of  which  is  approximately  70  times  more  than  the  elastic  modulus  of  plastic 

Jr  ,  “  ' 

Selection  of  plastic  as  one  of  the  glued  materials  was  so  that  it  was  possible  to 
observe  and  to  measure  crack  easily. 

1°.  Gluing.  Since  samples  were  glued  from  nonporous  materials  and  were 
tested  at  room  temperature,  for  equal  distribution  of  glue  layer  and  to  prevent 
appearance  in  it  of  temperature  stresses  a  low-viscosity  glue  was  necessary  with 
small  contents  of  volatile  substances,  hardening  at  room  temperature.  Such  a  glue 
was  made  on  the  basis  of  epoxy  resin  [ED-6]  (3fl-6)  (10  g)  with  the  additive 
polyethylene  polyamine  (0.8  or  1  g)  as  solidifler.  In  certain  cases  acetone  was 
applied  as  diluent  of  resin  (0.5  or  1  g)  or  plasticizer  -  dibutylphthalate  (5,  10%) 
Surfaces  of  samples  subjected  to  gluing  were  thoroughly  mechanically  processed, 
including  rubbing  the  plate  with  fine  emery  powder.  Then  these  surfaces  were 
defatted  by  carbon  tetrachloride  and  acetone.  Epoxy  resin  before  gluing  was  heated 
to  50-60°C.  The  samples  were  also  heated  to  this  temperature.  After  pouring  in 
resin  of  solidifler  the  composition  was  thoroughly  mixed  and  the  mixture  placed 
on  the  glued  surfaces  in  as  even  a  layer  as  possible  after  which  parts  of  sample 
were  connected,  placed  on  an  even  horizontal  surface,  and  a  load  placed  on  them, 
so  that  hardening  occurred  at  room  temperature  under  a  pressure  of  0.5-1  kg/cm^. 
After  hardening,  continuing  in  various  cases  from  a  few  to  ten  twenty-four-hour 
periods,  the  pressed  glue  was  cleaned,  and  the  samples  tested.  Thickness  of  glue 
layer  was  tenths  of  a  millimeter. 

2°.  Tests  of  plates  glued  end  to  end.  Plates  0.5,  0.6,  0.8  cm  thick  were 
used  having  a  length  of  30  cm  and  width  of  6  and  12  cm  for  steel  and  plastic 
correspondingly.  Plates  of  identical  thickness  were  glued  together  in  pairs 
(along  the  long  side).  Tests  were  conducted  on  standard  rupture-test  machine  of 
kinematic  type  with  lever  dynamometer .  Concentrated  forces  were  applied  to  edges 
of  crack  with  the  help  of  steel  wires.  Wires  were  passed  through  holes  specially 
drilled  near  boundary  of  bonding  and  were  unbent  along  plate,  forming  Jl-shaped 
loops ,  Ends  of  wires  were  secured  in  clamps  of  machine.  At  a  certain  tension, 

lIn  carrying  out  of  experiments  much  help  was  given  by  G.V.  Bychkov,  N.  S. 
Turbanova,  D.  I.  Generalov  and  S.  G.  Kartashev. 


usually  exceeding  JO  kg,  a  crack  started  to  form.  Propagation  of  this  crack  was 
caused  by  further  increase  of  force.  Force  was  measured  by  scale  cf  dynamometer, 
distance  from  ends  of  crack  to  place  of  application  of  force  —  by  a  ruler.  The 
majority  of  experiments  was  conducted  for  the  case  of  a  normal  break,  when  direction 
of  crack  and  force  composed  a  right  angle.  A  series  of  experiments  was  conducted 
for  angles  which  were  not  right  angles  (oblique  breakaway).  The  latter  was  achieved 
by  turning  the  plate,  which  during  propagation  of  crack  formed  an  angle  with  the 
vertical. 

Energy  of  destruction  was  determined  by  the  formula  (2.1).  For  plastic 

h  p 

E  =*  J-10  kg/cm  ,  v  -  0.4  was  taken.  Steel,  since  it  was  glued  to  plastic,  could 
be  considered  absolutely  hard. 

On  Fig.  6  are  given  typical  results  for  change  of  distances  and  l ^  (cm) 
from  ends  of  crack  to  place  of  application  of  force  and  corresponding  values  of 

energies  of  destruction  T^,  T?  (kg/cm) 

jg — -j - , - — - - - ^  depending  upon  magnitude  of  force  P  (kg) 

l _ _ j___  jL _ |  _ _ ^ nm  (sample  -  "plastic  steel,"  glue  —  10  g 

*  * 

^ _ _ ,  *  y ED-6,  0.8  g  polyethylene  polyamine,  1  g 

*  ,  acetone;  time  of  hardening  ~5  twenty-four- 

i  - - - - - ®W 

— i  1  —  hour  periods).  From  these  results  it  is 

#  — i  f  -  —*t  1*  Eft 

I  clear  that  there  exists  a  certain  intermediate 


Fig.  6. 


section  of  constancy  of  breaking  energy  in 
interval  of  values  of  tensile  stress  P  from 
45  to  85  kg.  Energy  of  destruction  on  this 


section  is  close  to  0,06  kg/cm.  For  this  value  of  energy  of  destruction  on  Fig.  6 
is  given  a  graph  of  change  of  length  l ^  »  l ^  defending  upon  force  P,  calculated  by 
the  formula  (2.1).  Scattering  when  loads  are  small  is  connected  with  random 
character  of  beginning  of  process  and  nonelastic  behavior  of  material  near  points 
of  application  of  force.  For  large  loads  there  occurs  an  apparent  fall  of  energy 
of  destruction.  This  is  explained  by  disregarding  influence  of  boundaries  when 
calculating  energy  of  destruction.  As  can  be  seen  from  the  given  example,  for  the 
used  plates  it  is  necessary  to  consider  influence  of  boundaries  when  lengths  of 
cracks  are  of  order  (l.  +  l^)  ~  4-6  cm. 

Several  tests,  conducted  for  a  slanting  break,  showed  that  when  angle  between 


force  and  crack  is  fixed  energy  of  destruction  remains  approximately  constant,  but 
unequal  for  both  ends.  Energy  of  destruction  is  less,  and  crack  correspondingly 
longer  than  the  side  where  the  angle  between  force  applied  to  plastic  and  crack  is 
sharp.  From  this  side  tangential  stresses  promote  breakaway  more  than  from  the 
opposite.  When  the  angle  is  60°  ratio  of  energies  of  destruction  was  one  and  a 
half,  and  for  an  angle  of  30°  it  composed  7-8. 

3°,  Tests  of  beams.  Beamo  were  prepared  of  steel  and  plastic  and  had  the 
following  dimensions  of  cross  section:  width  b  -  0.5,  0.6,  0.8  cm,  height  h  «  1.0, 
1.2,  1.5  cm.  Beams  with  identical  width  were  glued  in  pairs.  During  tests  a 
breakaway  of  beams  from  plastic  was  always  carried  out.  For  determination  of  energy 
of  destruction  the  unbending  force,  displacement  of  end  of  beam,  and  length  of 
crack  were  measured. 

Measurement  of  unbending  force  requires  application  of  a  sufficiently  rigid 
(little  yielding),  but  very  sensitive  dynamometer,  able  without  noticeable 
displacement  to  react  to  small  changes  of  forces.  Otherwise  process  of  test  is 

complicated,  since  crack  can  become  unstable 

■  - - - -  Thus,  for  instance,  during  test  by  means  of 

«  \  * 

|  suspension  of  load  starting  process  of 

j ^  - - O0t  propagation  of  crack  will  go  to  full 

T#L  destruction,  inasmuch  as  force,  as  can  be 

I  ^ fc  *  -  seen  from  formulas  (2.4),  necessary  for 

jT  ~ ‘'VS  stable  propagation  of  crack,  should  drop 

^  _  ^  flT1j  with  increase  of  its  length,  and  force 

\f  created  by  the  suspended  load  remains 


constant 


As  dynamometer  was  used  a  thin  steel 

Fig*  plate  with  a  strain  gauge  glued  to  it. 

This  plate  was  fastened  toward  the  end  of  the  beam  of  plastic,  whereas  the  other 
beam  (from  plastic  or  steel)  was  rigidly  clamped  all  along  its  length.  Force  was 
created  by  means  of  gradual  displacement  of  plate  in  a  direction  perpendicular  to 
line  of  bonding. 

On  Fig.  7  are  given  typical  results  for  change  of  force  P  (kg),  length  of 
crack  l  (cm)  end  energy  of  destruction  T  (kg/cm)  depending  upon  bend  w  (b  -  6  mm. 


h  ■  10  mm,  glue  -  10  g  ED-6,  Ig  polyethylene  polyamine,  lg  dibutylphthalate, 
breakaway  from  plastic,  time  of  hardening  ~5  twenty-four-hour  periods).  Energy 
of  destruction,  as  can  be  seen  from  graphs,  fluctuates  in  very  narrow  limits  near 
0.04  kg/cm.  For  thi3  value  of  energy  are  given  graphs  of  the  dependencies  of  P 
and  l  on  w,  calculated  from  relationships  (2.4).  Considerable  deviations  of 
experimental  points  from  these  curves  are  on  the  initial  section,  where  there 
occurred  a  linear  growth  of  force  while  crack  stopped,  and  near  w  ■  1  mm,  w  -  2.75  nun, 
where  stopping  and  delay  of  development  of  crack  were  observed,  connected  apparently 
with  heterogeneity  of  bonding. 

4°.  Tests  of  plates  glued  flatwise.  Plates  of  circular  form  110  mm  in 
diameter  were  cut  from  sheets  of  plastic  5  and  5  mm  thick  and  were  glued  to  a 


steel  plate,  in  which  a  hole  was  drilled.  Force  causing  breakaway  of  plate  was 
transmitted  through  a  steel  rod  inserted  in  this  hole.  Tests  were  conducted  on 


5-ton  Shopper  machine.  Feed  was  manual.  Force  wa3  measured  by  dynamometer,  bend 
—  by  indicator,  diameter  of  crack  —  by  ruler.  With  a  good  uniform  bonding  a 
sufficiently  round  crack  was  obtained.  This  can  be  seen  from  photograph  shown  in 
Fig.  2c  of  traces  in  the  form  of  concentric  circumferences  left  by  the  crack  on 
the  surface  of  the  separated  plate.  Observing  the  crack,  it  was  possible  to  reject 
samples  with  nonuniform  bonding  by  deviations  of  its  form  from  circular. 

On  Fig.  8  are  given  typical  graphs  of  change  of  detaching  force  P  and  radius 
a  of  crack  depending  upon  bend  w  for  two  plates  5  and  5  nun  thick,  glued  and  hardened 

in  identical  conditions  (glue  -  10  g  ED-6, 

0.8  g  polyethylene  polyamine;  time  of  hardening 
~5  twenty-four-hour  periods).  From  these 
graphs  it  is  clear  that  on  a  certain 
intermediate  section  development  of  crack 
occurred  when  detaching  force  was  almost 
constant  (smaller  force  corresponds  to  thinner 
plate).  From  the  first  formula  of  (2.6)  it 
is  clear  that  energy  of  destruction  remained 
constant.  For  both  plates  approximately 


identical  values  of  energy  of  destruction, 
~0.017  kg/cm,  are  obtained. 
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Deviations  of  force  P  from  constancy  In  the  beginning,  and  also  sometimes  for 
relatively  large  bends,  at  the  end  of  process,  are  connected  with  inapplicability 
on  these  stages  of  the  approximate  theory  of  thin  plates,  used  to  derive  formulas 
(2.6).  This  theory  is  applicable  under  the  conditions  that  of  which 

the  first  is  not  executed  on  the  initial,  and  the  second  -  on  the  final  stages  of 
the  load  process.  With  an  unsuccessful  selection  of  parameters  there  can  not  be 
a  region  where  both  inequalities  simultaneously  are  executed,  and  then  an 
intermediate  section  of  constancy  of  force  will  not  be  obtained. 

Comparison  with  more  exact  theories  [17]  shows  that  deviations  of  force  P 
from  constancy  on  initial  and  final  sections  of  load  process  have  to  be  in  a 
direction  observable  by  experiment. 

The  given  typical  examples  characterize  movement  of  cu  '■s  obtained  in  many 
tests.  These  tests  showed  that  on  corresponding  intermediate  sections  of  load 
process  where  formulas  used  for  calculation  of  energy  of  destruction  are  accurate 
the  last  one  remained  approximately  constant,  and  this  constancy  was  observed  also 
in  tests  of  plates  glued  end  to  end  in  the  case  of  slanting  breakaway. 

It  is  necessary  to  note  that  for  energy  of  destruction  calculated  by  various 
formulas  both  in  the  case  of  a  beam  setup  and  also  a  setup  with  disk-like  crack, 
somewhat  differing  values  were  obtained,  which  is  connected  with  the  not  fully 
elastic  behavior  of  plastic. 

Let  U3  note  also  that  all  considered  experimental  setups  are  based  on  use  of 
stably  developed  cracks.  To  guarantee  stability  of  development  of  cracks  in  all 
three  setups  it  is  necessary  that  the  dynamometer  and  other  elements  of  the  system 
of  load  be  rigid,  i.e.,  store  negligible  potential  energy.  This  is  especially 
necessary  in  a  beam  setup,  where  to  the  great  length  of  a  stable  crack  corresponds 

a  smaller  unbending  force,  delay  in  change  of  which  con  lead  to  rapid  dynamic 

development  of  crack.  Fewer  precautions  in  this  relationship  are  required  by  a 
setup  with  disk-liae  crack  propagating  basically  under  an  almost  constant  force, 
and  even  fewer  in  a  setup  of  breakaway  of  plates  glued  end  to  end,  characterized 
by  growth  of  force  necessary  for  advance  of  crack.  But  even  in  this  last  setup, 

experiments  showed,  there  can  be  instability,  if  system  of  load  is  too  yielding. 

For  determination  of  energy  of  destruction  during  normal  breakaway  the  most 
convenient  is  a  setup  with  disk-like  crack.  In  this  setup  for  determination  of 


energy  of  destruction  it  is  sufficient  to  advance  crack  until  force  ceases  to 
change,  and  to  measure  this  value  of  force.  Such  method  of  measurement  of  energy 
of  destruction  is  suitable  both  for  the  case  when  at  least  one  of  the  glued 
materials  is  transparent,  and  also  for  the  case  of  opaque  materials  where  if  the 
crack  leaves  traces  similar  to  those  depicted  on  Fig.  8,  then  by  these  traces  it 
is  possible  to  check  disk-likeness  and  by  deviations  from  it  to  judge  degree  of 
homogeneity  of  bonding.  In  general,  one  should  note  that  for  determination  of 
energy  of  destruction  without  measurement  of  length  of  crack  in  the  case  of  opaque 
materials  a  beam  setup  is  useful  in  which  it  is  sufficient  to  determine  P  and  w 
(see  last  formula  (2.4)),  and  also  the  setup  of  breakaway  of  plates  glued  end  to 
end  under  the  condition  that  besides  force  P,  relative  displacement  of  any  two 
points  of  surface  of  plates  will  be  measured. 

Measurements  showed  that  in  the  case  of  normal  breakaway  in  all  three  setups 
for  many  samples,  glued  and  hardened  in  approximately  the  some  conditions,  like 
values  of  energy  of  destruction  were  obtained.  However  the  percent  of  cases  when 
this  was  not  observed  was  even  greater.  This  is  connected  with  the  fact  that  small 
changes  of  such  technological  conditions  as  dosage,  method  of  application  of  glue 
and  state  of  surfaces,  temperature  during  gluing  and  hardening,  pressure,  etc., 
strongly  affected  energy  of  destruction  and  could  not  be  removed  by  the  usual 
rather  rough  methods  of  control  applied  in  the  considered  experiments.  High 
sensitivity  of  energy  of  destruction  to  changes  of  parameters  of  process  of  gluing 
can  be  used  for  strict  control  of  quality  of  bonding. 

Influence  of  different  factors  determining  behavior  of  glue  and  its  interaction 
witn  glued  surfaces  can  be  investigated  theoretically  on  the  basis  of  acceptance 
of  those  or  other  specific  models.  However  for  application  of  the  theory  of  cracks 
to  appraisal  of  strength  of  fragile  and  quasifragile  glue  bondings  this  is  not  of 
ligatory.  Considered  methods  of  experimental  determination  of  energy  of  destruction 
and  its  dependence  on  ratio  of  normal  stresses  to  tangent  stresses  in  an  undestroyed 
bonding  near  the  end  of  a  crack  permit  finding  the  unique  characteristic  of  strength 
of  fragile  and  quasifragile  glue  bondings  necessary  for  application  of  theory  of 
cracks . 

The  authors  are  thankful  G.  I.  Barenblatt  for  constant  attention  to  the  work 
and  discussions  significantly  influencing  its  content. 
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THE  THEORY  OF  THE  AXIALLY  SYMMETRIC  STATE 
OF  AN  IDEAL  PLASTIC  MATERIAL 


G.  I.  Bykovtsev,  D.  D.  Ivlev 
and  T.  N.  Martynova 

(Voronezh) 


Properties  of  equations  of  the  axially  symmetric  state  under  the  condition 
of  plasticity  of  Tresca  were  considered  in  [1-3]. 

In  [ 4 ]  are  considered  equations  of  the  axially  symmetric  problem  of  an 
ideal  plastic  material  when  the  stressed  and  deformed  state  corresponds 
to  the  edge  of  an  arbitrary  piecewise-linear  surface  of  fluidity, 
interpreting  the  condition  of  plasticity  in  the  space  of  main  stresses. 


I>1 


In  this  work  are  considered  equations  of  the  axially  symmetric  problem 
of  an  isotropic  ideal  plastic  material  when  the  stressed  and  deformed 
state  corresponds  to  the  edge  of  an  arbitrary  piecewise-linear  surface 
of  fluidity.  It  is  shown  that  in  this  case  the  initial  system  of  equations 
always  has  real  characteristics,  coinciding  with  trajectories  of  main 
stresses  (isostatic  curves).  It  is  shown  that  there  cannot  exist  a  line 
of  discontinuity  of  rates  of  displacements. 

Let  us  note  that  if  in  the  case  of  conformity  of  the  stressed  and 
deformed  state  to  edge  of  surface  of  fluidity  the  problem  is  statically 
definable  [4],  then  for  the  edge  of  the  surface  of  fluidity  there  is 
always  kinematic,  definability.  The  last  for  the  condition  of  plas  c  y 
of  Tresca  was  noted  in  [1,  3].  The  work  considers  also  self-simulating 
solutions,  corresponding  to  conical  and  spherical  flows  of  ideal  plastic 
material. 

Considerations  are  made  that  the  stressed  and  deformed  state, 
corresponding  to  an  edge  of  a  prism  of  fluidity,  cannot  correspond 
to  basic  types  of  axially  symmetric  flows  of  ideal  plastic  material. 

1.  Let  us  consider  the  space  of  main  stresses  o^,  Og#  Equation  of  edge 

of  surface  of  fluidity  in  this  space  has  the  form 

.  .  f1-1) 

«0i  +  hi h  +  f®»*  » 


f 


Let  us  assume  that  the  condition  of  plasticity  (1,1)  does  not  depend  on  first 
invariant  of  tensor  of  stresses,  then 


A  +  b  +  C  *=  0 


(1.2 


Let  us  consider  the  axially  symmetric  state  of  a  body  under  the  condition  of 
plasticity  (1.1)  in  cylindrical  coordinates  p,  z,  0.  Direction  of  0  by  condition 
is  principal;  subsequently  we  will  take  o«  *  Oj,  Oi  ^  Oj,  U  *■  «j. 

Considering  the  condition  of  plasticity  (1.1)  as  plastic  potential,  we  write 
the  associated  law  of  plastic  flow 


•i  —  *a,  Sf  —  Xfc,  «J  «=  Xc,  X  >  0 


(1.3 


Whence 


«i  +  si  +  *  0,  fret  —  aej  =  0 


There  occur  the  relationships 


tp  cos1  f  +  e,  sin*  $  +  2e„  sin  $  cos  $ 
sin*  f  +  «s  cos*  $  —  2e#f  sin  $  cos  $ 

M,  («#  —  s»)  sin  2$  —  2e„  cos  2f  =*  0 


zr  • 


_  -  _  *  1 9u  **  ^ 


(1.5 


Here  u,  w  —  components  of  speed  of  displacement  along  axes  p,  z;  ^  —  angle 
between  first  principal  direction  and  axis  p. 

Prom  (1.4)  and  (1.5)  we  will  obtain 


•,  +  *,  +  *-0,  («,-.,)■ + 


(i.e; 


Equations  (1.6)  we  rewrite  in  components  of  speed  of  displacement 


E-+5?+:-"'  (s-ar+is+sM^r? 


(1.7) 


Tiie  system  of  two  equations  (1.7)  relative  two  unknowns  u,  w  is  closed,  and, 
consequently,  the  considered  axially  symmetric  state  always  is  "kinematically 
definable"  (strictly  speaking,  a  "kinematically  definable"  problem  will  exist  only 
with  corresponding  assignment  of  boundary  conditions). 


The  first  of  equati  ms  (1.7)  will  be  satisfied,  considering 


1  94) 
p  it  ' 


W  tm - 


i 

p  dp 


the  second  equation  (1.7)  will  take  the  form 

/  2  d*<D  1  d#  \«  ,  /  1  d*0>  1  d*<D  ,  1  d<I>\*  _  ( • —h  \*  ( 9<t>  \*  M 

17-3^ - -  I—;  id*; 

The  type  of  nonlinear  equation  (1.8)  can  be  Investigated,  following  [5#  6], 

It  is  easy  to  show  that  equation  (1.8)  belongs  to  the  hyperbolic  type,  but  its 
characteristics  have  the  form 

(1.9) 


4~  =  tgt  (o-lines)  —  ctg$  O-iines) 


From  (1.9)  it  follows  that  characteristics  coincide  with  trajectories  of  main 
stresses  (isostatic  curves). 

Let  us  write  relationships  along  characteristics.  Passing  in  relationships 
(1.5)  to  differentiation  along  characteristics  (1.9),  from  (1.4)  we  will  obtain 
after  certain  transformations 


n 


7  cos  $  +  sin  t  —  7  y  =  0,  E^eoa*  +  7  ”p  "° 


b  u 


(1.10) 


where  dsa,  ds^  —  correspondingly  length  of  arcs  of  characteristics  a,  3. 

In  the  case  of  condition  of  plasticity  of  Tresca(a  =  0  or  b  **  0)  relationships 
(1.10)  signify,  as  follows  from  (1.4),  that  the  corresponding  element  of 
characteristics  a  or  3  is  not  extende. 

The  condition  of  absence  of  shift  along  characteristics  has  the  form 


(^r + £) eo*' *  -  (■£■  -  £%) ,in  *  ~ 0 


(1.11) 


Let  us  consider  the  Cauchy  problem  for  determination  of  components  of  speeds 
of  displacements.  Let  us  assume  that  on  arc  AB  of  curve  L  in  plane  pz,  shown  on 
Fig.  1,  are  given  the  values  u,  w.  First  of  all  we  show  that  the  given  values  u, 
w  determine  on  L  the  angle  i>. 

Let  us  assume  that  normal  n  to  contour  L  will  form  with  axis  p  angle  x*  From 
relationships  (1.5)  and  (1.4),  passing  to  differentiation  along  contour  L,  we  will 
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obtain 


where  ds  —  element  of  arc  of  contour  L 


|L— .  —  Relationship  (1.12)  determines  angle  V-  along  L. 

Flgt  The  Cauchy  problem  is  set  up  for  relationships  (1.9)-(1.11) 

The  initial  system  of  relationships  (1 .9)- (1.11)  can  be  solved 
by  the  method  of  finite  differences.  It  is  essentially  that  the  Cauchy  problem 
cannot  be  posed  for  arbitrary  values  of  u,  w  on  L.  Really,  from  (1.12)  it  follows 
that  there  should  occur  the  inequality 


When  the  left  part  of  expression  (1.13)  is  equal  to  one,  and  contour 

L  coincides  with  characteristic. 

Let  us  note  that  Cauchy  problem  for  corresponding  equations  under  the  condition 
of  Tresca,  was  investigated  in  [8],  in  which  the  Cauchy  problem  is  posed  for  variables 
u,  <■>  *=  xh(dw  /  dp  —  du  /  di)\  the  author  did  not  derive  a  limitation  of  type  (1.13). 

Degenerated  cases  take  place  when  a  -  b  and  when  c  -  0  (.  =  -b)  .  The  case  of 
a  ■  b  corresponds  to  edges  A^F^,  C^D^  of  the  condition  of  maximum  given  stress  [7] 

(Fig.  2).  System  (1.7)  will  take  the  form 


It  is  easy  to  verify  that  the  solution  of  system  of 
equations  (1.14)  corresponds  to  displacement  of  material  as 
^  a  rigid  whole. 

The  case  a  -  -b  corresponds  to  edges  AB,  DE  of  the  condition 

2 . 

of  plasticity  of  Tresca(Fig.  2).  This  case,  investigated  in 
leads  to  a  trivial  field  of  speeds  of  displacements 


2.  Let  us  consider  the  field  of  stresses.  Using  formulas 


*=  ‘/l(0p  +  C7|)  +  ill[(op  —  C,)*  +  4t,M'A 
O*  *=  */i(0p  +  0»)  —  Vl[(op  —  o,)*  +  4V,]'/' 

Oj  “=  0| 


we  rewrite  the  condition  of  plasticity  (1.1)  in  the  form 


(2c«,  +  (a  +  t)  (o.  +  0.)  -  2J*  -  (o  -  6)*[  (o.  -»,)>  +  4t.',J  =  0 


(2.2) 


Considering  condition  (2.2)  as  plastic  potential,  we  rewrite  the  relationship 
of  the  associated  law  of  plastic  flow 


—  (e#  +  tt)  (a  —  6)* 


______  _ _ _  e>i  j 

0#  —  o,  =  («  +  *)  |2co*  +  («  +  *)  (3,  +  0,)  -  "  %,  “ 


For  components  of  stresses  there  exist  the  relationships 


(2.3) 


o*  =  P  +  qco s  2tf>,  o,  *  p  _  9  cos  2$,  tp,  =  9  sin  2* 
P  =  '/i(Oi  +  Oi),  q  =  ‘/2(Oi  —  o2) 


(2.4) 


Putting  relationship  (2.^4 )  in  equations  of  equilibrium 


5*  +  fl"  + 

4T  ^  p 


0. 


<>T 


cr 

(fo 


-  0 


(2.5) 


we  will  obtain  a  system  of  two  equations  relative  to  two  unknowns  p  and  q 

J?  +  £ «.2t  +  £  sin  2*  -  +  298m 2*  £ -2,  co. 2*£  (g.6 ) 

£  +  £  .in  2t  -  |i  cos  2*  =  -  If.  —  29  cos  2*  -  2?  sin  2*  A 

Function  ip  in  equations  (2.6)  is  considered  known  from  solution  of  the  problem 
for  components  of  speed  of  displacement.  System  (2,6)  belongs  to  the  hyperbolic 
type,  equations  of  characteristic  are  determined  from  (1.9). 

Thus,  equations  for  determination  of  components  of  speed  of  displacements  and 
stresses  have  coinciding  characteristics . 

3.  Let  us  show  that  under  the  condition  of  conformity  of  the  stressed  and 
deformed  state  of  the  edge  of  a  prism  of  fluidity  in  a  plastic  field  lines  of 
discontinuity  of  speeds  of  displacements  cannot  appear.  From  the  associated  law 
(2.3)  it  follows  that  in  orthogonal  system  of  coordinates  xy 

-<«, +«,)(•-»)»  .  (3.1) 

•«-«»  "  («  +  *)!*<»• +  («+*)  («.+«,) -2)  “  T„  "  «+**<> 
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Let  us  assume  that  line  x  coincides  with  line  of  discontinuity  of  tangent 
speeds  of  displacements  (discontinuities  of  normal  speeds  lead  to  disturbance  of 
continuity  of  medium  and  are  not  considered  here).  Then  e«y-*-oo,  and  from  (3.1)  it 
follows  that  on  the  line  of  discontinuity 


Os  ■»  0*  2co$  +  («  +  6)  (oi  +  <h)  *=*  2 


(5.2) 


Considering  condition  (i.l)  we  rewrite  the  second  relationship  in  the  form 


C0I  +  bOi  +  «0|  «=  1 


From  conditions  (3.3)  and  (1.1)  it  follows  that 


0|  —  <Jj  mm  0  vh*n  *  — ^  ^rO 


(3.4) 


The  state  determined  by  (1.1),  (3.4)  corresponds  to  edges  F,  C  of  the  prism 
on  Fig.  2.  Condition  °i  "  °2  m  0  corresponds  to  the  particular  case  at  which 
tangential  stress  in  plane  pz  is  identically  equal  to  zero.  Degenerated  case  a  »  b 
is  considered  above. 

Thus,  if  tangential  stress  in  plane  pz  is  identically  not  equal  to  zero,  then 
field  of  speeds  of  displacements,  corresponding  to  edge  of  prism  of  fluidity, 
cannot  have  lines  of  discontinuity. 

In  the  case  of  conformity  of  stressed  and  deformed  state  to  edge  of  prism  of 
fluidity  from  the  associated  law  of  flow  it  follows  [4]  that 


(3.5) 


•«* 


Hence  when  e«v-»-oo  there  exists  aM  —  o9-+0,.  From  condition  of  plasticity 
(o*  —  or)*  +  —  4^  it  follows  that  t »*-►*.  Lines  of  discontinuity  of  speeds 

of  displacements  always  coincide  with  slip  lines,  where  slip  line  are  characteristics, 
4.  Equations  (1.8)  allow  a  class  of  self-simulating  solutions  of  form  [2] 


(**.l) 


In  this  case  equations  (1.7)  take  the  form 

lot'  —  (*  +  l)ui  — 


(l«/  —  *«i  +  *»')*  +  («■*»'  +  "*»  — 1*0*  - 
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'* 


where  the  prime  signifies  derivative  with  respect  to  £. 

Let  us  turn  to  components  of  speeds  in  spherical  system  of  coordinates  r<p&. 

On  Fig.  ~l>  vector  oa  has  component  ob  -  u,  oc  =  w  in  cylindrical  system  of  coordinates 

and  oe  =  U,  of  *  W  in  spherical  system  of  coordinates. 


Obviously 


Considering  U  =  p"£Mfc).  W  *=  p"H'i(fc)  and  considering 


that 


O 

it  is  easy  to  convert  system  of  equations  (4.2)  to  components  £/|(£),  W'i(fc). 

Solution  of  system  of  equations  will  be  condidered  for  two  cases:  U1  “ 
W1  ■  0  (conical  flows),  fJt  =  0,  W'i  ffc  0  (spherical  flows).  For  conical  flows 
equations  will  take  the  form 


System  of  equations  (4.4)  has  a  solution  at 
equation  of  (4.4)  will  te&fe  the  form 


Here  the  second 


From  solution  of  equation  (4.5)  we  will  obtain 


Constant  C  characterizes  quantity  of  material  flowing  through  fixed  section 
r  «  const.  In  the  considered  case  of  quasistatic  flow  constant  C  does  not  affect 
values  of  components  of  stresses,  since  radial  speed  U  is  directed  to  center 
(U  <  0);  we  will  put  C  -  -1.  Components  of  speed  of  deformation  in  spherical  system 
of  coordinates,  corresponding  to  (4.6),  have  the  form 

•p  -  -  2 r***'*,  «=>  -T *r-9e±-  (4.7) 


Every  value  of  x  corresponds  to  a  fully  defined  edge 
of  prism  of  plasticity.  From  (4.6),  (4.7)  it  follows  that 
to  every  defined  edge  of  a  prism  of  plasticity  corresponds 
a  conical  flow  with  its  own  value  of  speed  of  deformation 
of  shift  e  .  According  to  the  associated  law  of  flow  (2.5) 


If  on  conical  matrix  (Fig.  4)  is  assigned  defined 
tangential  stress  tr*  #  0,  then  0  and  a  solution  can  be  built  only  for  a 

certain  defined  value  x.  For  smooth  matrix  tr*  =  0  when  f  =  f i  #  0;  there  exists 
x  -  0.  Then  from  (4.4)  we  will  obtain 


Relationships  (4.8)  correspond  to  edges  A^I’.. ,  E^D^  and  B^C^,  E^^  of  condition 
of  plasticity  of  maximum  given  stress  [8]  (Fig.  2). 

Thus,  if  one  were  to  assume  that  the  stressed  and  deformed  state  of  an  ideal 


plastic  material  during  conical  flow  corresponds  to  a  certain  edge  of  a  prism  of 
plasticity,  then  for  a  smooth  matrix  with  aperture  angle  f i  ^  0  a  solution  can  be 
constructed  only  for  the  condition  of  plasticity  of  maximum  given  stress. 
Relationships  (4.6),  (4.7)  have  the  form 


From  (4.9)  it  follows  that  direction  r,  cp  will  be  principal.  Consequently 


stresses  a  ,  o  will  be  the  main  stresses.  According  to  (4.9) 


Equation  of  edge  of  condition  of  plasticity  of  maximum  given  stress 
corresponding  to  law  of  flow  (4.10),  has  the  form 


From  the  condition  of  positivity  of  power  of  dissipation  of  mechanical  energy 
D  ■■  Or*r  +  <M«  +  >  0  we  will  find  that  k  >  0.  Thus,  conical  flow  (4.9) 

corresponds  to  edge  A1Bi  (Fig.  2).  Components  of  stresses  are  changed  only  in 


defined  limits 


'/»*  <  Or  —  a#  ^  */»*,  — '/»*  <  Of  —  o#  <  '/j* 


(4.12) 


Equations  of  equilibrium  have  the  form 

-£  +  |<2o — o,  —  <j*)-=0,  -^-  +  (a. 


—  0«)tgf  = 


fa. 13) 


Using  relationship  (4.11),  from  the  first  equation  of  (4.15)  we  will  find 


Or  *=  —  *  In  r  +  /fa) 


(4.14) 


Assuming  that  during  pressing  of  material  in  conical  matrix  (Fig.  4)  surface 
r  ,  is  free  from  stresses  (or  =»  0  when  r  *  Tq),  wc  will  find 


a,  ■*  —  kin  (rfrt),  r  J*  r. 


fa. 15) 


From  (4.15),  (4.15),  (4.11)  we  will  obtain 

Of  *=  Or  +  f  (r)  COS*  f  —  V«*.  -=  Or  —  f  (r)  COS*  f  —  Vi* 


(4.16) 


In  the  case  of  a  solid  body,  composing  an  integral  equation  of  equilibrium 
of  plastic  between  sections  r  »  rQ,  r  =  R  and  matrix  fa  -  cp^,  we  will  obtain 
g(r)  =*  0.  Expressions  (4.16)  take  the  form 


O*  **  Of  ■=  Or  —  '/l* 


(*.17) 


Thus,  the  state  of  strain  of  a  material  filling  the  whole  cavity  of  a  smooth 
conical  matrix  during  conical  flow,  corresponds  to  one  straight  line  (4.17) 
condition  of  plasticity  (point  A  on  Fig.  2). 

In  the  case  of  a  body  with  cavity  (Fig.  4)  from  (4.12)  and  ( 4 . 16 )  we  will  obtain 


— '/»*  <  2 g(r)  cos*  f  <  '/j * 


(4.18) 


Conditions  (4 .18)  cannot  be  satisfied,  if  on  the  internal  boundary  of  body 
fa  -  <p  .)  stresses  are  absent  (o^  -  0).  For  satisfaction  of  inequality  fa.l8)  it 
is  necessary  to  apply  pressure  ■  -kp(r)  on  internal  boundary  of  material  when 
tp  -  <pv  within  the  limits 
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(1.19) 


,n  77  +  t  +  ?  sSjr  1,1  v;  + 


cos1  f  » 

COS*  t 


where  cp^  —  aperture  angle  of  matrix  (Fig.  4).  The  sufficient  condition  for  change 
of  values  of  magnitude  of  pressure  can  be  written  in  the  form 


« +  • 

2  *  6  cos*  ft 


(4.20) 


Let  us  note  that  conical  flows  cannot  correspond  to  edge  of  prism  of  Tresca. 
Really,  edges  AB,  DE  (Fig.  2)  correspond  to  trivial  solutions  of  [1],  and  for  edges 
AF,  BC,  CD,  EF  always  =  -8,  and  from  (4.4)  it  follows  that  U  ■  0.  For  the  case 
of  spherical  flows  (l^  =•  0,  f  0)  initial  equations  will  take  the  form 


HY<1  +  {•)-(«  +  l){IV,-0.  {•  [l  -  (1^)*]  +  (l-n)*-0 

From  the  second  equation  of  (4.21)  it  follows  that 


(4.21) 


(4.22) 


From  (4.22)  we  will  obtain  ab  =  0.  Condition  of  equality  to  zero  of  a  and  b 
means  that  the  state  of  strain  can  correspond  only  to  edges  of  prism  of  Tresca 
AF,  BC,  CD,  EF  (Fig.  2).  From  (4.21)  it  follows  that 


U  ■»  0,  W  «  tB  sec  f ,  B  mm  const 


(^.23) 


5.  Spherical  flow,  corresponding  to  field  of  speeds  (4.23),  is  investigated 
in  detail  in  [7].  This  flow  is  the  only  possible  one:  to  no  edge  of  arbitrary 
plecewi8e-llnear  conditions  of  fluidity  (besides  edge  of  prism  of  Tresca)  can 
correspond  spherical  flows.  Moreover,  flow  (4.23)  can  be  realized  only  in  the 
absence  of  friction  on  spherical  matrix.  In  case  of  a  rough  spherical  matrix  the 
state  of  strain  during  spherical  flow  cannot  correspond  to  edges  of  prism  of  Tresca 
and  any  other  plecewise-linear  conditions  of  fluidity. 

In  (7)  Lippman  expresses  consideration  about  the  fact  that  among  all  possible 
stressed  and  deformed  states  of  an  axially  symmetric  problem,  corresponding  to 
condition  of  plasticity  of  Tresca,  a  basic  role  must  be  played  by  states  corresponding 
to  edge  of  prism  of  Tresca.  With  similar  affirmations  it  is  difficult  to  agree.  A 


great  class  of  problems  about  the  Impression  of  stamps,  extraction  of  axially 
symmetric  procurements,  etc.,  is  Impossible  to  solve  within  the  bounds  solid 
plastic  analysis  without  Introduction  of  lines  of  discontinuity  of  rates  of 
displacements,  whereas  equations  corresponding  to  the  edge  of  any  prism  of  the 
condition  of  plasticity,  do  not  allow  possibility  of  discontinuity  of  rates  of 
displacements.  While  on  axis  z(p  >  0)  the  condition  of  full  plasticity  always  exists. 

At  the  same  time  Llppman  does  not  note  that  the  Cauchy  problem  for  states 
corresponding  to  the  edge  of  a  prism  may  be  posed  only  under  limitations  (1.15) 
on  rate  of  displacement. 

Analysis  of  flows,  considered  In  this  work  and  (7),  reveals  their  very  particular 
character. 
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THEORY  OF  VISCOELASTIC  MULTILAYERS  OF  SHELLS 
WITH  RIGID  FILLERS  WITH  THE  EXISTENCE 
OF  FINITE  BENDING 


E.  I.  Grigolyuk  and  P.  P.  Chulkov 


(Novosibirsk) 


Theory  is  constructed  for  finite  bending  of  multilayer  shells  from  a 
linearly-viscoelastic  material  for  every  layer.  As  t  basis  are  assumed 
equations  of  sloping  shells  [1,  2]  are  set  up  and  a  hypothesis  about 
linear  change  of  displacements  with  respect  to  height  of  pack  [1],  and 
also  a  hypothesis  about  incompressibility  of  layers  in  the  transverse 
direction.  In  distinction  from  the  theory  of  three-layered  shells  [3-5]# 
arbitrary  alternating  of  fillers  and  carrier  layers  is  assumed  while  the 
number  of  them  not  is  established.  By  a  filler,  which,  as  also  the  carrier 
layer,  receives  turning  and  bending  moments,  and  also  force  in  its  middle 
surface,  is  implied  a  layer  transmitting  deformation  of  a  transverse  shift. 
As  a  result  is  obtained  a  system  of  three  differential  equations  with 
respect  to  function  of  displacements  x»  force  function  F  and  certain 
potential  function  cp.  Hence  different  particular  cases  can  be  obtained: 
system  of  equations  for  a  shell  with  light  filler,  system  of  equations  of 
three-layered  shells,  etc.  It  is  shown  that  during  solution  of  practical 
problems  equations  containing  <?  need  not  be  considered  and  consequently, 
the  solution  may  be  based  on  a  system  of  nonlinear  differential  equations 
containing  F  and  x- 


A  series  of  linear  problems  was  discussed  earlier  [6-9], 

In  [6]  is  given  the  derivation  of  equations  of  a  three-layered  plate 
with  nonsymmetric  structure  during  small,  harmonic  displacements  on  the 
assumption  that  carrier  layers  are  elastic  diaphragms,  fastened  by  middle 
surfaces  to  external  surfaces  of  a  viscoelastic  filler,  and  perceiving 
only  transverse  shift.  For  the  one-dimensional  case  follows  the  expression 
of  [7],  in  which  results  of  calculation  are  compared  with  experiment. 

In  [8]  equations  of  [3]  are  extended  to  the  case  of  small  harmonic 
oscillations  of  a  viscoelastic  three-layered  orthotropic  cylindrical 
circular  shell  with  hard  filler;  complex  moduli  are  introduced,  describing 
elastic  and  damping  properties  of  material;  the  case  of  normax  harmonic 
pressure  on  a  circular  panel  is  considered,  for  which  on  every  edge  normal 
force,  sag,  bending  moment,  displacement  along  edge  and  angle  cf  inclination 
are  equal  to  zero. 


Work  [9]  minutely  examines  the  case  of  small  deformations  of  a  three¬ 
layered  beam  symmetric  in  height  with  a  viscoelastic  momentless  carrier 
layer  and  elastic  filler,  transmitting  transverse  shift  and  transverse 
compression  under  transverse  pressure  which  changes  with  constant  speed 
in  time,  or  remains  constant.  A  thin  sloping  shell  is  investigated, 
whose  wall  consists  of  an  arbitrary  number  of  layers  rigidly  connected 
with  respect  to  surfaces  of  contact  and  made  of  different  material, 
possessing  properties  of  linear  viscoelasticity.  If  there  are  layers 
made  of  a  material  considerably  more  weakly  resisting  shift,  as  compared 
to  materials  of  other  layers,  use  of  the  hypotheses  Kirkhoff-Love  for 
the  pack  as  a  whole  becomes  impossible,  since  phenomena  connected  with 
shift  of  these  layers  would  not  be  considered.  Subsequently  we  will  use 
a  more  general  system  of  kinematic  hypotheses  in  which  for  every  layer, 
first,  material  is  considered  incompressible  in  the  transverse  direction 
and,  second  a  line  segment  perpendicular  to  surface  of  shell  in  the 
process  of  deformation  turns,  not  becoming  distorted,  but,  in  distinction 
from  the  hypothesis  of  Kirkhoff-Love  about  a  straight  normal,  it  does 
not  remain  perpendicular  to  the  bent  initial  surface  of  the  shell.  This 
more  general  system  of  hypotheses  [3,  4]  permits  constructing  a  rational 
approach,  considering  shifts  occurring  in  layers.  Transition  to  an 
approach  corresponding  to  the  hypotheses  of  Kirkhoff-Love  is  feasable  if 
one  directs  to  infinity  the  shear  modulus  of  the  corresponding  layer. 


§  1*  Formulation  of  problem.  Let  us  consider  a  shell  consisting  of  s  layers, 
and  as  the  initial  surface  we  will  take  the  internal  surface  referred  to  Cartesian 
coordinates  x^  (i  -  1,  2),  lines  of  which  coincide  with  lines  of  main  curvatures 
of  shell.  Let  us  assume  that:  z  —  coordinate  measured  with  respect  to  external 
normal,  h  -  total  thickness  of  shell,  hR  -  thickness  of  k-th  layer,  by.  -  distance 
from  initial  surface  to  top  of  k-th  layer,  k^  —  curvature  of  1-th  coordinate  line; 
u^,  w  —  tangential  and  normal  displacements  of  point  of  initial  surface;  a.k  -  angles 
of  rotation  of  normal  within  limits  of  k-th  layer. 

Equation  of  compatibility.  Bending  of  shell  is  constant  in  thickness 
w  ■  w(x^,  Xg),  since  material  of  layers  is  not  compressed  in  the  transverse  direction. 
According  to  kinematic  hypothesis,  tangential  displacements  of  points  of  k-th  layer 
are  determined  by  the  formula 

A-I 

**'  - "« +  St  +  am*  (*  -  a*.,)  (a4_, 

Deformations  of  arbitrary  surface  of  k-th  layer  equal 


•«  ™  +  2  (* — a*.,), 


+  <**-!<«<**> 


Here 


«<j  */«(«<,  j  +  uj,  t)  +  kifw  4-  */i«\  <u\  i 

<*</*  *  V*(a<. 4*  <*)»  *  0 


As  usual,  the  subscript,  set  after  the  comma,  signifies  differentiation  with 
respect  to  corresponding  coordinate. 

For  flat  state  of  strain  the  connection  between  stresses  and  deformations  in 
the  case  of  viscoelastic  model  of  body  can  be  brought  to  the  form 

(R  +  20)  R  oo  =  rra;«[vR  +  2«)e<j  +  6"<R  ”  n)e"  ~  3Ru,Ar6‘jl 
R  =  7^7  (4  +  fl>‘3F  +  •••  +  «* 

t„  «=  +  ett  "  *•  6iJ  "  0  "*•"  i  *  ft 

Here  E  -  elastic  modulus  of  the  first  kind,  v  -  Poisson's  ratio,  u>  -  coefficient 
of  temperature  expansion,  AT  -  increase  of  temperature,  t  -  time.  If 


=  m*. 


1  —  2v 
i  -v* 


,  3o)A7  «  v 


we  have 


(1  +  2pX)  St;  -  ji-i  X  Id  4-  2m X)  e,>  +  (1  -  M*) 


Operator  X  has  the  form 


*  /4  .14 

*■=(1  —  +  -ta(.  ..)/at  + 


.  4-  M"  (...)  a<" 

.  .  -r  am  cf,n(. 


(1.2) 


For  incompressible  material  (v  = M  =  °)  formula  (1.2)  is  simplified 


Oij  =  k/iEh(fii  -f  6„eff  —  t6i;) 


Stresses  for  k-th  layer  are  determined  by  the  formula 

(1  +  2m,  X*)  sf,«  X*  ((1  4-  2m*  X*)  e,/  4-M*  - R*X*) 


(1.3) 


a<*«=  Gkgn(< iik  4-  u>,i) 


Here 'G,,  —  shear  modulus  for  planes  x.z  and  XgZ  of  material  of  k-th  layer. 


g  —  operator  of  form 
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i  4  a*i  (. .  ,)/»t , , , 

1  +  4i*»  (.  .  .)/di 


(C*  *  2  <14  v4)  •  <*  “  T=Tk  **) 

(here  in  parentheses  given  for  an  isotropic  material).  Let  us  rewrite  relationships 
(1.3),  (1.4)  in  the  following  form: 


Vi 


Aoi/  ■=  jj-f  (A««/  4-  6tjA*#,r*  — 


(1.5) 


Ad**  ■»  C*f*A(a<*  •+■  w,  <),  A  ■=  J|  (1  +  2|i*X»),  A»  ■  A  "i'  Jf' 


*— i 

We  determine  specific  tangential  forces,  transverse  force,  and  specific  moments 
of  k-th  layer  by  the  formulas 


•a  -•  •• 

/V,/-  $  v*.  <?/-  J  «***,  JV|/-  5  Vt1-4*--)* 

•*-1  *•  -  •  *• 


»* 

A 


*/» 

A 


(1.6) 


Equations  of  equilibrium  in  forces  have  the  form 


j  (iW  +  A«V>  -  0 


*-l 


**  s  (/v“  >“+1 + 'V”41) + M>‘  >‘ + iW*.*  -  e>: 


S  (?...*  +  <?,./)  -  2  <*•■*»* + k»N»‘> + 2  «  (2  *</*)  + 1 

*»  t  *- 1  1.1  *-t 


(1.7) 

(1.8) 
(1.9) 


In  order  to  use  these  equations,  it  is  necessary  to  produce  above  them  operation 
A.  Let  us  consider  the  first  two  equations  of  (1.7).  According  to  formulas  (1.6), 
(1.5)  and  (1.1) 


AATj/  ■»  -t  £  A  -f  2  •*&  )  +  A*  ^fr,  4-  2  V*'r,^4‘ 

4-  4*-  A*/*  4-  M*  -f  J - 6v iV*  •  J  dt 


AiVjj  — ■  A  2  AV 


4 


Let  us  find  further 


Let  us  assume  that 


Eh  ^  rkhk  0  -  v*> 

1  “  '  “  ^  1  -  v**  '  T*  *  (l-v^ES-1  '* 


tk,, 


For  definitiveness  we  will  designate  v  =  v,y,  -f-  . . .  -j-  \.y, 

Subsequently  E  and  v  we  will  call  accordingly  the  given  elastic  modulus  and 
Poisson's  ratio.  Furthermore,  we  will  introduce 

hkO i*  ”  ha, 4*  hyak,  hka ik  —  ha#k  hy,\k 

Then 

hhduk  =  ha,  nfc  +  hq,ak,  hkank  —  haatk  —  fop.u* 

hkank  =  ha,uk  4-  ilih{ffaik  —  y,uk) 

K  K 

Functions  a  and  <;  are  accordingly  scalar  and  vector  potentials  of  vector 

ldik,  aik).  Then 

A,v"  -  T=V  I'*..  +  P'«l  +  T^V  2  +  P/  «.„)  + 


+  T=T  2  <*•'  -  p-’>  »■  >•'  -  AN 

f- 1 

m  ru  * 

~  J  _  yt  +  ^*lll  4*  fZyiS  +  If  a>  ll)  — 

r~l 

Ml  * 

-  T?vS  (V —  P/)f. A N 

r-1 

AAr»  =  i~*f  c  -  p)  2  <>•'  -  f-’>  »•■»'+ 

r-l 

4  2(i _ v*)  S  ®*,r)  ,,r  — 


Here 


I  -  2  T.MA  +  A.),  p=  2  t.va ». »-  2  -r+^;  at.  (1.i0) 

•  # 

i:  =  2  T. »» (A  +  A.)  - 1  rrX  (A  +  A,),  P/  =  V  rA.A.  -  ±  T,i-A. 

» _  * 


Let  us  assume  that 


U|  sdB,*  +  kv,t  4-  H 4,  U|  s*  u*#  +  *l>4  —  Af, 
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■■ 


f  * 


Let  us  require  fulfillment  of  equalities 


1  -  v* 


+  P*t«ii*  *f  (I  —  P)*i*.»* - gjj —  ,i  =  0 

!*•*•«*  +  P*n.i*  +  (I  —  P)  *im* - £-^V*  AA\  »  *=  0 


(1.11) 


where 


tif  -  V,  (U|,j*  +  Uj,  <*)  +  *1>  +  V*  «o.  < J 


Equations  of  (1.11)  are  Identically  satisfied  when 


(1.12) 


Ji(IF.„-PF„,)+  i^A(t  +  P)-'.V 
-±-  (IF,  „  -  PF, ..)  +  A  (I  +  P)  '  .V 


(1.13) 


*»**  “ - TTT  (*  +  P)  I* 


Using  the  condition  of  compatibility  of  deformations  (1.12),  we  will  obtain 


an  equation  for  force  function  F 


IV«VV  +  A(I  +  P)-*(l  -  v*)  VW  = 
m  Ek(knw,n  -f-  knwj2  -j-  w,a*  —  w^w^) 


Furthermore,  from  equations  (1.7)  we  obtain  equalities 


i»  +  2 i/«r-o,  i*  +  j;  i/r~o 


§  2.  Equation  of  equilibrium.  Let  us  express  specific  moments 

KH%f  ^  KMif  \hit  2  Hif* 

»-*+i 

V  Ir 

through  scalar  a  and  vector  potentials  cp 

-  -rr?-**  +  p.*«**  +  *».*  S  «,  nm  +  ap.*  2  «,  „?  + 

+  *  i  1(«.“ *.  S  +'<•«.:)  -  5- T»  (A  -!-  A,) «,  ,J  —  -g- r*A»  a.  *  + 
+*W-f.‘l  Si,:  +  »  2  (V  -  p.->».  5 -  t  l*  r*A»,  ,{|  -  a//, 


(i.ii) 


(1.15) 


where 


+  «’.*  £  *•  “  +  *  S  l."a,5+  *  s 

■^1  •*—*+!  "»—*+! 

i;  <i." — p.™> <»>. s — 

■>1  M-I'fl 

—  +  A*) *.  *5  —  4  a,  ji  4-  -g-  ul  —  A//* 

Affu*  -  7#V  #*  K1**  -  P**)  e«  +  h  <*•*  ~  P**>  2  a"  *  + 

+  /k  2  — P*m)  - g-  X*T/kAa,  ii 4-  y  (!•*  —  P»*)  2  (<P.«  ii) 

Ht  "  m“l 

+  T  S  (*."-p«")(V.S-f.n)- 


•*-*41 


«-*+ 1 


*»-***  s  TT^irv  +  A  rar  f  g‘T‘,:-r— 


*~V 


Transverse  forces  A<?<\  according  to  (1.6),  are  equal  to 

A&*  *=  AGkgkh(a,tk  4-  w,ttk  4-  fa*).  A Qtk  =  AG*g»A(o,j*  4-  ip*/*  —  f,|*) 

Equations  (1.8)  are  broken  up  into  independent  systems 

W«,P.*-,.*P)VVF  +  ,.*VV.+ 

*  _  •  , 

+  !#tv«v«  2«"4-V*V*  2  l”*m  —  i  (A  4-  At)  V*  W  — 


M-i 


1- V* 


-  -t-gff-  AV*  (ft-  (I  +  P)-*  (I.*  +  r,‘)  fc.VJ  =  P*Ag^-*p,  («*  +  *!,) 

(i.*  —  P.')  v*v*t  +  (i.* — p,*)  2  vvy  +  S  (i. — P.-)VVV- 

»i  —>u 

A.T.AVVV  =VAf. (»  _  1 . 


(2.1) 


(2.2) 


Prom  3ystem  (2.1)  function  v  can  be  excluded  with  the  help  of  first  equality 
(1.15),  and  function  1>  from  system  (2.2)  —  with  the  help  of  second  equality  (1.15). 
Multiplying  equation  (2.1)  by  operator  I  and  using  first  equality  (1.15)»  we  will 


find 


^  I  (IP.*  —  v  P)  V*  W  -f  11,‘V*?*  2  am~ 


-v*vn.*2i.v  +  v*vn  2  i.-«"-*ix*t*(A  +  a*)vV«* 

r-l  ■*-*+» 


—  V* 


1  —  v® 


IA  Itf  *-(!  +  F)-»  US  +  P.*)  hN ]  -  VMAfcA-*  p*(«*  +  urf*) 


or,  in  matrix  form 


A*V*V*Aa  +  -4-  W  -  V*  (Ba  +  kr  +  p) 


Here  a,  b,  f,  p  —  vectors-columns  with  elements 

a  *  {«', ....  «•),  k  r-  {IAgiPift,  ...|  lAftaPaM 

I  —  {I (IP.*  -  VP), . .  .,1(IP/  -  VP)) 

,  _  +  (P  +  ■»-*(*.*  +  *•*)**.  •  •  • 

. . IA[H.  +  (P  +  I)-*<V  +  P.’)*iV)) 


(2.5) 


and  A  and  B  —  matrix  with  elements 


W-W-V.M^TitA  +  A,) 


A  I1V-W 

llV-W 


(0/7 

(•</) 


(2.M 


Bi)  =  IAf  iPffiij 


(2.5) 


As  f ollow8  from  (2.4 )  and  (2.5),  matrix  A  is  symmetric,  and  matrix  B  is  diagonal 
Equation  (2.3)  is  obtained  during  calculation  of  shift  for  all  layers,  however 
most  frequently  this  is  necessary  only  for  the  group  of  layers  possessing  small, 
compared  with  others,  rigidity  on  shift.  Otherwise  there  is  obtained  an  unjustified 
increase  of  the  order  of  equations,  since  this  is  equivalent  to  calculation  of  terms 
of  form  k^^a2  ^ a  _  characteristic  dimension  of  shell  in  plan),  therefore  for  hard 
(carrier)  layers  one  should  consider  **  (Pi  =*  00).  Taking  into  account  this 

remark  equation  (2.3)  will  be  rewritten  in  the  form 


jWVAift,  —  J WW  +  -y  V*W  -  +  ktw  +  Pi) 


(2.6) 


Matrices  ^  and  B^_  are  obtained  correspondingly  from  matrices  A,  B  by  canceling 

R 

lines  and  columns,  on  the  Intersection  of  which  were  elements  a  ,  belonging  to 


i 


carrier  layers;  by  the  sane  means  are  found  vectors  m  v^-t  r^ 

a,  f,  b,  p  correspondingly.  Vector  C  will  be  obtained  if  in  lines  of  matrix  A, 
belonging  to  fillers,  elements  corresponding  to  carrier  layers  are  selected  and 
summed  by  lines,  preliminarily  multiplying  by  thickness  tj  of  the  corresponding 
carrier  layer. 

Let  us  satisfy  identically  equation  (2.6)  under  the  conditions  F  -  0  and 
p  =0,  considering 


»  =  [  2  (VV'r  w.]x.  *.  =  [2('1’v,>"n~]x 


(2.7) 


Here  w  —  scalar  time  operator,  —  vector  time  operator,  p  —  number  cf  fillers, 
n  n 

Putting  (2.7)  in  equation  (2.6)  and  equating  to  zero  coefficients  at  powers  of 
operator  we  will  obtain  the  recursion  formula  for  determination  of  vectors 

Ilk  =  —  Br'cwk-I  —  Bc'b+k 

equations  will  be  identically  satisfied  if  es  scalars  Wq,  w2*  *n 

-1 

corresponding  coefficients  of  the  characteristic  polynomial  of  matrix  B1  A1 . 
are  taken. 

For  full  satisfaction  of  equations  (2.6)  it  is  necessary  to  add  to  vector  4^, 
determined  by  formula  (2.7),  vector  ft1°,  satisfying  linear  equation 

JPViVlAtii •  +  -tv*W=  V*(B,«,#  +  p.) 


(2.8) 


in  which  VlV,Jc*  can  be  replaced  by  function  x  with  the  help  of  equation  (1.14) 
or  is  rejected  from  smallness  of  elements  of  vector  In  the  last  case  the 

problem  is  simplified,  since  it  will  be  sufficient  to  find  any  particular  solution 
of  this  equation.  Thus,  vector 


[  i;  (*’vv  *]*+•.• 


(2.9) 


Let  us  consider  equation  (1.9).  When  ■  0  column  vector  elements  of 


which  are  moments  ^  ,  has  the  form 


(‘u  0 .  0 

■  ■  0 

0,  0,  . . .  i  1$ 
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^2.10) 


and  from  equation  (1.9)  follows  equality 


-  AfA^V,,  +  A:..V;j)  +  A  y  if,  ii  A',;  +  Ay  =  0 


(2.11) 


Therefore,  introducing  unit  row  vector  e  »  (1,  1,  ...»  1)  order  s  will  be 


written  (2.11)  in  the  form 


F  +  TA  a)-V*AelI- 
—  A  (At||AT it  +  A**# «)  +  A  2  w,  ij  A^j  4*  Ay  =  0 


but,  according  to  (2.9),  vector  a  can  be  represented  in  the  form 


•  -  (f.-vy  ;.]*+»• 


Here  £n  -  vector  has  the  following  structure:  elements  corresponding  to  l-th 
carrier  layer  equal  —  t  w7 ,  and  elements  corresponding  to  fillers  coincide  with 
corresponding  elements  of  vectors  Tjn.  Elements  of  vector  a  corresponding  to 
fillers,  coincloe  with  elements  of  vector  a^0,  remaining  elements  are  equal  to  zero. 


Furthermore,  by  (1.31*), 


AAf.,«  F  ~  A/V4,i 


(2.12) 


but,  according  to  (1.30) 


1  — P  *  A 


Therefore  formula  (2.12)  can  be  rewritten  in  the  form 


'  '  a-i 

The  equation  of  equilibrium  (2,13)  of  forces  in  the  direction  cf  the  normal 
to  the  initial  surface  finally  will  be  recorded  so: 
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-——i 


-T|^r  e  (T  AW**)  A  (knKF,  n  +  k,}KF,  „)  + 

-f  A  ( w ,  a  KF,  a)  —  2A  (wt  lt  KF,  u)  +  A  (w,nKF,  n-f 
+  Aq-  VAtH +A(kll  +  ktt)N-A{VtwN)  -  0 


In  deriving  formula  (2.10)  lt  was  assumed  that  ok  -  0.  It  is  easy  to  see 
that  without  this  assumption  equation  (2.15)  will  not  contain  the  shown  functions. 

As  in  the  case  of  a  purely  elastic  material,  influence  of  function  crk  insignificant; 
it  determines  the  distinction  in  setting  boundary  conditions  along  the  edge  of  th* 
shell,  and  therefore  in  the  absence  of  external  torques  it  is  possible  not  to 
consider  them.  Thus,  we  arrive  at  two  resolving  equations  of  equilibrium  (1.14) 
and  (2.15),  formulated  with  respect  to  functions  F  and  x>  and  one  auxilliary  equation 
(2.8).  Here  in  formulas  (2.8)  and  (2.15)  small  terms  containing  function  F  were 
disregarded,  and  during  calculation  of  tangential  forces  1  —  small  terms  containing 
function  x  (it  is  considered  that  these  terms  reflect  the  Influence  of  a  certain 
part  of  tangential  forces  perceivable  by  fillers  on  bend  of  shell). 

Equations  (1.14),  (2.15),  (2.8)  permit  investigating  finite  bending  of  multilayer 
thin  shells  from  linear  viscoelastic  material  with  an  arbitrary  number  of  layers 
and  arbitrary  alternating  of  carrier  layers  and  fillers.  During  investigation  of 
oscillations  of  such  shells  instead  of  q  it  is  necessary  to  introduce  the  quantity 


?  ***  7o  -f  (  ^  P* hi,) 


where  pk  —  specific  density  of  material  of  k-th  layer. 

§  4.  Boundary  conditions.  We  will  base  ourselves  on  system  (1.14),  (2.15)  with 
respect  to  force  function  F  and  function  of  displacements  x»  Let  us  write  out  the 
basic  boundary  conditions. 

1.  Edge  x^  -  x  °  is  freely  supported:  w  =  //t1‘  =  . . .  =  =  0,  or 

x  -  0,  V*x  =  o,  V»V*x  =--  o,  v*v* . . .  v*  X  =  0 


2.  Edge  x1  *  x1°  is  pinched:  w  —  =  a*  =  . . .  =.  a*  =  0,  or 

[  S  <**Vy  «•.]*  =  0,  x. ,  -  (Vx)..,  -  (V«V*x). - - (V‘V’  . . .  V«x). ,  -  0 


3.  Edge  Is  free  from  bonds;  Ht\ . Hp \\  -  0,  =  °  or 


k-i 


+p-^t5«][s 


0 


coefficients  v  and  tj  have  to  be  calculated  for  every  specific  type  of  shell  on 
the  basis  of  formulas  (2.2). 

Boundary  conditions  for  force  function  F  do  nr. *  differ  from  corresponding 
boundary  conditions  of  uniform  elastic  shells.  Thus,  for  instance,  if  on  cd ge 

-  Xl°  tangential  forces  and  deformation  arc  absent,  boundary  conditions 
for  F  will  be  F  -  0,  VV  =  0. 

Other  cases  of  boundary  conditions  are  analogously  formulated. 
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Literature  on  high-speed  Impact  abounds  in  attempts  to  connect  dimensions  of 
crater  in  a  half-plastic  target  with  mechanical  parameters  of  target  and  striker. 
Strength  of  material  of  target  usually  is  characterized  by  hardness  H,  measured  in 
static  conditions  according  to  method  of  Brinell.  Thus,  Eykhel 'berger  and  jcring 
[1]  proposed  for  determination  of  volume  of  crater  V  the  formula 

v  *"»*  C1) 

V~  2.62// 

Here  E  —  kinetic  energy  of  striker,  a  —  angle  of  incidence  of  striker  on  target. 

Fuks  [2],  based  on  simplified  ideas  about  mechanism  of  flow  after  impact, 
derived  a  formula  for  depth  of  crater  h.  When  the  striker  is  a  sphere  of  radius 
r  with  density  pQ,  it  takes  the  form 

»  -  V  (*)  [l.  (l  +  r  -j^=] 

Here  v  -  speed  of  striker,  p  -  density  of  target.  One  more  variant  of 
logarithmic  formula  was  offered  by  German  and  Jones,  who  made  the  most  full 
treatment  of  accumulated  experimental  data  by  high-speed  impact.  The  formula  f 
"orman- Jones  for  a  spherical  striker  takes  the  form 


DEPENDENCE  OF  DIMENSIONS  OF  CRATER 
ON  HARDNESS  OF  TARGET 

Yu.  I.  Fadeyenko 
(Novosibirsk) 
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* 4+^] 


(3) 


Results  of  German  and  Jones,  as  the  most  reliable  available,  were  used  by 
Whipple  in  his  last  attempt  [3]  at  reconsideration  of  appraisals  of  meteoric  danger. 


Table 


Time  of  forming  the  crater  is  usually  several  orders  less  than  time  of  Brinell 
test  of  material  on  hardness,  therefore  groundless  use  of  static  magnitude  H  for 
characteristic  of  dynamic  properties  of  material  can  lead  to  essential  errors. 

Authors  of  given  formulas  as  a  foundation  refer  to  results  of  experiments, 
affirming  that  "calculations  are  well  correlated  with  experiment."  It  was 
Interesting  to  check  these  affirmations  and  to  estimate  reliability  probability 
of  corresponding  calculations.  This  work  considered  this  target  along  with  direct 
determination  of  influence  of  H  on  dimensions  of  crater. 

A  series  of  experiments  was  conducted  in  each  of  which  a  certain  quantity  of 
Nichrome  balls  160  i  5  ^  in  diameter  were  accelerated  by  products  of  explosion  to 
a  speed  of  ^C50  ±  l80  m/sec  and  arrived  at  the  target  from  the  investigated 
material.  Experiments  were  conducted  in  vacuum,  in  order  to  avoid  deceleration 
of  particles  by  air.  Dimensions  of  targets  made  it  possible  to  consider  them 
infinitely  large.  Conditions  of  acceleration  were  kept  constant,  so  that  speed 
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and  dimensions  of  particles  did  not  change  from  experiment  to  experiment.  On 
every  target  a  section  containing  20-25  craters  was  chosen  for  measurements; 
depth  h  and  diameter  d  of  craters  were  measured  with  respect  to  level  of  Initial 
surface,  values  of  h  and  d  then  were  averaged  for  a  eiven  sample,  dresoncc  In 
crater  of  fragments  of  strlKer  could  be  disregarded  since,  according  to  [  ],  1" 
the  crater  remains  3-8?  material  of  striker,  which  changes  volume  of  crater  not 

more  than  1.5%* 

Several  aluminum  alloys  and  steel  were  investigated.  Change  of  hardness  in 
wide  limits  was  attained  by  heat  treatment  (hardening  with  subsequent  tempering). 

Results  of  experiments  for  different  materials 
of  target  are  given  in  the  table  and  are  depicted 
on  Figs.  1,  2. 

On  Fig.  1  are  plotted  depth  h  (light  points) 
and  diameters  d  (dark  points)  of  craters  in 
steel  targets;  on  Fig.  2  is  plotted  depth  of 


^  —  craters  in  targets  from  aluminum  alloys. 

Calculations  by  the  formulas  (2),  (3)  gave 
L*  evidently  oversized  values  of  depths.  It 

turned  out,  however,  that  if  values  of  depths 

— jqr - -  -|  calculated  by  (2)  are  multiplied  by  correction 

- * -  factor  2/3,  and  those  calculated  by  (3)  are 

I  multiplied  by  3/1*,  fair  agreement  with  experiment 

m  m  &  • 

is  obtained.  Calculated  graphics  corrected 

_ 

thus  are  plotted  on  Figs.  1,  2  with  designations 
2  (Fuks)  and  3  (German- Jones ) . 

For  comparison  of  obtained  data  with  (1)  it  was  assumed  that  volume  of  crater 


Fig.  1. 


Fig.  2. 


mp  it _ M  ■ 


Further,  from  experiment  was  determined 

s-EfVH 

which,  according  to  [1],  for  normal  impact  should  be  constant  and  equal  .62. 

On  Fig.  3  are  depicted  experimental  dependencies  x(H)  for  steel  (dark  points)  and 
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Fig.  3. 


aluminum  alloys  (light  points). 

Causes  of  divergence  of  obtained  data  with  that 
calculated  by  (2)  and  (3)  are  vague.  Here  could 
show,  for  instance,  a  scale  effect  (distinction  in 
dimensions  of  particles  by  1-2  orders)  and  possible 
decrease  of  mass  of  particles  during  acceleration. 
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SIMILARITY  OP  SURFACE  WAVES  DURING 
EXPLOSIONS  IN  THE  CROUND 

S.  S.  Grigoryan 
(Moscow) 

In  [1]  are  discussed  results  of  experimental  study  of  surface  waves  formed 
near  the  epicenter  of  shallow  sunken  explosion  in  clay  ground,  and  an  attempt  is 
made  to  give  with  the  help  of  analysis  of  experimental  data  generalized  empirical 
relationships,  founded  on  considerations  of  theory  of  dimension  and  similarity. 

The  initial  section  of  surface  wave  (environment  of  first  entry  of  seismogram', 
is  subjected  to  detailed  consideration. 

The  basic  qualitative  result  is  that  near  the  epicenter  of  the  explosion 
maximum  velocities  of  particles  of  the  surface  of  the  ground  for  a  shown  section 
of  the  seismogram  are  attained  during  intervals  of  time  an  order  smaller  than 
corresponding  intervals  of  time  for  maximum  displacements:  a  rapidly  spreading 
compressional  wave  generates  an  initial  field  of  speeds  without  noticeable 
displacements  and  essentially  disturbs  the  bond  between  particles  of  ground^  after 
that  particle  will  accomplish  motion,  determired  basically  by  action  of  gravity, 
which  leads  to  comparatively  slow  further  development  of  motion.  The  circumstance 
*"hat  does  not  influence  gravity  initial  field  of  speeds  is  confirmed  by  the  presence 
of  geome  ,rlc  similarity  In  distribution  of  maximum  speeds  along  surface  of  ground, 
i.e.,  existence  of  an  empirical  relationship 
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where  uQ  —  constant  of  dimension  of  speed,  —  characteristic  dimension  of  charge, 
C  -  its  weight,  K  -  measured  constant,  n  —  dimensionless  constant  (see  (1), 

Fig.  4). 


However,  further  conclusions  from  revealed  fact,  analysis,  and  form  of 
presentation  of  results  with  respect  to  maximum  displacements  a  and  intervals  of 
time  tgi  during  which  these  displacements  are  attained  are  made  in  [1]  Incorrectly 
The  purpose  of  this  piece  is  removal  of  these  inaccuracies. 

Since  gravity  does  not  influence  creation  of  initial  field  of  speeds,  on  the 
basis  of  considerations  of  dimensional  analysis  it  is  possible  to  write  the 
following  expression  for  distribution  of  maximum  velocities  of  particles  along 
surface  of  ground: 


Here  p0  —  initial  density  of  ground,  o,  —  constant  of  dimension  of  stress, 
characterizing  elastic  and  strength  properties  of  ground,  pQ  —  initial  pressure  of 
products  of  explosion,  rQ  -  characteristic  dimension  of  charge  of  W  (explosive), 
h  —  depth  of  laying  of  charge.  Form  of  function  f  depends  on  the  ground  in  which 
explosion  occurs  and  from  what  W  the  charge  is  made.  For  the  case  considered  in 
fl],  this  function  has  form  (1).  Inasmuch  as  in  experiments  medium  and  W  almost 
did  not  change,  and  during  change  C  of  depth  of  laying  changed  so  that  ratio  h/C1^ 
or  whlcn  is  the  same,  h/rQ  remained  constant;  in  formula  (2)  first  is  a  unique 
variable  argument  of  the  function,  and  the  formula  can  be  written  in  form  (1). 

After  passage  of  shock  waves  along  ground  and  appearance  of  field  of  speeds 


T«  "*  T>» / (; / f*,r/ r,)  ■  i»V(:/f»,f/rl)  (3) 

slower  motion  of  medium  begins.  For  particles  located  near  surface  of  ground 
(z/r0  **  °)  noar  the  epicenter  this  motion  basically  is  determined  by  action  of 
gravity,  whereas  for  more  remote  regions  gravity  does  not  render  essential  influence 
on  subsequent  motion.  System  of  determining  parameters  for  this  second  stage  of 
motion,  obviously,  will  bo 

l,  ®»t  Po.  *,  r.  t  ^  j 

Therefore  for  distribution,  for  Instance  of  maximum  displacements  of  points 
of  surface  a  and  times  of  achievement  of  these  displacements  t2  it  is  possible  to 


. 
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write,  using  considerations  of  dimensional  analysis,  the  relationship 


In  virtue  of  determination  v  the  last  argument  in  (‘^)  during  change  of 
dimensions  of  phenomenon  (rn)  does  not  change,  therefore  formulas  (f^»)  have  the  form 


Acceptance  of  the  a 


umption  that  in  the  near  zone 


trength  and  elasticity 


are  immaterial  means  that  particle 


move,  almost  not  interacting,  and 


from  this  it  follow 


that  in  formula 


should  enter  only  in  combination  r/r q,  i.e., 
that  character  of  dependence  of  a  and  t0  on  r 


amc  a 


mean 


that  in  formula 


ccond  argument  i 


immaterial,  i.e 


that  they  have  the  form 


If  one  were  to  now  cross  in  these  formula 


from  r 


then  they  will  have  the  form 


On  nage  c8  of  f 1 ]  are  presented  formula 


during  "modeling  according  to  Froude 


const 


and  during  geometric  modeling 


const 


On  page  97  of  [1]  is  Fig.  6,  on  which  is  depicted  the  dependence  of  on 
r  (experimental  data),  built  in  variables  lgfTjC-v*),  for  the  case  of 

"modeling  according  to  Froude"  and  in  variables  lf(iC-'/»)  for  "geometric 

modeling,"  i.e.,  graph  of  relationships  for  t^,  taken  in  the  form 

for  two  cases  correspondingly.  It  is  clear  that  formulas  (9)-(ll)  differ  from 
formulas  (8). 

Despite  the  fact  that  the  basic  force  affecting  the  considered  motion  will 
be  gravity,  formulas  for  treatment  and  representation  of  results  of  experiments 
cannot  have  form  (9)  for  a  and  the  first  of  (11)  for  t?. 

Correct  formulas  have  form  (8). 

In  order  to  reconstruct  the  graph  on  Fig.  6  from  [1),  corresponding  to  second 
formula  of  (11)  in  correct  variables,  i.e.,  to  cross  from  variables 


to  variables. 


i  -  i*(T|C-v.).  *  -  if  (jc-1;.) 


—  lfti. 


—  lg(fC-V.)  —  * 


corresponding  to  formula  (8),  it  is  necessary,  keeping  the  abscissa  of  all  points 
of  the  graph  constant,  to  add  to  ordinates  quantities  1/3  lg  C,  since 


y i  "•  y  ’b  VjIgC 


On  the  graph  of  Fig.  6  in  [1]  are  presented  points  for  the  values  C  -  10  , 


5  4  6 

10'  ,  10  ,  10  .  Therefore  to  ordinates  it  is  necessary  to  add  the  numbers 


2/3,  1,  V5.  2. 

We  cite  the  result  of  such  re-formation  on  Fig.  1  (upper  points)  together 
with  data  of  Fig.  6b  from  [1],  with  respect  to  which  this  re-formation  is  carried 
out. 

In  [1]  on  p.  95  (Fig.  5)  are  also  data  for  the  dependence  of  a  on  r  in 
variables  y  -  lg  a,  x  -  lg  r. 

In  accordance  with  the  first  of  formulas  (8)  these  data  should  be  plotted 

on  the  graph  in  variables 

fi  —  If  «  —  y,  «|  -l*K-'A)  - 


from  abscissas  of  points  for  values  C  =  10^,  10^,  lo\  10^  to  add  the  numbers 
2/5,  1,  V2»  2*  Results  of  such  re-formation  of  Pig.  5  from  [1]  are  shown  on 
Fig.  2  and,  for  comparison,  on  Fig.  3  we  reproduce  Fig.  5  from  [1]. 
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FiS*  2-  Fig.  3. 

Fr  )m  Figs.  1  and  it  is  clear  that,  indeed,  at  close  distances  from  epicenter 
experimental  data  for  various  values  C  are  well  described  by  a  single  relationship 
i  form  (  ).  As  on  Fig.  1,  so  also  on  Fig.  2  from  the  general  graph  for  all  values 
C  graph  fall  points  corresponding  to  the  value  C  »  10L  .  On  Fi>  .  k  from  [1]  for 
dep  ndence  (1)  points  for  C  ■  10  also  fall  from  the  general  graph,  while  on  the 
same  side  as  on  Figs.  1  and  2  of  the  given  note.  All  this  indicates  that,  apparently, 
the  conditions  of  carrying  out  the  experiment  for  C  -  106  differed  from  conditions 
for  other  values  of  C  -  either  there  were  essentially  different  ground  conditions, 
or  value  of  h/r0  for  C  =  10^  differed  from  the  corresponding  value  required  by 
conditions  of  geometric  similarity. 

xt  is  possible  still  to  note  that  the  numbers  along  the  axis  of  abscissas  on 
Fig.  from  [1],  apparently  are  placed  incorrectly,  since  during  recalculation  of 
them  to  Fig.  2  the  some  values  as  on  the  axis  of  abscissas  of  Figs,  k,  6  from  [1] 
must  be  obtained,  which  does  not  occur,  there  is  a  difference  of  one  order.  For 
*his  reason  we  cite  Fig.  5  from  [1]  and  the  result  of  it3  re-formation  with  the 
axis  of  abscissas  displaced  one  order  to  the  left  (see  Figs.  3  and  2). 


In  conclusion  one  should  note  that  reasoning  and  conclusions  given  at  the  end 
of  [1]  with  respect  to  influence  at  large  distances  of  viscous  forces  do  not  follow 
from  experimental  data  given  in  [1],  since  these  data,  as  can  be  seen  from  Figs.  1 
and  2,  are  well  described  by  the  diagram  in  which  the  initial  phase  of  motion  is 
determined  by  the  action  of  only  elastic  and  strength  forces  in  the  medium,  and 
the  subsequent  —  by  the  action  of  only  gravity.  Therefore  these  conclusions  are 
impossible  to  consider  substantiated. 


Submitted 
19  June  1964 


Literature 


1. 

ground. 


B.  G.  Rulev.  Similarity  of  compressional  waves  during  explosions  in  the 
PMTF,  1963,  No.  3. 


4 


% 

V 


APPROXIMATE  EQUATION  OF  STATE  OF  SOLID  BODIES 

V.  P.  Koryavov 
(Moscow) 

In  the  given  article  assuming  accuracy  for  a  solid  body  of  the  equation  of 
Mie-Gruneisen  with  the  use  of  known  r'  ock  adiabats,  a  simple  approximate  construction 
is  conducted  of  functions  entering  in  the  equation  of  Mie-Gruneisen,  useful  in 
particular,  for  description  of  the  state  of  a  substance  compressed  in  strong  shock 
waves . 

For  many  solid  bodies  shock  adiabats  experimentally  were  obtained  [1-10], 

The  most  striking  fact  following  from  all  measurements  is  that  between  speed  of 
shock  wave  D  and  speed  of  substance  after  front  u,  which  in  many  cas^s  are  directly 
measured  linear  dependence  of  form  is  rather  well  observed 


D  -  D,  -f-  tu 


(1) 


Here  D„  and  s  —  constants. 

If  3uch  relationship  was  observed  for  any  compression  of  a  substance,  including 
when  u  -*  0,  then  D^.  would  be  the  so-called  Bridgeman  speed  of  sound  Cp,  which  is 
calculated  with  respect  to  compressibility  n 


K  — 


-  1  l9V\ 


For  the  future  it  is  convenient  to  use  dimensionless  values:  density  0,  in 
reference  to  initial  density  pQ,  pressure  p,  in  reference  to  p ,P  ,  energy  E,  in 
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2 

reference  to  DQ  ,  speeds  D  and  u,  in  reference  to  D(  .  Prom  relationship  (1)  and 
conditions  of  preservation  on  front  of  shock  wave  it  is  easy  to  obtain 

*w-Tr$=fc|r  <* 


Here  Pq  pressure  before  front,  Ap^  and  AE  —  changes  of  pressure  and  energy 
on  front  of  shock  wave.  It  is  obvious  that,  if  relationship  (1)  is  executed  up 
to  very  large  pressures,  compression  of  substance  tends  to  limit  a,  =  ,/(,—  i). 
Experimental  measurements  (for  instance,  [9])  show  that  for  different  substances 
s  does  not  strongly  deviate  from  1.5*  and  Dq  is  close  to  Cg,  measured  by  Bridgeman 
(or  according  to  other  data).  The  less  s  differs  from  1.5,  and  Dr  from  CR,  the 
better  all  measurements  lie  on  the  dependence 

D  —  1  +•  1  ,5m  (4) 

On  Fig.  1  are  given  experimental  points  for  different  substances,  taken  from 
[1-10]  (different  designations  on  Fig.  1  are  used  only  when  a  group  of  points 

belonging  to  different  substances  is  insufficiently 
clearly  divided).  It  is  clear  that  for  many  substances 

dependence  (4)  rather  well  describes  experimental 

I* 

^  points.  It  is  the  most  probable  (at  least,  in  certain 

i  range  of  pressures)  also  for  subrtances  for  which 

we  still  have  no  data,  although  the  last  measurements 
at  pressures  near  9  megabar  chow  that  apparently, 
for  certain  substances,  with  increase  of  pressures 
deviations  from  dependence  (4)  will  be  increased. 

Use  of  a  linear  D-u-dependence  (1)  leads  to  the 
simple  dependence  Apm  -  u(l  -f  ,u).  It  is  clear  that 
when  At  -=  *  —  »»  -f  t  /  u  it  is  possible  to  disregard 
the  dependence  of  Apm  on  s.  This  gives  an 
*1®*  **  explanation  and  establishes  a  boundary  of  applicability 

of  the  "universal"  dependence  of  a pti  on  u,  which 
was  Indicated  in  [12],  For  the  connection  of  Apn  with  a  from  D  —  u-dependence 


formula  (2)  is  obtained,  which,  in  distinction  from  exponential  formulas  utilized 
in  [12],  leads  to  limiting  compression  which  is  necessary  with  respect  to  physical 
considerations . 

Knowledge  of  shock  adiabat  of  substance,  for  instance,  in  the  form  of  (1)  or 
(4),  under  certain  additional  assumptions  permits  composing  full  thermodynamic 
description  of  behavior  of  substance  during  hydrostatic  stress.  It  is  fully  natural 
for  solid  bodies,  during  whose  compression  an  essential  role  is  played  by  rigidity 
of  crystal  lattice,  to  divide  energy  and  pressure  into  a  thermal  part  and  a  so-_allt  1 
cold  part  (E  ,  p  ),  connected  with  deformation  of  crystal  lattice  and  identical 
at  any  temperature,  including  absolute  zero.  An  equation  of  form  (see  [1,  >  t  1 


establisning  a  connection  between  thermal  parts  of  pressure  and  energy,  is  known 
as  an  Mic-Gruneisen  or  Debye  equation.  The  coefficient  of  Gruneisen  ~y  is  sometimes 
considered  constant,  and  sometimes  a  function  of  only  density,  sometimes  depending 
still  on  temperature  [5].  Since  p  and  E  are  taken  on  an  isotherm  of  absolute 
zero,  between  them  exists  the  connection 

*EX  +  rx4V  -  0  (Kol fa)  (6) 


Knowledge  of  function  >(o)  and  the  relationship  p,  o  and  E  along  certain  curve, 
for  instance,  shock  adiabat,  permits  finding  functions  px  and  Ex,  as  is  done  in 


[!-'*,  7-9]. 

Using  equation  (9),  which  should  hold  also  along  Hugoniot  adiabat,  equation 
(6)  and  equation  (2)  and  (3),  in  which  it  is  possible  to  disregard  initial  pressure 
and  initial  internal  energy  of  undisturbed  substance  (see,  for  instance,  [11], 
pp.  505  and  508),  we  arrive  at  system 


Pu-fx 


o  (o  - 1)  E  _  <  r  p  -  *  r 

!«  —  (*—  I) o'l«  •  "  TL#-(«-l)aJ 


(7) 


The  first  two  equations  of  the  system  give  the  linear  equation 


(8) 


-197- 


Its  solution  has  the  form 


(9) 

For  constant  7  we  obtain 

e,-.' .te-'M'-'M*” -«>),, 

(10) 

3  aTtll*  -  («-  1)  o)« 

This  integral  is  easily  taken  when  s  ■  1.5  and  7  equals  1 

<Exl>  or  2  (Ex2) 

(11) 

(12) 

On  Fig.  2  are  shown  dependencies  (li)  and  (12).  For  comparison  in  the  same 
place  is  given  Eu.  Behavior  of  (11)  and  (12)  near  a  «  1  is  determined  by  expansions 
along  6*o-t: 


With  increase  of  o  the  quantity  Exl  monotonically  increases  to  +oo  (when  o  -  3), 
and  attaining  maximum,  tends  to  -oo  (when  a  ■  3)»  Such  behavior  of  E  near  o4 

is  connected  with  a  feature  of  the  right  side  of  equation  (8)  in  this  point.  By 

the  form  of  this  feature  (i  I  y  +  *  -  o)  /  (a.  —  o)1  it  may 
be  concluded  that  in  the  framework  of  accepted 
assumptions  (linearity  D-u-diagram  and  accuracy  of 
equation  of  Mie-Griinelsen)  no  constant  7  can  ensure 
finiteness  of  Ex  during  limiting  o,  although  for 
constant  7  of  the  order  of  infinity  Ex  is  always 
lower  than  It  would  be  easy  to  select  function 

.  y(a)>  ensuring  boundedness  of  Ex  for  any  finite  o. 

Such  a  function  will  be  dealt  with  somewhat  after  other  considerations. 

It  is  known  (5,  10,  11]  that  7  is  not  constant,  although  it  does  not  change 
strongly.  If  one  were  to  assume  fulfillment  of  (1)  and  (5)  up  to  very  large 
pressures,  then  limiting  7  can  be  found.  During  compression  in  strong  shock  waves 
and  subsequent  adiabatic  expansion,  starting  from  certain  compressions,  thermal 


wumn'Au 

Ibk&eb 


Fig.  2. 


-198- 


Therefore 


parts  of  pressure  and  energy  strongly  exceed  p  and  E  . 

X  X 

r„-r,  ft.  _  2_ 

T'“  “  c.tn  "o.-l 

Above  it  was  found  that  o,  =  #/(*  — 1),  hence 


Y*  *=  2  (*  —  1) 


(for  comparison  let  us  remember  that  for  initial  y  when  o  =  1  from  the  relationship 
of  Dugdal-MacDonald  we  obtain  *  2s  -  1).  Prom  the  above  follows  the  fact  that 
for  phenomena  in  shock  waves  it  is  sufficient  to  determine  functions  py  and  as 
accurately  as  possible  only  up  to  average  compressions,  since  for  large  compressions 
their  role  in  equation  (5)  is  immaterial. 

Equation  (8)  is  easily  integrated  assuming  smallness  b  =  o  -  1.  Here  7  is 
presented  in  the  form  of  a  series  in  b.  Integration  gives 


3 

(o  -  !)» 


M)-£]t+ 


(it) 


Here  o»  •/(>  —  !).  For  comparison  we  will  give  the  expansion  F 


6*  ,  6* 


36* 


V-  _1  v  _l 


When  »«=  1.5  (a  *  3)  (14)  has  the  form 

°  V*«5  +  (»/« -  ViT.)  >/««•  +  ...  (15) 

It  is  possible  to  note  immediately  that  constant  from  expansion  of  7  in  6 
entered  only  in  coefficient  when  b\  i.e.,  y  starts  to  play  role  in  the  expression 
for  Ex  only  when  5  is  sufficiently  close  to  l(o  =  2).  If  we  wanted  to  replace  y 
(in  the  expression  for  elastic  energy)  by  a  certain  constant,  then  the  most  suitable 
constant  obviously  would  be  y  in  the  region  where  influence  7  (on  shown  expression) 
will  be  the  biggest.  In  connection  with  the  above  the  role  of  7  in  the  expression 
for  elastic  energy  is  essential  for  average  compressions  (during  large  compressions, 
as  already  was  noted,  the  actual  elastic  component  is  immaterial).  For  a  number  of 
substances  7  changes  approximately  between  2  and  1,  and  the  average  magnitude 
therefore  is  1.5.  If  also  s  ■  1.5  (or  close  to  1.5)#  then,  as  can  be  seen  from 
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(  1  ),  Ex  is  very  well  (accurate  to  small  quantities  of  the  fifth  order)  approximated 
Jn  the  following  way: 


(16 

This  expression  can  be  taken  as  a  basis  for  approximate  constructions  of  the 
equation  of  state  of  substances  with  s  close  to  1.5.  Dependence  (16)  is  depicted 

,n  Flg*  2*  In  the  table  are  given  values  of  coefficients  in  expansion  (l 4)  for 
certain  values  of  s  and  7. 


1  •• 

• 

* 

*• 

Y.-I4 

Y,  —  I.S 

Y.  -  I.* 

1.4 

1.5 

1.6 

0.5 

0.5 

0.5 

—0.067 

0 

0.067 

0.009 

0.012 

0.033 

-0.005 

0 

0.02 

-0.015 

—0.012 

0.007 

With  the  help  (6)  and  (14)  we  find 


+  _ +  3.-°. (1  _ _  y.  ^iIa.  , 

o-l  ^  L(a  -  |)»  ^  (<*  -  1)T  6/  +•■ 

Let  us  give  here  the  expansion  for 

p, ,  ~  6  -f-  ®LhJL  A*  -t.  F _ ^  _  2  1 6>  4. 

a  -  1  •  [(a  -  ‘  a~J  +  *  *  ' 


(17) 


For 


*  ™  1.5  (a  ■»  3) 


J«-*  +  *®*+V«(7  -2y,)  6*+...,  jM-6  +  26*  +  V,6*-f 


In  approximation  (16)  for  p  we  obtain 

A 


(18) 


#5- «•(<,.  |) 


(19) 


In  that  same  approximation  for  7  we  obtain  the  following  expression,  which 
find  from  exact  satisfaction  of  (7)  with  the  help  (16) 


we 


y  -  1(4  —  ®V(5  -  o)  (20) 

On  Fig.  2  is  represented  this  dependence.  It  is  clear  that  for  small  and 
average  compressions  this  is  almost  constant,  close  to  1.5,  and  for  limiting 


c .impressions  it  tends  to  limiting  7.  Thus  uncontradictorily  and  with  good 
approximation  are  constructed  all  functions  entering  in  equation  (5).  (The  written 
formulas  permit  calculating  7(0)  also  for  s  /  1.5.) 

It  is  especially  necessary  to  say  something  on  the  region  of  rarefaction. 
Jnfortunately,  for  the  region  of  rarefaction  we  do  not  have  an  experimental 
dependence  similar  to  the  shock  adiabat.  It  is  possible  to  propose  the  following 
appr  ximate  representation  (interpolation)  functions  of  cold  compression.  Let  us 
assume  that  for  small  extensions  elastic  energy  has  the  same  form  as  compression 

and  then  tends  to  energy  of  sublimation.  The  assuming  (16)  it  is  possible  to 
consider  for  a  <  1 

Es  =  >/t  (a—  1)*  +  (U  - 1/,)  (3  —  1)«  (21) 

wrerr  _  energy  of  sublimation  (belonging  to  D,  2).  The  fourth  power  in  the  second 
term  is  used  only  as  a  first  approximation  for  satisfaction  of  above  conditions. 

Under  some  additional  conditions  the  power  can  be  different  (for  instance,  higher). 

For  7  in  region  0  <  1  an  interpolation  formula  also  can  be  written  (for  instance, 
polynomial),  which  in  first  approximation  should  satisfy  when  0  =  1  continuities  7  and 
d,  d'  (in  ord^r  not  to  change  slope  of  isoentropy  when  a  =  1 )  and  transition  into 
ideal  gas  when  a  -  0.  Such  dependence  is  depicted  on  Fig.  2  and  is  noted  by 
Fig.  2,  and  Fig.  1  designates  continuation  of  dependence  (20). 

Tn'  author  thanks  S.  S.  Grigoryan  and  Yu.  P.  Rayzer  for  useful  discussion  of 
the  article. 
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FXPFRIMENTAL  investigation  of  flow  around  blunted  bodies 

EXPERIMENTAL^^  ^  ^  a  pLAS?IC  KEDIUM 

I.  C.  Bullna,  V.  P.  Myacnikov 
and  V.  G.  Savin 

(Moscow) 

For  the  first  time  the  problem  about  flow  around  blunted  bodies  by  a  flat  flow 
of  vlscop lactic  medium  was  experimentally  Investigated  In  '  ) .  It  wa„  r  v  alod  that 

ahead  of  the  blunted  body  in  this  case,  in  distinction  from  viscous  liquid,  will 
be  formed  a  stagnant  region,  moving  as  a  solid  whole  together  with  it. 

Theoretical  research  of  the  above  problem  was  given  In  [2,  51. 

Qualitatively  streamline  flow  of  a  body,  obtained  both  on  the  basis  of 
theoretical  representations  and  also  on  the  basis  of  experimental  data  coincided 

well. 

Results  obtained  In  [1-5],  made  It  possible  to  Indicate  certain  qualitative 
peculiarities  sharply  distinguishing  flow  around  blunted  bodies  by  a  flow  of 
Viscous-plastic  medium  from  flow  around  these  bodies  by  a  viscous  ii -aid.  It 
was,  for  instance,  sir  wn  that  in  certain  conditions  magnitude  of  the  resisting 
force  acting  on  the  streamlined  body  will  not  depend  on  geometric  p.culiarities 
of  the  structure  of  its  frontal  part. 

Experimental  investigations  conducted  earlier  carried  a  qualitative  character. 
Therefore  it  was  very  interesting  to  conduct  a  more  detailed  experimental 
investigation  and  to  obtain  such  data  which  would  allow  a  more  thorough  comparls on 
of  theory  with  experiment  and  confirmation  of  the  above  qualitative  effects  on  the 
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basis  of  measurements. 

§  1.  Lot  us  assume  that  the  body  moves  In  an  infinite  viscous-plastic  medium 

with  constant  speed,  and  flow  of  medium  is  flat. 

Streamline  flow  of  body  of  viscous-plastic  liquid  when  speeds  are  small  and 

under  the  condition  that  S,  »  1.  will  be  very  close  to  streamline  flow  of  a  body 
of  ideally  plastic  medium.  Influence  of  viscosity  will  shew  only  in  film 
surface  of  body  (2).  In  this  case  for  magnitude  of  tangential  stress  on  surface 

of  streamlined  body  we  will  have 


(1.1) 


Here  tq  -  yield  point  of  medium,  tj  -  coefficient  of  viscosity,  u 
particles  of  medium  in  boundary  layer,  Sj  -  parameter  of  Sen-Venan,  v 
model,  y  -  transverse  coordinate  in  layer  and  l  -  length  of  body. 
Passing  to  dimensionless  variables,  we  will  obtain 


speed  of 
speed  of 


y=-j-.  o  =  -f) 


r=,,['+ FIT  (»)«•_]  ( 

(6  -  thickness  of  boundary  layer) 


(1.2) 


Resisting  force  acting  on  streamlined  body  (Pig.  1)  can  now  be  presented  in 
the  following  way: 


A/  =  2 A*  P  (*)  »i»  a  (r)  d*  +  J  *1  cos  a  (r)  rfr] 

(A/  B  Pi |  — ■  F  Afc  =  ^j) 


(1.5) 


Here  FR  -  resisting  force  at  depth  of  submersion  of  body  hR,  PR  -  pressure  of 
medium  on  surface  of  streamlined  body,  x  -  longitudinal  coordinate  in  boundary 
layer.  Integration  is  conducted  over  contour  L,  consisting  of  contour  of 

streamlined  body  and  stagnant  region. 

Putting  now  (1.2)  in  (1.3)#  we  will  obtain 


u  4  V  / dir  \  i 

c;-*J£[n  +  $  #c.)»ia> (5) *■.+  py  J 


(l.M 


(*•  —  "T" '  c»~~  ?•- 


A  E  \ 
:*«A4  / 
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Here  d  length  of  stagnant  region,  a  —  angle  between  tangent  to  L  and  axis 
of  symmetry  of  body,  p  -  density  of  medium. 


It  is  necessary  to  note  that  when  integration  is  conducted  over  boundary  of 
stagnant  zone,  it  is  necessary  to  assume  [2,  3] 


dU 

=  0  xn<)n  Y  —  0 


(1.50 


Let  us  designate 


tf,  =  2|x  +  J  P($)8inc«K)</t] 

r* /dU\ 

A'*=’25  (d?)y^cosa^)^ 


(1.6) 


Then  from  (  IJj  )  follows 


—  ft*  (A  iSf  -f  AT|  ) 


(1.7) 


•ft icients  Kj  and  K?  in  (1,7)  are  certain  functionals  whose  values  are 
determined  by  peculiarities  of  geometric  structure  of  body  and  conditions  of  flow 

in  external  ideally  plastic  flow.  Independence  of 
K1  Qnd  K2  froir:  Reynolds  number  n,  -pwa/ji  is  evident, 
inasmuch  as  in  system  of  equations  of  motion  of 
medium  in  external  flow  it  enters  the  coefficient  of 
viscosity,  but  there  is  independence  of  them  from 
in  virtue  of  static  definability  of  problem  about 
flat  flow  of  Ideally  plastic  material  and  possibility 
of  independent  assignment  of  boundary  conditions  for 

Fig.  1,  Diagram  of  flow. 

speeds  and  stresses. 

§  2.  Experiments  in  determination  of  resistance  were  carried  out  with  tne 

]  lp  °f  °  5pGCial  dynamometer  on  an  improved  installation,  similar  to  that  described 
earlier  [1], 

The  installation  consists  of  a  tray  with  dimensions  50  x  25  x  50  cm  (Fi  ,.  ?), 

ab0Ve  Which  at  a  height  of  50  cm  a  CQrt  moves  along  rails.  In  the  center  of  the 
frame  of  the  cart  on  a  Spltzen  scale  is  fixed  a  dynamometer,  to  which  the  tested 
im  dds  are  rigidly  fastened.  The  cart  is  put  in  motion  by  a  dc  electric  motor 
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on  pulley  of  which  is 


through  a  reductor 


wound  a  cable  secure*,  at  one  end  on  the  frame 


of  the  cart.  Change  of  speed  of  cart  is 
attained  by  replacement  of  pulleys  by  a 
reducing  gear  and  change  of  number  of  turn 


of  motor 


The  installation  permits  drawing  the 
models  from  0.5  to  JO  cm/sec,  where  sufficient 
uniformity  of  motion  in  the  whole  shown  speed 


Fig.  2.  Diagram  of  installation 
1  —  tested  model,  2  —  clay 
suspension,  3  —  dynamometer, 

—  Spitzen  scale,  5  —  electric 
motor  with  redactor,  6  —  rope, 

7  —  cart,  8  —  movie  camera, 

9  —  illuminating  equipment. 


range  is  ensured.  On  cart  are  fastened  also 


movie  and  photographing  equipment,  and 
illuminating  instruments  (tubes). 


The  dynamometer  i 


fastened  between  two  mobile  frames.  The  first  frame 


support  —  is  rigidly  fastened  to  the  Spitzen  scale.  The  second  frame  —  measuring 
—  with  the  help  of  a  bearing  system  with  a  great  base  easily  shifts  along  the 
support  frame  only  in  a  strictly  horizontal  direction.  To  the  measuring  frame  is 


fastened  the  extended  model.  On  the  mobile  end  of  the  dynamometer  spring  is  fixed 


the  movable  arm  of  the  linear  wire  potentiometer,  switched  into  the  network  of  the 
self-recording  instrument  of  type  H-370-AM. 

Speed  of  models  was  measured  by  a  special  electro-stop  watch,  which  was  switched 
on  and  turned  off  by  travel  micro-switches  when  the  cart  passed  over  a  fixed  range. 
Range  was  150  cm. 

Two  series  of  experiments  were  conducted.  In  the  first  series  influence  of 
form  of  bodies  on  magnitude  and  form  of  stagnant  zone  was  investigated  and 
measurements  of  resisting  force  were  conducted.  Flow  round  cylinders,  a  wedge, 
and  parallelepipeds  was  investigated.  For  all  modes  photography  and  comparison 
of  dimensions  and  form  of  stagnant  regions  at  identical  speed  was  carried  out,  and 
resisting  forces  at  different  depths  of  submersion  of  models  in  a  speed  range  from 
5  to  50  cm/sec  were  also  measured.  Furthermore,  was  conducted  investigation  of 
flow  around  model  whose  frontal  part  had  the  form  of  the  stagnant  region  formed 
on  a  wedge  when  it  is  drawn  in  a  tray  with  the  blunt  section  forward. 

In  the  second  series  of  experiments  conformity  of  conditions  of  flow  around 
models  on  installation  to  conditions  of  flat  flow  around  was  checked  more  thoroughly. 
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For  this  wore  used  models  having  the  form  of  right 


angle  parallelepipeds,  which  were  drawn  along  in 
the  whole  speed  range  shown  above  for  five  different 
depths  of  submersion.  Influence  of  lateral  walls 
of  tray  in  both  series  of  experiments  was  determined 
by  means  of  drawing  models  similar  in  plan  and 
photographing  deformation  of  suspension  surface 
with  chalky  lines  perpendicular  to  walls  of  tray 
(Fig.  3)  preliminarily  drawn  on  it. 


Fig,.  3.  Characteristic  form 
of  chalky  lines  on  surface  of 
suspension  during  notion  of 
model  in  tray. 


the  table.  Investigations  were  conducted  on 
Density  of  suspension  p  changed  from  1.39  to  1.6^  g/cm^. 


Form  and  dimensions  of  models  are  shown  in 


suspensions  of  gray  clay 


For  every  vriue  of  density  was  constructed  a  rheological  curve  according  to 
measurement  on  rotary  viscosimeter  PF-8,  and  standard  method  were  determined 
rr<  ■  values  of  coefficient  of  viscosity  and  limit la  tl  n  of  shift. 

Method  of  treatment  of  experimental  data  was  chosen  on  the  basis  of  the  following 
considerations . 

In  the  general  case  of  motion  of  a  model  in  a  tray  its  drag  coefficient  will 
depend  on  parameters 


(2.1) 


where  a  —  the  biggest  thickness  of  model,  D  —  width  of  tray,  L  —  its  length  and 
H  —  thickness  of  layer  of  suspension  in  tray. 

Comparison  of  (2.1)  with  (1.7)  shows  that  for  possibility  of  comparison  of 
theoretical  and  experimental  results  experiments  could  be  conducted  so  that  influence 
of  the  last  four  parameters  in  (2.1)  was  removed. 

Independence  of  experimental  data  from  D/a  and  L/a  was  controlled  by  results 
of  drawing  models  geometrically  similar  in  plan  (table)  in  the  tray. 

In  accordance  with  general  ideas  of  flow  around  bodies  of  a  vlscoplastic 
medium,  region  of  flow  has  bounding  dimensions.  Location  of  walls,  limiting  volume 
of  viscoplastic  medium,  inside  which  is  included  the  region  of  flow,  does  not 
influence  magnitude  of  resistance  of  body,  inasmuch  as  medium  outside  region  of  flow 
is  in  the  hard  state  [2].  Therefore,  to  control  independence  of  Cft  from  D/a  and 


L/a  it  is  sufficient  to  photograph  surface  of 
suspension  in  tray  and  to  establish  that  during 
motion  of  body  chalky  lines  of  grid  near  walls 
of  tray  remain  practically  undeformed  (Fig.  3). 

To  remove  the  dependence  of  Ca  on  bottom 
and  skin  effect  tests  of  every  model  were  conducted 
at  several  different  depths  of  submersion. 

Difference  in  magnitudes  of  resisting  forces, 
measured  at  two  different  depths  of  submersion 
of  model  and  the  same  speed  of  its  motion,  for 
caleu]  -ion  of  drag  coefficient  was  divided  by  the  product  of  dynamic  pressure 
and  increase  of  site  of  frontal  section  during  change  of  depth  of  submersion. 

Thereby,  dependence  of  results  of  experiments  on  depth  of  submersion  of  model  was 
removed. 


Fig.  4.  Dependence  of  C  on 

& 

Sj  for  parallelepipeds: 

1  —  l  ■  30.6  cm;  2—1  »  11.0 
cm;  3  -  l  -  4.8  cm. 


Graphs  of  the  dependence  of  Ca  on  S&  (Figs.  4-7)  were  constructed  by  results  of 
treatment  of  measurements.  With  respect  to  conditions  of  experiments,  for  every 
model  in  the  process  of  experiments  the  product 


remained  constant,  so  that  relationship  (2.1)  could  be  represented  in  two  equivalent 
forms 


7*  [  jT»  +  *, 


Solid  lines  on  Figs,  4-7  are  plotted  on  the  basis  of  experimental  data 
according  to  the  method  of  least  squares.  The  basic  analytic  dependence  is  chosen 
as  in  relationships  (2.3) 


Empirical  values  of  K1  and  Kg,  obtained  on  the  basis 
of  these  calculations,  are  cited  in  the  table. 

Estimates  of  errors  during  measurements  were  conducted  by  standard  method 
[4]  and  showed  that  maximum  error  in  experiments  did  not  exceed  25%. 

§  3.  For  the  case  of  flow  around  parallelepipeds,  by  a  viscoplastic  medium 
it  is  possible  from  theoretical  considerations  to  determine  the  dependence  of 
on  determining  parameters  of  the  problem.  Actually,  in  accordance  with  [2],  on 


i 


boundary  of  stagnant  zone,  which  is  for  external  flow 
a  slip  line,  pressure  is  constant,  since  the  boundary 
is  rectilinear.  But  then,  considering  P(\)  —  Po,  from 
(1.6)  we  will  obtain 

*,  =  2  +  -f  (i  +  J>.)  (3.1) 


Using  values  of  found  as  a  result  of  treatment 
of  experiments  (table),  we  will  determine  corresponding 
values  of  Pf .  For  all  thror>  parallelepipeds  this 
value  turns  out  to  be  identical  and  equal  to  P  =  11.2 
when  maximum  relative  deviaticr  of  vaiues  of  P^.  for  every  model  is  not  more  than 
7%.  The  dependence  of  CR  on  S  for  parallelepipeds  of  various  length  is  represented 
on  Fig.  4.  It  is  easy  to  see  that  with  increase  of  length  of  parallelepipeds  rate 
of  growth  of  C&  depending  upon  S  is  delayed,  which  corresponds  to  character  of  the 
earlier  shown  dependence  (3.1).  Order  of  growth  of  is  determined  by  Kj/y,  and 
the  latter  with  growth  of  l  for  constant  a  rapidly  decreases. 


Fig.  5-  Dependence  of 
Ca  on  S?  for  cylinders: 

1  —  d  =  2.0  cm;  2  — 
d  =  3.5  cm;  3  —  d  =  5.0 
cm. 


For-:  of  models 

Dimensions,  cm 

r. 

Parallelepipeds 

/  -.30.5  a  =  2.3 

2.90 

12.60 

1  =  11.0  a  =  2.3 

4.76 

3.67 

\ 

1  =  4.8  a  =  2.3 

7.50 

18.0 

Parallelei  Ipeda  ,  s^.ai-*  in  plan 

a  =  2.3 

13.73 

1.25 

«  =  3.5 

Bound  cylinder* 

a  =  5.0 

a.  3.4 

24.75 

0 

• 

a  =  2.0 

Wedge 

a -2.0 

/  =  5.9 

80.20 

19.18 

Pod  /  ml  tn  frontal  part  In  'lie 

a  =  2.0 

form  of  a  stagnant  region 

/  =  8.9 

69.30 

6.32 

We  turn  now  to  analysis  of  results  of  flow  around  round  cylinders  and 
parallelepipeds  with  a  square  base.  From  (1.7)  it  follows  that  the  dependence  of 
Ca  on  L/a  and  D/a  can  take  place  only  through  coefficients  K.  and  K  .  If  there  is 
no  such  dependence,  for  geometrically  similar  bodies  Ca  can  be  represented  in  the 


form 


c.  =  T/(A'*’  a*  ‘V 


(3.2) 
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Pig.  6.  Dependence  of  C  y  o 

n ' 

Sj  for  squares:  1  -  a  »  3.5 
cm;  2  —  a  =»  2.3  cm. 


01  chalky  lines  near  walls  of  tray  during  motion 
of  models  in  it.  For  all  models  at  all  speeds 
these  lines  remained  perpendicular  to  walls  of 
tray  (Fig.  3). 

Conditions  of  flow  around  the  frontal  part 
of  parallelepipeds  with  square  base  are  absolute] 
analogous  to  conditions  of  flow  around  frontal 
.  Formula  (3.1)  is  also  ap 
well  agrees  with  the  value 


Fig.  7.  Dependence  of  0  7  on 

sl'  1  —  for  wedge  and  2  -  for 

body  with  head  in  the  form  of 
a  stagnant  region. 


hown  earlier  and 


cement  01  experimental  data  on  flow  around  a  wedge  and  a  body  with  frontal  par 

ln  the  form  of  a  stagnant  region  on  the  wedge  during  forward  motion  of  the  end  ar 
represented  on  Fig.  7. 

First  of  all  let  us  note  that  resistance  of  shown  models  does  not  depend  on 
orientation  of  them  in  the  direction  of  motion.  Upon  reversal  of  direction  of 

motion  of  these  models  resistance  of  motion  (within  limits  of  accuracy  of  present 
experiments)  was  not  changed. 

Such  docs  not  occur  during  flow  around  analogous  bodies  by  a  viscous  liquid 
and  is  a  characteristic  peculiarity  of  flow  around  a  model  bv  a  .,u, 


A  distinction  of  conditions  of  flow  around  a  body  with  a  special  form  of  nose 
cone  from  flow  around  a  corresponding  wedge  is  the  increase  of  length  of  boundary 
layer.  The  quantity  y  for  a  body  with  a  head,  considering  change  of  general  length 
of  model,  changes.  This  leads  to  corresponding  change  of  Ca  depending  upon  Sj, 
analogous  to  what  took,  place  for  parallelepipeds. 

Thus,  obtained  results  of  experimental  investigations  satisi actorily  confirm 
qualitative  theoretical  conclusions  about  character  of  dependence  of  drag  coefficient 
of  body  on  determining  parameters  of  problem.  For  geometrically  similar  bodies  the 
product  *yCa  is  a  universal  function  of  5,,  which  can  be  experimentally  determined 
on  one  model  and  used  for  calculation  of  flow  around  bodies  with  other  geometric 
dimensions.  Basic  geometric  characteristics  of  a  streamlined  body  arr  the  parameters 
a  and  l.  The  dependence  of  Ca  on  other  geometric  peculiarities  of  their  structure 
is  essentially  weaker.  It  is  experimentally  shown  that  resistance  of  wedge-shap  d 
bodies  during  their  motion  in  a  viscoplastic  medium  does  not  depend  on  how  the  wedge 
moves  in  the  medium  -  whether  the  end  or  the  front  moves  forward.  This  essentially 
distinguishes  the  flow  around  bodies  by  a  viscoplastic  medium  from  flow  around  them 
under  the  same  conditions  by  a  viscous  liquid. 

The  authors  thank  G.  I.  Barenblatt  for  leadership  in  the  work  and  S.  S. 

Grigoryan  for  valuable  discussions. 
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CALCULATION  OF  FLOW  AROUND  A  PLATE  BY  A  LIQUID-DROP 
LIQUID  WITH  VARIABLE  VISCOSITY 


V.  P.  Kashkurov  and  A.  T.  Luk'yanov  (Alma  Ata) 


We  consider  the  solution  of  the  system  of  equations  of  the  boundary 
layer  of  a  liquid  with  variable  viscosity  with  the  help  of  a  static 
electrointegrator  for  How  around  a  j  late  by  a  uniform  flow.1 

The  number  of  works  dedicated  to  study  of  nonisothermal  flows  of  a  liquid-drop 
viscous  liquid  is  comparatively  small.  Let  us  note  that  problems  about  laminar 
flows  are  solved  sufficiently  simply  (see,  for  instance,  fl]).  Regarding  flow  in 
boundary  layer,  then  the  authors  know  of  only  two  works  in  which  it  was  possible 
to  find  analytic  solutions.  In  the  first  of  ;hem  [2]  is  the  approximate  solution 
of  a  simplified  system  of  equations  of  a  boundary  layer.  In  [3]  is  used  the  method 
of  Karman-Pol ' gauzen,  giving,  as  is  known,  a  basically  qualitative  picture  of  the 
flow. 

Integration  of  system  cf  equations  of  boundary  layer  taking  into  account 
dependence  of  viscosity  on  temperature  must  be  conducted  by  numerical  methods. 

Initial  differential  equations  are  replaced  by  a  system  of  nonlinear  finite-difference 
equations,  solution  of  which  is  connected  with  a  great  deal  of  calculating  work 
and  a  whole  series  of  specific  difficulties.  In  this  case  application  of  static 
electrointegrators  turned  out  to  be  very  effective  p*]>  considerably  simplifying 
and  accelerating  the  calculations.  Below  is  described  one  of  the  variants  of  the 

1Contents  of  report  made  at  the  II  All-Union  conference  on  theoretical  and 
applied  mechanics,  January  29- February  6,  196^ >  Moscow. 
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static  electrointegrator  for  direct  integration  of  a  system  of  equations  of 
nonisothermal  plane-parallel  boundary  layer,  appearing  for  a  plate  around  which 
flows  a  uniform  flow. 

The  considered  problem  is  brought  in  dimensionless  variables  to  system  of 
equations 


t  ,  K 

•K  +  ’H 


t*  ,  9f 

■5T  +  i7  - 


m  .  * 

uJi  +  9* 


(i) 


with  bovndary  conditions 


(P  —  Prandtl  number) 


■  aa  0,  P  ■  0,  6  •  0  whan  I  ■<  0; 


■  ■■  1,  8“  1  whan  • 


r-r„ 

■f~rr 

1  m 


X  X 

*-T  ‘»=“T* 


L 


P 


(2) 


Equation  (l)  in  finite  differences,  solved  relative  to  the  desired  functions, 
has  the  form 


S  V'W*  — “•**>  — 

S ».  <•-  -  *> + •«  -  si  ^  <“ . -  ■-> 

/  “•♦I,  ft  ~  .  “wft  —  “b-I,  *\ 

V - » - )■  *  = - S — ) 


•«.  ».i  =  (iff  ifc  -Jr  t  -  +  a..,, .)  +  «„»  -  sj  £  >  -  *«> 


*•.*♦1  ■“  *•.*  +  —  ■ 


(3) 

(*0 

(5) 


Here  N  »  0.001  is  the  least  change  of  function  at  which  is  considered  change 
of  coefficients;  -  value  of  coefficient  of  viscosity,  taken  with  step  N  -  0.001 
U  (U  is  usually  taken  equal  to  one).  Expression 

CD  '  CD 

4-2*<  « - 1. 2. . . .) 

«-i 

corresponds  to  average  magnitude  in  interval  »•♦»,»-“•*•*•  If,  for  instance,  ■•+!.»  » 0135 
■at  —  (1232  a.,  then 
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The  static  integrator  consists  of  three  discrete  potentiometers  of  high 
resolving  power.  Yields  from  potentiometers  are  removed  on  a  general  switching 

panel  with  three-pronged  sockets  (Fig.  1). 
o  »  »  Potentiometers  P.  and  P0  are  functional  and  serve  for 


programming  the  change  of  coefficients  of  the  equation 
potentiometer  PT  is  discrete;  resistors  R. ,  R  ,  R~ 


-  I  I  compose  the  calculating  element.  The  solution  is 

,1  “t* — 0 - *  carried  out  by  means  of  displacement  of  calculating 

*  *  -  1  element  with  respect  to  points  of  grid  region, 

I  ' -  j represented  in  the  integrator  by  potentials. 

’Hr  =  IhAwJwV  **  ,4 

^  Before  beginning  the  solution  on  potentiometers 

IQ  ~~|  P^  and  P^  are  established  functional  dependencies 

(between  number  of  discharges  and  stress)  of  form 

Fig.  1. 

F,  /(Ai/Av.  v/u)  and  After  that,  with  the 

help  of  plugs  with  cords  on  ends  of  function  generator  stresses  proportional  to  the 
values  of  function  in  selected  points  of  grid  region  are  given.  On  Fig.  la,  is 
shown  a  connection  diagram  in  the  integrator  during  solution  of  differential  equation 
(3).  For  the  integrator  it  is  possible  to  write  the  equality 


2  +  H/H,V. 


Here  a  and  0  are  the  numbers  of  least  fraction 


of  division  of  the  functional 


potentiometer  which  are  contained  in  the  Interval 


3  *  b.  Comparing  equation 


we  will  find  condition 


of  modeling 


Lx! 

* 

a 

rVL  J 

5 

r 

■VA'VAV 

During  the  solution  of  equation  (4)  separate  units  of  the  integrator  are 
connected  according  to  the  diagram  of  Fig.  lb.  For  the  integrator  the  following 
equality  is  accurate: 


*  -  2»'n*  +  *>  +  V\u  -  A  (V, 


Comparing  equation 


we  will  find  condition 


of  modeling 


For  stability  of  calculation  it  is  necessary  to  have  fulfillment  of  inequalities  [5] 


During  calculations  the  region  is  divided  on  two  grids 
and  ht  —  0.1  )  and  mobile  (A*  —  Ay  -  O.i). 


motionless  (Ax  —  0.005 


Results  of  solution,  obtained  with  the  help 
of  static  integrator  by  the  means  described  above, 
are  represented  on  Figs.  2-4. 

Curves  on  Fig.  2  show  development  of  velocity 
profile  in  boundary  layer  along  plate;  for  initial 
distribution  of  speed  when  x  »  0  a  curve  of  form 
1  is  accepted;  curves  2,  3,  ^  correspond  to  values 
*  —  3Ax,  7 Ax,  15Ax ;  curve  4  corresponds  to  a  self- 
simulating  profile.  On  Fig.  3  are  depicted  self- 
simulating  profiles  of  speed  in  a  boundary  layer 
formed  during  flow-around  by  a  uniform  flow  of 
water  of  hot  (r.-80*  C,  Tm  -  20*C  -  curve  1)  and 
cold  r«,»*8(FC  —  curve  2)  plates,  A 

characteristic  peculiarity  of  these  profiles 
(which  qualilatively  coincide  with  those  in  [2]) 
is  the  presence  on  curve  2  of  a  point  of  inflection 
(for  lubricating  oil  deformation  of  profile  of 
speed  on  a  cold  plate  would  be  expressed  more 


Fig.  4. 


sharply);  for  the  same  values  of  and  of  plate 
and  flow  on  Fig.  4  are  given  profiles  of  temperature 
in  boundary  layer.  Comparison  of  the  constructed 
curves  for  profiles  of  speed  with  those  given  in  [2] 
shows  their  qualitative  proximity. 

Results  of  calculation  permit  finding  relationship 
of  stresses  of  friction  and  heat  flow  on  a  cold  and 
a  hot  plate 


In  parentheses  are  shown  values  for  water. 

Accuracy  of  results  is  determined  by  magnitudes  of  steps  of  grid,  taken  from 
calculation  plan,  and  thoroughness  of  manufacture  of  separate  units  of  the  integrator. 
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THE  THEORY  OF  NONSTATIONARY  SURFACE  WAVES 


Yu.  A.  Berezin  and  V.  I.  Karpman 


(Novosibirsk) 


A  nonsteady-state  solution  is  found  for  the  Korteweg-de  Vries  equation 
[1],  describing  profile  of  surface  wave  of  finite  but  small  amplitude 
at  large  distances  from  initial  perturbation. 


In  [1]  Korteweg  and  de  Vries  obtained  an  equation  describing  propagation  of 
waves  of  finite  but  small  amplitude  on  the  surface  of  a  heavy  liquid  which  is  in 
a' canal  of  finite  depth  which  has  the  form 


3  m  dij 


Here  q(x,  t)  -  elevation  of  free  surface  of  liquid,  h  -  depth  of  canal, 
p  -  density  of  liquid,  a  -  coefficient  of  surface  tension.  As  is  noted  in  [  ], 
this  equation  describes  waves  moving  only  in  one  direction,  i.e.,  describes  on  f 
two  systems  of  waves  moving  in  opposite  directions,  which  will  be  the  result  of  a 
certain  perturbation,  after  their  full  separatl  ''n  urs. 

Linearization  of  equation  (1)  gives  the  dispersion  equation 


«/*  -  ,,(1  +  Vi 6’**) 


which  follows  also  from  the  known  dispersion  equation  for  capillary  gravity  waves 


in  the  limit  of  long  waves  (kh  «  1).  Thus,  during  derivation  of  equation  (1) 
the  ratio  h/X  —  depth  of  channel  to  wavelength  is  a  small  parameter. 

Prom  equation  (2)  it  follows  that  depending  upon  depth  of  channel  phase  speed 
of  small  oscillations  either  increases  with  increase  of  k  (when  k  <  f3a/pf,  >  O'), 
or  decreases  with  growth  of  k  (when  *  >  |3 a / pg,  6*<0).  We  say  that  in  the  first 
case  there  is  a  positive  dispersion,  and  in  the  second  a  negative  dispersion. 

Steady-state  solutions  of  equation  (1),  obtained  in  [ 1 ],  gives  secluded  and 
periodic  waves  of  finite  amplitude.  For  secluded  waves  we  have 


Here  u  —  speed  of  secluded  wave.  It  follows  from  this  that  length  of  secluded 
wave  is  determined  by  its  amplitude  and  magnitude  |5|,  which  we  will  call  the 
length  of  dispersion.  In  the  case  of  positive  dispersion  there  exist  nonlinear 
stationary  waves  of  type  of  cavities  (minus  sign  in  (4)),  and  in  the  case  of 
negative  dispersion  —  wave  of  type  of  elevations  (plus  sign  in  (4)). 

As  was  noted  in  [3,  4],  propagation  of  waves  on  the  surface  of  a  heavy  liquid 
in  a  channel  of  finite  depth  reveals  an  analogy  with  propagation  of  waves  of  finite 
amplitude  in  rarefied  plasma,  where  propagation  of  secluded  and  periodic  waves, 
which  were  considered,  for  instance,  in  [5-7]  also  turns  out  to  be  possible. 

In  [8]  was  obtained  an  equation  for  nonstationary  waves  of  finite  but  small  amplitude, 
propagating  in  plasma  both  across  magnetic  field  and  also  under  a  small  angle  to 
it,  which  has  a  form  similar  to  equation  (1).  In  the  same  place  was  found  the 
nonstationary  solution  of  the  obtained  equation,  self-simulating  with  respect  to 
certain  variables.  As  will  be  shown  below,  an  analogous  nonstationary  solution 
can  be  obtained  also  for  equation  (1). 

We  cross  in  (1)  to  new  variables 


, 

Here  the  upper  sign  corresponds  to  the  case  of  positive  dispersion  (5  >  0), 
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and  the  lower  to  the  case  of  negative  dispersion  (62  <  0).  As  a  result  we  will  obtain 


the  equation 


#/.,♦/  4.  « 


Equation  (6)  is  invariant  with  respect  to  transformation 


Therefore  we  consider 


/(fct)  —  -**■*/*(«).  «  —  -\~H 

and  after  substitution  of  (8)  in  (6)  we  obtain  the  equation 


H"'  +  St*  +  •*'  +  2*  -  0 


(6) 


(7) 


(8) 


(9) 


Such  an  equation  was  investigated  by  the  authors  in  [8],  where  it  was  shown 
that  the  family  of  solutions  of  equation  (9),  fading  when  z  —  -oo,  has  when  z  -*■  -a 
asymptotic  behavior 


t  (i)  -  y  C  (.V-1/*  | «  DV‘  exp  [-  2  (^) ']  (  1 

Here  C  is  a  certain  arbitrary  constant.  Equation  (  )  was  solved  numerically 
on  an  [ EVM]  (SBM)  (computer)  with  the  use  of  asymptotic  behavior  of  (10)  for 
determination  of  values  ifr(z),  ^‘(z),  ^"(z)  for  certain  large  negative  z.  Results 
of  solution  are  shown  in  Fig.  1.  Curves  1,  2,  3,  **  correspond  to  values  C  -  1.0, 
1.6,  1.8,  9.0.  When  C  <  1.6  function  V(z)  has  oxcillatory  character  (curves  1,  2); 
when  C  t  1.8  solutions  are  curves  of  type  3»  4  and  do  not  have  physical  meaning. 

As  was  shown  in  [8],  solution  ^(z)  for  sufficiently  small  C  (according  to  numerical 
solution  when  C  s  1.6)  has  when  z  -*  +cd  asymptotic  behavior 

*(<)  -  «'A  (C,  cos  |2( '/,•)*/,]  +  Ct  sio  [2(V.*)V.B 

Here  C^,  are  certain  arbitrary  constants.  For  sufficiently  large  C 
(according  to  numerical  solution,  when  C  £  1.8)  solution  V'(z)  has  in  certain  points 
depending  on  the  value  of  C,  a  pole  of  the  second  order.  Actually,  if  constant  C 
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in  (10)  is  sufficiently  great 
small  z  in  equation  (9)  it  is  possible  to  disregard 
the  last  two  terms,  and  when  V'fV'  <  0)  is  large 
with  respect  to  absolute  value,  we  will  have 


then  in  region  of 


V  where  3  —  arbitrary  constant.  Thus,  for 

Fig.  1. 

sufficiently  large  C  solutions  of  equation  (9) 
diverge  as  (z  -  3)  ei,  while  (3  decreases  with  increase  of  C. 

Using  formulas  (5)  and  (8),  we  write  elevation  of  free  surface  of  liquid 


In  the  care  of  positive  dispersion  (A<y3a/pf)  for  sufficiently  large  x  and 


t  we  have 


when  unt  <  x 


when  unt  >  x 


In  the  case  of  negative 


dispersion  (A>f3a/pf)  for  sufficiently  large  x  and 


t  we  have 


when  u^t  <  x 


when  u-.t  >  x 


r(— f 

/*y* 

(  ^  f 

\,A  | 

1  \  «•*/ 

\  s  ;  eiM' 

'VTV 

\  H*|“**/ 

\  A  /  1 

1i.  * 


■1 


Form  of  surface  of  liquid  in  certain  point  x,  described 
f  by  formulas  (14)-(17),  qualitatively  (without  observance 

f| — V%y  of  scale),  is  depicted  on  Figs.  2  and  3,  irom  whi  I.  Fig. 

corresponds  to  elevation  of  surface  of  liquid  in  the  asr 

Fig.  2. 

of  negative  dispersion,  and  Fig.  5  corresponds  to  elevation 
of  surface  of  liquid  in  the  case  of  positive  dispersion.  By  analogy  wit)  r  1 ,  - 


conclude  that  these  solutions  describe  asymptotic  form  of  free  surf a~ e  of  liquid 


after  a  certain  initial  perturbation,  concentrated  near 


point  x  -  0,  for  a  sufficiently  large  x  and  t  not  too  far 


from  front  of  wave  x  *  u(jt  (by  front  of  wave  here  is 


Fig.  3. 


understood  front  of  perturbation  propagating  with  spe°d 
Uo  —  y77f  ).  Parts  of  profile  shown  on  Figs.  2  and  3  by 


dotted  line  correspond  to  regions  far  from  the  front,  which  are  not  described  by 


formulas  (1^)— (17). 


In  conclusion  the  authors  thank  R.  Z.  Sagdeyev  for  constant  attention  to  the 


work  and  valuable  discussions. 
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THE  STRUCTURE  OF  FLOW  IN  ELECTRODISCHARGE  SHOCK  TUBES 


M.  I.  Vorotnikova  and  R.  I.  Soloukhin 


(Novosibirsk) 


Terminal  velocity  of  shock  waves,  obtained  in  usual  or,  as  they  are  sometimes 
called,  diaphragm  3hock  tubes,  corresponds  to  Mach  numbers  of  order  10-50 
(temperature  of  "worker"  g as  T  ~  6000°K).  Therefore  interest  toward  methods  of 
obtaining  shock  waves  with  M,  ~  r_>*102,  founded  on  electrodynamic  acceleration  of 
conducting  gas  masses  during  fast  discharge  is  fully  understandable.  To  this 
question  is  dedicated  extensive  literature  (see  for  instance,  [1]  and  surveys  [2,  5])» 
where  in  a  number  of  investigations  an  attempt  is  made  to  study  structure  of  jump 
and  different  unbalanced  processes  after  front  of  shock  waves  obtained  in  such  a 
way.  Immediately  let  us  note  that  one  should  observe  known  caution  during 
application  of  methods  which  are  wide-spread  during  work  on  usual  shock  tubes,  in 
conditions  of  experiments  with  electrodischargc  tubes.  In  this  relation  data  of 
experiment  of  K.  Clouprau  [4],  in  which  was  shown  a  practical  coincidence  of  front 
of  glow  of  gas  which  is  in  the  channel  of  a  shock  tube,  with  front  of  glow  of 
near-electrode  plasma  of  discharge.  From  experiments  of  M.  Cloupeau  it  follows 
that  in  waves  with  ~  102  plasma  of  discharge  ("piston")  and  thermal  plasma 


("plug"  of  investigated  gas)  mutually  penetrate  and  shift, 


In  this  connection  it  is  necessary  also  to  mention  the  investigation  of  Chang 
[5],  where  along  with  the  non  one-dimensional  structure  of  flow  in  a  shocK  tube 
with  coaxial  accelerator  by  recordings  of  pressure  it  is  possible  to  note  also 
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deflections  from  one -dimensional  laws  of  preservation  on  front  of  shock  wave  during 
its  reflection  from  closed  end  of  tube.  Below  is  compared  an  optical  picture  of 
the  process  with  measurements  of  pressure  by  piezotransducer  and  with  other  methods 
of  "sounding"  the  state  of  the  medium  after  the  shock  wave  -  for  more  detailed 
information  about  degree  of  deflections  from  one-dimensionality.  Corresponding 


oscillograms  and  developments  are  shown  in  Figs.  1-5. 

1.  Combination  of  picture  of  glow  with  recording  of  pressure  in  wall  of  tube. 
For  simultaneous  registration  of  front  of  pressure  and  front  of  glow  of  shock  waves 

I  r  j  a  tube  from  plastic  with  a  right  angle  cross 

’  _  t 

|tTD  f  x  section  :  mm,  an  I 

l  z  ’ 

n  discharge  section  of  the  type:  axial  elongated 
"1  electrode-wall,  C  »  600-750  microfarad, 
i  V  *  5-5.8  kv.  Discharge  was  produced  in  air 
r.j  £gj  ■  pressure  pQ  -  0.2  mm  Hg. 


cording  of  luminescense 
(PM)  and  pressure  (p); 
D  —  1.5  cm/usec. 


shock  wave  could  be  determined  accurate  to 
1-2$  both  by  scannings  made  by  photoregister 
and  also  with  the  help  of  a  [FEU]  (®PY)  (photomultiplier,  PM)  and  two  transverse 
slots.  Pressure  was  measured  bv  pulse  piezoelectric  transducer  ]  with  1~ameter  of 


Fig.  2.  Combined  in  time 
frame  of  glow,  taken  through  a 

transverse  slot  46  x  0.5  mm  , 
and  oscillogram  of  pressure, 
recorded  by  a  piezotransducer 
embedded  in  lateral  wall  of 
tube  strictly  opposite  slot. 
Narrow  luminescent  band  on 
frame  is  obtained  during 
passage  of  perturbation  through 

auxiliary  slot  4  x  0.5  mm£  » 
located  23  mm  ahead  of  basic 
slot.  A  light  signal,  passing 
the  auxiliary  slot  simulta¬ 
neously  is  recorded  by  the  PM. 


sensing  device  X  mm.  Calibration  by  sensitivity 

•  w: 

•  -4md  check  of  accuracy  of  reproduction  of  form 

cf  signal  by  transducer  were  conducted  on  a 
diaphragjn  shock  tube.  Error  in  determination 
of  absolute  value  of  pressure  was  not  more  than 
»±8.5$.  The  transducer  was  embedded  in  the  lateral 
“■wall  of  the  tube  strictly  opposite  slot  of 
recording  channel  of  PM,  dimensions  of  which 
were  1  x  0.3  mm. 

Comparison  of  oscillograms  of  pressure  and 
glow  (Fig.  1)  indicates  combination  in  time  of 
maxima  of  measured  magnitudes  accurate  to  —0.1 
nsec.  However  beginning  of  growth  of  glow,  as 
a  rule,  noticeably  leads  beginning  of  rise  of 
pressure.  Difference  in  time  constant  of  buildup 
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Fig.  '.  (a)  Phototracing  Of  process  of 

collision  of  two  waves  f  identical  intensity; 
D  ~  3  em/usec.  (b)  Pram''  of  luminesc- 


of  signals  for  waves  with  a  speed 
~l.t>  cni/msec  was  near  0.3  nsec  or 
(in  space  solution)  near  0.5  cm. 

The  most  graphic  explanation  of 
this  fact  can  be  found  in  comparison 
of  recording  of  pressure  with 
simultaneous  registration  of  form 
of  contour  of  luminescent  front 
of  shock  wave.  For  this  purpose 
the  gas  luminepcense  was  photographed 
through  a  transverse  slot  by  the 
method  of  partial  (to  0.9) 
compensation  of  motion  of  wave 
(image  on  film  in  photoregister 
moves  with  a  speed  close  to  speed 
of  wave  in  that  same  direction, 
see  [6]).  On  Fig.  2  are  given 
typical  photographs  of  contour  of 
luminescent  front  with  recordings 
of  pressure  in  corresponding  section 


of  propagating  pert  superimposed  on  them.  On  photographs 

there  is  a  characteristic  absence  of  a  clear  and  smooth  line  of  the  front  —  in 
undisturbed  -as  it  is  though  clusters  of  plasma  are  introduced, "  forming  their 
own  kind  of  "semlpermeable  piston."  Considering  difference  in  internal  energy 


of  plasma  of  discharge  compressed  by  shock  wave  due  to  mixing,  as  a  whole 

it  is  possible  to  <=-x|  •  t  Inflections  of  mean  values  of  temperature,  density,  and 
pressure  of  medium  aftrr  tic  front  from  those  calculated  from  one-dimensional  laws 
of  preservation  for  plane  wave. 

2.  |  r  SB  -  ft  j  -'r  chock  wave.  On  Fig.  f  are  given  absolute  values 

of  measured  pressures  aft  r  the  front  of  a  wave.  From  comparison  of  them  with 
given  one-dimensional  calculation  it  is  possible  to  see  that  there  is  a  divergence 
of  approximately  twi  a  in  understating  data  of  experiment.  Let  us  note  that  a 
decrease  of  pressure  can  be  shown  also  in  measurements  of  [4] (after  a  reflected 
wave),  where  the  author  relates  this  to  errors  of  experiment.  It  is  necessary 
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to  note  also  that  small  values  of  measured  pressures  are  directly  connected  with 
appraisals  of  deviations  from  calculation  in  temperature  and  density,  given  in 
[2],  where  it  is  shown  that  the  ratio  of  experimental  values  of  temperature  to 
theoretical  values  have  an  order  of  2,  and  the  ratios  of  experimental  values  of 
density  to  theoretical  values  equal  ~l/3. 

3.  Speed  of  reflected  and  refracted  shock  wav<'S.  Comparison  of  measured 
speeds  of  reflected  and  refracted  shock  waves  with  calculated  speeds  can  also 
serve  as  a  method  of  appraisal  of  deflections  from  one-dlmensionalness  (registered 
deflections  from  equilibrium  in  this  case  are  difficult  to  expect  due  to  large 
values  of  temperature  of  medium).  Experiments  on  collision  and  reflection  of  shock 
waves  were  conducted  in  a  round  tube  with  Internal  diameter  27  mm  and  with  coaxial 
discharge  device.  As  also  in  tube  with  right  angle  cross  section,  front  of  glow 
of  wave  at  60  cm  from  discharge  turns  out  to  be  irregular  (most  frequently  —  convex, 
see  Fig.  3b).  Typical  scannings  of  collision  of  waves  of  equal  Intensity  are  shown 
on  Fig.  3a.  Scannings  of  reflection  of  wave  from  closed  end  of  tube  in  virtue  of 
symmetry  of  phenomenon  are  fully  analogous  to  each  of  the  halves  of  a  scanning  of 

O  ■»  •">*  •  ■  »  ■ 

type  (Fig.  3a). 


-  ••  mmj 

1  f’  i'il 


Fig.  4.  Phototracing  of  reflection  of  wave  from  end 
of  tube. 


Scannings  with  resolution  in  time  and  space  essentially  larger  than  on  Fig.  3a 
(~50  times)  were  processed  (Fig.  4).  On  Pig.  7  values  of  speed  of  reflected  waves, 
desired  at  ~1  cm  near  reflecting  wall,  are  compared  with  one-dimensional 
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equilibrium  calculation  (solid  curve).  From  this  comparison  it  is  simple  to  verify 
that  speed  of  reflected  (refracted)  waves  is  1. 5-1.5  times  higher  than  the  calculated 

i 

value.  If  one  were  to  consider  that  speed  of  reflected  wave  D  is  connected  with 
compression  in  this  wave  P  and  flow  rate  u  is  a  simple  relationship.  D  ■  u/(P  -  1), 
obtained  data  will  correspond  not  to  computed  value  of  compression  ~  7  for  a 
wave  in  air  (D  =  2  cm/usec),  but  to  compression  P^'  ~  5.  This  result  does  not 
contradict  observations  by  mutual  penetration  and  mixing  of  electrodischarge  and 
thermal  plasma  in  an  incident  wave,  if  one  c  nsiders  that  discharge  plasma  has 
higher  temperature  than  thermal  plasma.  Thus,  if  it  is  considered  that  change  of 
noted  above  is  connected  only  with  Increase  of  temperature  (speed  of  sound)  after 
an  incident  wave  with  corresponding  change  of  Mach  number  of  reflected  wave  M  ~  0.6M, 
then  the  necessary  increar  I  I  mperature  should  compose  Tj '  ~  1 . 5T. ,  i.e., 
somewhat  lower  than  in  [2],  where  T. '  ~  2T^ .  However  if  one  were  to  take  obtained 
value  for  T  and,  according  to  [2],  to  consider  p..  1  ~  l/5p.,  then  we  obtain 
p^'/pj  ~  1 /2,  which  more  nearly  corresponds  above  obtained  data  on  measurement  of 
pressure  than  estimates  of  expected  decrease  of  pressure  according  to  [2], 


Of  2  J  t  H«t 


Fig.  5.  Diagram  of  experiment  and  time  scanning  of  flow  around  by  a  wave  of 
a  cylinder  5  mm  in  diameter  with  axis  coinciding  with  axis  of  tube. 

Shock  wave  during  flow  around  an  obstacle.  For  the  diagram  of  the 
experience  showr  on  Fig.  8,  the  scanning  is  given  on  Fig.  5.  With  respect  to 
position  of  shock  wave  forming  for  braking  surface  of  obstacle  (end  of  cylinder  of 
area  S),  it  is  possible  to  watch  state  of  flow  after  incident  shock  wave,  in 
particular  it  is  possible  to  estimate  Mach  number  of  flow  of  medium  incident  on  the 
body.  In  accordance  with  data  of  (7,  8],  ratio  of  distance  between  forward  shock 
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and  end  of  cylinder  S  to  diameter  of  cylinder  d  decreases  in  proportion  to  ratio 

of  density  before  and  after  Jump.  We  compare  now  with  this  estimate  Fig.  5.  On 

the  given  scanning  S/d  ~  0.33,  i.e.,  closely  corresponds  to 

■  i/cxZS  when  y  -  9/7  -  namely  to  the  case  of  higher  (T± •  ~  1.5^) 

temperature  -  and  not  to  the  parameter  of  purely  thermal  plasma, 

[I  where  M  ~  3.5  and  expected  value  S/d  ~  0.2.  Thus,  here  is 

PH  obtained  one  more  independent  proof  of  accuracy  of  basic  moment 

I  *  H  1  |  _  absence  of  delimitation  between  thermal  and  discharge  plasma 

_  and  their  mixing  in  electromagnetic  tubes  initial  pressures 

Fig.  8.  Dia¬ 
gram  of  less  than  1  mm  Hg. 


Fig.  8.  Dia¬ 
gram  of 
experiment. 
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THE  STRUCTURE  OF  SHOCK  WAVES  IN  THE  CASE  OF  PHASE 
TRANSITIONS  OF  THE  FIRST  KIND 

N.  M.  Kuznetsov 


(Moscow) 

Structure  of  a  shock  wave  in  gas  with  reversible  chemical  reactions  was 
investigated  by  Ya.  B.  Zel'dovich  [1].  In  [1]  it  is  shown  that  in  the  structural 
relation  one  should  distinguish  weak  and  strong  waves,  while  in  weak  and  also  in 
strong  waves  pressure  p  and  density  p  in  the  relaxing  zone  increase  with  approach 
to  state  of  thermodynamic  equilibrium.  Such  a  movement  of  p  and  p  is  obtained 
during  fulfillment  of  condition  5p  >  0,  where  6p  —  difference  of  pressures  on 
"frozen"  and  equilibrium  branches  of  shock  adiabat  at  the  same  value  of  density 
and  in  the  absence  of  breaks  of  shock  adiabat.  During  reversible  chemical  reactions 
both  tnese  conditions  are  executed.1 

However  during  phase  transition  of  kind  I,  occurring  slower  than  establishment 
of  thermodynamic  equilibrium  in  each  of  the  phases,  reverse  location  of  considered 
branches  of  shock  adiabat  is  also  possible,  i.e.,  5p  <  0  [},  4],  Furthermore, 


lS.  P.  D'yakov  [2]  indicated  possibility  of  6p  <  0  in  case  of  dissociation  of 
diatomic  or  polyatomic  gas,  resulting  because  branches  of  shock  adiabat,  corresponding 
to  undisoociated  and  dissociated  gases  in  the  state  of  thermodynamic  equilibrium  in 
all  degrees  of  freedom,  besides  dissociation,  during  sufficiently  great  intensity  of 
shock  wave  have  a  point  of  intersection.  However  it  is  possible  to  show  that  at  the 
point  of  intersection  and  above  it,  i.e.,  where  6p  <  0,  energy  of  vibrational  degree 
of  freedom  attains  a  magnitude  of  the  order  of  energy  of  dissociation  of  a  molecule. 
Rate  of  dissociation  of  course  will  not  be  small  as  compared  to  relaxation  rate 
molecular  oscillations,  and  actual  consideration  of  the  shown  branches  of  adiabat 
is  deprived  of  a  physical  content. 
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ehock  adiabat  p(V),  where  V  ■  1/p,  In  the  presence  of  phase  transition  has  breaks, 
where  in  the  case  of  sufficiently  strong  intermittent  decrease  (dp/5v)  with  growth 
of  p  on  equilibrium  shock  adiabat  is  possible  the  formation  of  diwave  configuration 
[5].  (Let  us  note  that  in  any  case  5p  >0.)  Dependence  of  the  sign  of  5p  on 
thermodynamic  properties  of  a  substance  undergoing  phase  transitions  of  kind  I  is 
considered  in  [4],  Not  returning  again  to  this  question,  we  will  consider  the 
qualitative  character  of  structure  of  shock  wave  when  6p  <  0. 


1.  When  6p  <  0  one  should  consider  only  a  strong  shock  wave.  (In  a  weak  wave 
6p  is  always  positive  [6],  and  phase  transitions  here  give  nothing  qualitatively 
new  [4],  Conclusions  of  Ya.  B,  Zel'dovlch  about  structure  of  weak  shock  wave  are 
accurate  not  only  during  reversible  chemical  reactions,  but  also  in  the  general 
case  of  slow  establishment  of  equilibrium  with  one  relaxation  time.)  Location  of 
shock  adiabats  of  ’’frozen"  and  equilibrium  state  when  6p  <  0  is  depicted  on  Fig.  1, 
With  approach  of  substance  to  state  of  full  thermodynamic  equilibrium,  the  point 
describing  state  of  substance  on  plane  pV  (Fig.  1),  shifts  along  chord  3-2  from 
position  3  to  position  2.  Density  and  pressure  decrease.  Qualitative  character 

of  dependence  of  p  and  p  on  distance  x  to  shock  wave  is  depicted  on  the  figure. 

2.  When  6p  >  0  there  is  diwave  configuration  (see  Fig.  3)  during  fulfillment 
of  condition 

(1) 


Location  of  "frozen"  and  equilibrium  shock  adiabats  in  the  case  of  diwave 
configuration  is  depected  on  Fig.  3  (the  small  dotted  li.ie  depicts  Poisson  adiabat 
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of  the  metastable  phase).  The  second  wave,  shifting  the  substance  from  state  2 
to  state  3,  in  structure  [1]  is  always  weak.  Actually,  the  second  wave  would  be 


strong  if 


Here  in  the  right  part  is  an  isentropic  derivative  of  pressure  with  respect  to 
volume  of  Initial  phase  at  point  2.  But  from  requirement  of  gas-dynamic  stability 
of  shock  wave  in  the  absence  of  phase  transition  follows 


which  together  with  (2)  contradicts  condition  of  realization  of  diwave  configuration 


Qualitative  dependence  of  p  and  p  on  x  for  diwave  configuration  is  depicted  on 

Fig.  4.  Both  waves  car.  be  stationary,  but  rates  of  their  propagation,  in  general, 

* 

are  different.  With  Increase  of  pressure  p^  inequality  (1)  is  disturbed,  and  in 
steady  state  operation,  as  folic r  f’rom  the  above  and  directly  from  the  drawing 
(Fig.  3),  the  waves  merge  into  one  earlier  than  the  second  of  them  becomes  strong. 
The  monowave  configuration  which  forms  is,  in  the  structural  relation,  the  strong 


wave  considered  by  Ya.  B.  Zel'dovlch 
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FLOW  AROUND  A  ROUND  PLATE  IN  CONDITIONS 
OF  MOLECULAR  BOUNDARY  LAYER 


V.  A.  Perepukhov 


(Moscow) 

During  investigation  of  a  round  plate  located  at  zero  angle  of  Incidence  to  a 
flow  of  strongly  rarefied  gas,  there  occur  different  types  of  flows,  realization  of 

which  depends  on  the  relationship  between  Mach  number  M  and  Knudsen  number  K  in 

cr  od 

the  incident  flow. 

In  [1]  is  given  analysis  of  different  types  of  flows  which  are  observed  during 
flow  around  bodies  in  the  framework  of  the  theory  of  first  lntermolecuiar  collisions 
in  the  same  place  for  the  first  time  possibility  of  existence  of  molecular  boundary 
layer  was  shown. 

In  [2]  this  problem  was  investigated  under  the  condition  that  Knudsen  number 
and  Mach  number  K  »  M^  »  1.  Below  is  proposed  a  solution  of  an  analogous  problem 
under  the  condition  that  Ka?  »  Ma  »  K  »  1;  numerical  calculation  is  conducted 


for  Moo  «  30,  K(n  -  12. 


We  assume  macroscopic  flow  rate  U  much  larger  than  thermal  velocity  of 
molecules  in  incident  flow  and  much  higher  than  speed  of  reflected  molecules. 

Reflection  of  molecules  from  surface  consider  diffuse  with  Maxwellian 
distribution  of  speeds 


and  coefficient  of  accommodation  a  ~  1, 


We  simulate  the  molecules  by  hard  balls  of  diameter  o.  In  order  to  estimate 
probability  of  collision  of  different  types  of  molecules  (reflected  and  incident) 
with  each  other,  we  introduce  average  lengths  of  molecular  mean  free  paths (index  1 
will  designate  molecule  of  incident  flow,  index  2  —  molecule  of  reflected  flow): 
mean  free  path  of  incident  molecules  during  collision  with  each  other 


mean  free  path  of  reflected  molecules  during  collision  of  them  with  molecules 
of  incident  flow  X?1  ~  Xq/M^; 

mean  free  path  of  incident  molecules  during  their  collision  with  reflected 
molecules  X12  ~  XQ; 

mean  free  path  of  refloated  molecules  during  their  collision  with  reflected 
molecules  ~  XQ. 

Of  these  four  lengths  the  least  is  X^^j  this  permits  reflected  molecules  to 
be  almost  completely  dispersed  into  molecules  of  incident  flow  at  small  distance 
from  surface  of  plate.  At  the  time  of  collision  of  reflected  molecule  with  incident 
molecule  one  may  assume  that  the  reflected  molecule  is  at  rest;  after  the  collision 
part  of  the  molecules  will  arrive  back  on  the  plate,  part  will  fly  away  in  the  flow, 
but  molecules  undergoing  collision,  will  no  longer  possess  thermal  velocity,  but 
on  the  average,  speed  of  order  U.  Consequently,  now  on  the  plate  arrives  almost 
the  same  quantity  of  molecules  without  collisions  and  part  of  the  molecules 
undergoing  collision;  this  permits  the  quantity  of  molecules  getting  on  the  plate 
and  reflected  from  it  to  be  increased  as  long  as  flow  of  molecules  from  infinity 
not  undergoing  collisions,  is  equal  to  the  part  of  the  flow  of  reflected  molecules 
flowing  out  through  ends  of  plate. 

Here  it  is  possible  to  show  that  mean  free  path  of  molecules  undergoing 
collision  on  molecules  of  another  sort  and,  conversely,  molecules  of  any  sort  on 
molecules  undergoing  collisions,  will  be  large  or  of  order  Xf|. 

This  means  that  the  given  problem  can  be  solved  in  the  framework  of  the  theory 
of  first  collisions.  Strictly  speaking,  this  process  is  accurate  during  the 
following  relationships  between  Ma  and  K^: 

Km1  »  Mm  »*•»!.  (Km  -  '/»*«  /  •  -  (2V«W»«I».)  '•) 
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But  this  condition  may  be  weakened,  requiring 

*.*  >  Mm  >  Km  >  I 

Below  is  an  example  of  calculation  of  such  flows  when  M  »  50,  K  -  32. 

As  a  result  of  the  collision  of  a  molecule  possessing  speed  U  with  a  motionless 
reflected  molecule  (if  direction  of  line  of  centers  at  the  time  of  collision  is 
bound  by  solid  angle  dfl) ,  speed  of  molecules  after  collision  will  lie  in  intervals 

V,.  »',  +  <*»'..  r„  v,  +  dv, 

where  accordingly  Indices  1  and  2  designate  speed  of  incident  and  reflected  molecules 
after  collision. 

The  Boltzmann  equation  we  record  in  the  form 

< 9f/»l)VdV  «  2nmn(r)o't/cos0dil  (1  ) 

Here  6  —  angle  between  direction  of  line  of  centers  and  direction  of  speed 
U  at  the  time  of  collision,  n(r)  —  density  of  reflected  molecules,  nm  —  density 
of  incident  flow,  f  —  distribution  function  of  molecules  undergoing  collision  in 
gas,  V  -  speed  of  molecules  after  collision  in  direction  1. 

Now  it  is  necessary  to  find  the  connection  between  magnitude  of  scattering  of 
speeds  dV12  and  solid  angle  dft.  Let  us  assume  that  molecules  collide  so  that  line 
of  centers  is  in  the  solid  angle  with  dfi. 

Then  from  simple  geometric  considerations  we  find  that 


iV u  ■■  V*  ain  0  co*  W  W* 


(2) 


Let  us  write  the  law  of  preservation  of  number  of  particles  N  for  arbitrary 
element  of  plate  dS^ 

*7\  x1/,  ,RT  .V, 


/  **00  \  '*  f“Tw  s’1 

M— )  +"«-*•«  tar) 


(3) 


Here  T^  and  Tw  -  temperature  of  flow  on  infinity  and  temperature  of  wall 
correspondingly,  and  as  before  it  is  assumed  that  reflection  occurs  with  Maxwellian 
function  of  distribution  by  the  speeds 
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So  that  in  the  decision  process  of  integral  equation  (3)  it  was  possible  to 
calculate  multiple  integral  by  the  Monte  Carlo  method,  it  is  necessary  to  cross 
to  a  system  of  coordinates  in  which  the  integrand  would  satisfy  Lipschitz 
conditions.  In  connection  with  this  the  following  variables  were  introduced  R^,  cp 

(see  Fig.  1). 


Integral  (4)  in  new  variables  will  take  the  form 


tft  to  '/,*  */f*  I"  I  ® 

Ni- 2  (£)  «««**/  Wx J  rfifi  J  A'*h «»»* •  * °»* •  x 

•  •  “V/t  •  •  • 


/  R** Va, 

X  *ip (- V* *P) **P [-  2y.jv  ) iV 


Fig.  1. 


Here  a  —  radius  of  plate 

A  —  L*  -f-  Jf|*  —  2LRi  (in  •co*(<D  —  j),  g—V l  +  Hi*—  2R% cos  (f  —  f ) 

r  "  •  1”"T-  *>-V-  T- 

.  _  »iaf  —  ffnia  t  CMf  —  Jf,CM  + _ 

Ki  +  A/  — Ijfftco#  (f  —  f)  *  /i  +  /fi*  —  cot  (f  — - 

to  -  raj|(M <f*_  t)  -  *•  /*  +  /v-xA.cm  (?-*) 


Let  us  introduce  designations 


I  +  A,*  —  2A,  cm  (f  —  —  i,' 

(cm  (f  -  X)  -  if, cm  (*>  -  X)J  -  V 


•  ”  V  «**  —  K*  »in*  0 


we  introduce  the  new  variable 


L  —  Rt  sin  6  6^ 


"•  -  75?  C 


Then  the  integral  in  new  designations  will  be  written  so: 


/  w  \**  V  "  e  'T  T  V  «  .  ■la••cM,•fMxV• 

*«"*(et)  u**~*y*  yvyR»  \  **  \  »<*•?) — — *—  x 

•  •  •  •  -J/U  •  N 

Xi(t— AtCMff — f))eip  (-  y  K»)  {cm*  (l«  (  x  e  +  *••!■  •!  Mp(“  p?5iX  e)  + 


Fig.  2. 


In  solving  the  integral  equation  for  density  of 
reflected  molecules  (3)  on  surface  n,  ^(R,  V')  the  method 
of  successive  approximations  was  used,  where  for  zero 
approximation  was  selected 


=^lUoo*oo  "  JT~  *oo  “  2  5nco 


Taking  into  account  collisions  expressions  for  x 
and  y  axes  and  energy  flow  will  take  the  fcrm 


P»  “  Ptm  +  P »♦/  P»  “  + 

—  2i»(*o  /  n)*'ti»«o,£/*/li«*(ri,  f  )cos*  0  sin*  0  cot*  xl 
P,+  —  2m(At/n)V>M1>o,C/*/Ii«<(r}f)cos,0ain*0cos*x) 


where  the  index  od  designates  corresponding  flows  of  molecular  features  occurring 
during  free  molecular  flow  around,  and  the  index  +  designated  corresponding  flows 
of  molecular  features  caused  by  collisions,  I  -  integral,  aialogous  to  (6),  in 
which  instead  of  n«(r^f )  «inf 0 cot* 0 cosj(  stands  the  expression  shown  in  brackets. 

Results  of  calculations  (with  error  of  10%)  of  distribution  of  pressure  with  respect 
to  plate  and  incident  energies  are  shown  in  Figs.  2,  3,  where 


*♦  0.1)0291  O.U0291  ’  r*+  "  0.00291 


For  aerodynamic  coefficients  C  and  C  the  following 

x  y 


Fig.  3. 


formulas  with  an  error  of  4%  are  obtained: 

c*-Tsb^r+0,‘5T£r 

C«  “  2mM>  +  0  0912  XT  •  “3" 


Here  quantities  with  asterisks  are  equal  to  corresponding  values  of  aerodynamic 


coefficients  in  free  molecular  flow. 

Calculations  confirmed  the  assumption  [1],  that  during  flow  around  a  flat 
plate  in  conditions  of  a  molecular  boundary  layer  of  force  acting  on  It  forces 
acting  in  free  molecular  flow  can  be  many  times  larger. 
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HYPERSONIC  FLOW  AROUND  THIN  DULLED  PODIES  WITH 
PHYSICOCHEMICAL  TRANSFORMATIONS  OF  CAS 
IN  A  HIGH-ENTROPY  SHELL 

V.  V.  Lunev 
(Moscow) 

During  hypersonic  (M  »  1)  flow  around  thin  holier,  adjoins  to  their  surface 
a  high-entropy  shell  of  gas  with  high  temperature  and  small  density,  formed  by 
gas  passing  through  a  shock  wav*'  of  great  intensity  in  the  neighborhood  of 
blunting.  In  this  shell,  in  distinction  from  external,  low-entropy  region  of 
flow,  wh^re  the  law  of  flat  sections  is  vali  1  and  longitudinal  speed  of  gas  uU  Is 
close  to  approach  stream  velocity  U,  these  speeds  can  be  noticeably  distinguished. 

For  imperfect  gas  there  exists  a  great  speed  range  u  and  densities  p{  of  flow 
around  (U  for  air  from  3000  to  1000  m/sec),  in  which  physicochemical  transformations 
of  gas  flowing,  in  equilibrium  or  unbalanced  state,  take  place  only  in  a  high-entropy 
shell,  w hare-aft  outside  of  It  gas  may  be  considered  perfect  with  the  same  adiabatic 
index  y  as  in  incident  flow.  Pelow  is  considered  such  a  case. 

Different  sides  of  the  influence*  of  high  en  ropy  layer  on  flow  around  thin 
bodies  is  considered  in  (1,  ?]  and  others.  In  [1]  it  is  shown  that  calculation 
of  influence  of  physicochemical  transformations  of  air  in  a  high-ent ropy  shell 
and  longitudinal  motion  of  gas  in  it,  from  the  point  of  view  of  application  of 
explosion  analogy,  qualitatively  is  equivalent  to  change  of  energy  Imparted  to 
gas  by  a  blunted  nose,  i.e.,  change  of  drag  coefficient  c^  of  nose.  Analogous 
ideas  in  this  or  that  form  for  particular  cases  are  contained  in  [5,  b] . 


■ 


In  the  development  of  this  for  flat  (v  -  0)  and  axially  symmetric  (v  =  1 ) 
flow  around  the  law  of  similarity  founded  on  introduction  of  effective  drag 
coefficient  of  nose  already  is  established.  Besides  distributing  of  pressure  along 
body,  form  of  shock  waves  and  distribution  of  parameters  outside  high-entropy  layer 
ave  a  universal  form,  which  does  not  depend  on  processes  in  high-entropy  shell, 
flowing  in  balanced  or  unbalanced  form. 

Analogous  law  of  similarity  exists  for  explosion  in  the  atmosphere  when 
distinction  of  gas  from  perfect  is  essential  only  in  central  part  of  explosive 
zone. 


1*  For  description  of  flow  around  thin  bodies  we  use  for  elementary 
perpendicular  to  axis  of  layer,  during  its  passage  by  the  body,  integral 
relationships  of  energy  and  momentum  in  the  radial  direction,  which  we  bring  to 
the  form 


T  V*  -  T  '** + V.V  * + 


• 
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Here  and  below  xrQ,  rrQ  -  longitudinal  (counted  off  from  place  of  linkage 
of  nose  and  lateral  surface)  and  radial  coordinate  rQR,  rcrw  -  form  of  shock 
wave  and  surface  of  body,  2rQ  -  diameter  of  midship  of  nose  p.p,  U*t,  Cie.Vt-  — 

pressure,  density,  enthalpy,  velocity  of  gas  and  component  along  axis  r.  pmt/*pu  — 
pressure  on  surface  of  body,  —  stream  function.  The  quantity  /V*’p»n 

is  equal  to  momentum  in  the  direction  perpendicular  to  axis  r,  obtained  by  gas 
(p(  r  unit  of  angle  between  two  close  meridian  planes  when  v  =*  1)  during  passage 
of  environment  of  blunting.  The  quantity  c  *  is,  as  it  were,  the  local,  effective 
drag  coefficient  of  nose. 

Function  E1  considers  influence  of  physicochemical  processes  in  high-entropy 


shell  (first  component  under  integral)  and  change  of  energy  in  considered  elementary 
shell  due  to  longitudinal  overflowing  of  gas  through  its  boundary.  This  function 
has  the  form1 


•  • 

Using  Bernulli  equation 

I  -  »/,(!_  »»)  +  l/(Y-  l)J#» 

-2 

disregarding  terns  of  order  M  ,  and  replacing  speed  u  by  the  close  quantity  w, 
we  will  obtain 


Here  integration  is  extended  only  to  the  region  of  high-entropy  layer, 
since  outside  its  integrand  expression  (l.t),  according  to  assumption,  is  negligible. 
Known  uncertainty  in  selection  of  threshold  flow  line  t  does  not  influence, 
obviously,  the  quantity  E^ . 

For  dissociated  air  the  first  component  E^  usually  much  exceeds  the  second, 
and  function  E^  is  positive.  Fcr  ideal  gas  when  7  =  !.*»,  is  negligible. 

Integrals  are  close  to  unity,  which  was  used  earlier  in  approximate  theories 
when  Jj,  =  1  and  E^  «  0  system  (1.1)— (1.2)  coincides  v/ith  equations  of  G.  G.  Chernyy 
[6],  and  when  -  1  —  with  equations  of  fl).  Hero  we  will  assume  only  that 
profiles  of  quantities  under  these  integrals  are  similar  in  such  degree  that  J. 

K 

may  be  considered  identical,  at  least,  for  bodies  with  affine  form  of  lateral 
surface  for  assigned  product  M0,  where  0  is  relative  thickness  of  body. 

In  the  general  case  of  unbalanced  motion  of  gas  in  a  high-entropy  shell 
variation  of  its  parameters  along  flow  lines  under  an  assigned  distribution  of 

lIn  [1]  in  a  formula  analogous  to  (1.5),  in  the  integrand  expression  of  the 
second  component  is  omitted  small  term  v2/2,  and  instead  of  i  due  to  a  misprint 
stands  p/p. 


pressure  is  determined  by  equations  of  type 


•*•37 U»p,T,a,,...,an)  ( •- /-I . a) 

41  i  ip 

Jjf*  p  ^  ^  (POD^  ®I*  •  •  •  t  ®^)»  P“P  (P||^V»  ^ »®1»  •  •  •  •  ®^) 


(1-5) 


Here  a.,  —  concentration  of  components  of  gas  mixture,  T  —  temperature  of  gas, 
t  —  time  characterizing  reaction  rate.  It  follows  from  this  that  function  for 
assigned  gas  and  form  of  nose  depends  on  conditions  of  flow  around  and  is  a 
functional  from  distribution  of  pressure  p  .  In  limiting  cases  of  balanced  flow 
(<o  -•  cd)  and  frozen  flow  (cd  ■.  0)  with  respect  to  composition  in  initial  section 
depends  only  on  local  value  of  p. 

In  these  limiting  cases  Et  ~  p{1  ~l* ,  where  7.  effective  adiabatic  index  in 
high-entropy  shell.  Since  usually  the  difference  7^  ■  1  is  small,  especially  for 
stable  dissociating  air  at  high  temperatures,  then  c  *  in  limiting  cases  cu  •=  0 

A 

and  u>  -*  cd  is  changed  along  the  generatrix  of  the  lateral  surface  very  slowly, 
especially  if  change  of  pw  is  small  (for  instance,  dulled  cone,  wedge).  It  is 
possible  to  expect  that  this  circumstance  —  slow  change  of  ratio  cx*/cx  along 
lateral  surface  —  occurs  also  in  general  moderate  values  of  parameter  to;  on  a 
given  stage  we  will  take  this  as  assumption  and  limitation  of  applicability  of 
results  presented  below. 

2.  In  the  mathematical  expression  the  accepted  assumption  signifies 


~s<! 


(2.1) 


where  •  -»  for  limiting  cases  cd  =  0  and  cd  -*  cd. 

Let  us  assume  that  r, !►.«•»  + 1,  r,«(0)  —  0.  From  equation  (1.1)  we  have 
therefore  order  of  the  ratio  of  I  to  the  other  term  of  the  right  side  of  equation 
(1.2)  does  not  exceed  IR/x.  Then  at  sufficiently  large  distance  from  nose,  where 
x  »  1,  1  «  R  «  x,  in  system  (1.1),  (1.2)  it  is  possible  to  disregard  I  and, 
furthermore,  to  set  rm  mm  it(0)  —  0.  Let  us  introduce 


mm  ■  m,  x  (2  /  <,*)*/•*♦*) 


(2.2) 


Then  accurate  to  terms  of  order  e  system  (1.1),  (1.2)  will  take  the  form 
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(2.?) 


i  .„*/<«  +  -  «0'"l  A"1  - 

*• 

- 1  +  2*  •  )  Pji'v!)'  ('it!)’***  +  ►(T-1)'a7» 
r*  j  -^r] **  rfx»  <°)  “  0) 

where  ^  are  equal  to  JR,  if  in  the  latter  we  set  rw  *  Or w'  \ 

Equations  (2.5)  in  accepted  setting  do  not  depend  on  processes  in  the 

high-entropy  shell. 

It  follows  from  this  that  In  variables  (2.2)  forms  of  shock  waves  R1(x1) 
and  distribution  of  pressure  p  (x^)  for  assigned  y,  M  and  0  are  identical  for  all 
affine  bodies  with  form  r  °(x.)  and  coincide  with  those  characteristics  for  an 
ideal  gas.  These  characteristics  obey  particular  cases  of  the  law  of  similarity, 
known  for  an  ideal  gas  [6],  Thus,  for  finite  0  in  variables  of  similarity 

—  •■-’ill,  Pt  —  *•-*,  r,  —  e*-r„  x,  —  0»-’X| 

for  identical  r  ^  )(y  )  flow  depends  only  on  parameters  y  and  MO.  When  0-0 

1 W  A 

p 

there  exists  a  universal  dependence  of  nlAI~7{ll+',)  and  pM  on  y  and  variable 
Thus,  the  presented  law  of  similarity  excludes  from  criteria  of  similarity  of 
basic  characteristics  of  the  flow  around  thin  dulled  bodies  the  requirement  of 
similarity  of  equation  of  state  of  gas  in  high-entropy  shell. 

In  the  low-entropy  region  equations  of  motion  in  variables  of  similarity 
(x^  r  )  and  relationships  on  the  shock  wave  do  not  contain  other  determining 
parameters  besides  M,  y.  Therefore,  since  assignment  of  shock  wave  completely 
determines  flow  in  region  of  its  influence,  from  coincidence  of  forms  of  shock 
waves  (x^ )  should  follow  identical  distribution  of  functions  v(x^,  r^),  p(^^» 
and  p ( x ^ ,  r„  )  in  the  region  near  the  shock  wave  filled  by  flow  lines  proceeding 
through  similar  sections  of  shock  waves.'  This  similarity  will  be  disturbed  with 
approach  to  high-entropy  layer,  where  distribution  of  parameters  will  depend  on 
equation  of  state  and  in  general  will  not  be  similar.  In  more  strict  consideration 
for  similarity  of  flows  outside  high-entropy  layer  its  boundaries  r,# —  ri.+  Xfi, 
vhere  r >6  -  thickness  of  layer.  For  similarity  of  flow  in  high-entropy  shell, 
according  to  [7],  in  comparable  flows  functions  s(cp)  «  sin  (1  must  be  identical, 
where  0  —  angle  of  inclination  of  shock  wave  at  point  of  intersection  of  its 
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cone,  wedge  under  stable  or  frozen  flow)  from  what  has  been  presented  it  follows 
that  flow  around  a  dulled  body  with  real  properties  of  gas  will  be  identical 
(with  the  exception  of  flow  in  a  high-entropy  shell)  to  flow  around  such  a  body 


by  an  ideal  gas,  but  with  another  nose,  having  a  drag  coefficient  equal  to  cx*. 

For  a  stable  process  under  assigned  conditions  of  flow  around  i,  p/p  and 
w  in  a  high-entropy  shell  depend  on  pw  and  parameter  s.  Curves  of  ratios 
C°  -  c  */cv  for  flow  around  a  sphere  by  an  ideal  gas  with  M  -  qd,  y  *  1,4 
(curve  1)  and  stable  dissociating  air  when  pm  *  3*10*7  g/cm^  and  U  =  5,  7.5,  10 
km/sec  (curves  2,  3,  4)  are  shown  in  Fig.  1.  In  [8]  it  is  shown  that  for  a 
broad  class  of  bodies  functions  s(<p)  are  close  (exceptions  are  bodies  of  the  flat 
disk  or  plate  type  when  (y>  —  l)Vi-*0).  Therefore  Fig.  1  may  be  used  for  noses  of 
other  form. 


On  Fig.  2  are  plotted  curves  Pw(x)  for  the  case  of  flow  around  cylinders  blunted 
like  a  sphere  »  0  (curves  1)  and  cone  with  half  angle  0  -  10°  (curves  2)  by  an 
ideal  gas  with  y  -  1.4  (solid  lines),  equilibrium  dissociating  air  when  p^  -  3*10” 
g/cm  U  -  10^  m/sec  (dotted  line)  when  M  -  30.  In  the  same  place  for  comparison  by 
dot-dash  line  are  plotted  initial  curves  for  air  in  the  same  coordinates  as  for  an  ideal 
gas;  the  double  dotted  line  with  a  point  shows  asymptotic  values  of  magnitudes  when 
x.  “*  an.  As  can  be  seen,  in  coordinates  of  similarity  curves  are  close. 


When  using  the  law  of  similarity  for  recalculation  of  Known  distribution  of 
pressure  on  other  conditions  of  flow-around  quantities  cx\  given  for  instance 
on  Fit  .  1,  depend  on  the  desired  distribution  of  pressure  Pw(*).  and  converr  1  , 
are  beforehand  unknown.  However  due  to  weak  dependence  of  cx  '  tw  he  la 
for  these  purposes  need  not  be  known  exactly.  For  Instance,  for  a  blunted  cone 
cx*  can  sufficiently  accurately  be  determined  by  pressure  on  a  -harp  cone, 
the  extreme  case,  c/  and  pw  can  be  found  with  the  help  of  iterations. 

The  law  of  similarity  extends  to  the  case  of  an  explosion,  if  eas  differs 
from  ideal  only  for  finite  mass  m0  in  the  center  of  the  explosive  tone.  Parameters 
with  such  an  explosion  with  energy  E0  coincide  with  parameters  during  explosion 
in  an  ideal  gas  with  the  same  7,  but  with  energy 


where  o’,  p’,  p’  -  measured  internal  energy,  pressure,  and  density.  Determination 
of  e  and  p’  is  the  object  of  special  investigation.  The  author  thanks  V.  G.  Paviova 
for  calculations  connected  with  the  work. 
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BREMSSTRAHLUNG  OF  AN  ELECTRON  DURING  SCATTERING 
BY  NEUTRAL  ATOMS  TAKING  INTO  ACCOUNT 
COLLISION  CORRELATION 


By  means  of  direct  consideration  of  bremsstrahlung  of  an  electron  during 
collisions  with  neutral  atoms  taking  into  account  correlation  between  collisions 
a  formula  is  derived  for  emissivity,  containing  a  frequency  factor.  Earlier  this 
formula  was  derived  only  by  indirect  means  through  the  coefficient  of  absorption, 


with  the  help  of  the  Kirchhoff  law. 

1.  In  classical  electrodynamecs  a  moving  electron  radiates  in  spectral 
Interval  from  cs  to  oo  +  do)  energy 


4Km 


"£T~  I  w*  I  * 


where  w^  —  Fourier  component  of  acceleration  w(t).  If  duration  of  interaction  of 

electron  with  atom  i3  much  less  than  period  of  electromagnetic  oscillations, 

° 

more  exactly,  if  on,.  «  1,  then  radiation  during  one  elastic  collision  does  not 

o 

depend  on  frequency  and  is  determined  [1]  only  by  the  full  change  of  velocity 
vector  of  the  electron1 


’■Duration  of  collision  where  v  —  velocity  of  an  electron,  a  — 

dimensions  of  atom.  Condition  c»t,  <  1  is  executed  for  all  frequencies  <i><mr*/2A. 
radiated  by  electrons  whoso  energy  does  not  exceed  several  ev,  i.e.,  for  thermal 
electrons  in  weakly  ionized  gas  -  practically  always. 


*Em  -  jj-  (A  if  dm 


(1.2) 


It  is  known  that  formula  (1.2)  is  convenient  to  obtain  from  (1.1),  considering 

w(r)  -  A v«(l). 

When  collisions  occur  relatively  rarely  and  average  time  between  collisions 
t  is  such  that  *t»|,  separate  acts  of  bremsstrahlung  can  be  considered  independent. 
Spectral  radiation  of  electron  per  second  dQ^  erg/sec  is  calculated  simply  by 
means  of  averaging  (1.2)  over  scattering  angles  0  and  multiplication  by  number 
of  collisions  per  second  v»!/t.  During  elastic  scattering 


—  2**(l  —  (cos •))  (v  -  velocity  of  an  electron)  (1.3) 


Therefore 


'“"Si  t*  *•»  Vr  =“  *  (t  —  <coa  e» 


(i.M 


(it  is  assumed  that  radiated  energy  is  small  as  compared  to  energy  of  electron, 
so  that  velocity  during  scattering  does  not  change). 

If  one  were  to  find  emlssivity  of  an  electron  with  the  help  of  the  Kirchhoff 
law  and  the  known  expression  for  coefficient  of  absorption  of  electromagnetic 
waves  in  a  weakly  ionized  gas,  where  a  basic  role  is  played  by  the  collision  of 
electrons  with  neutral  atoms  [2],  then  we  obtain  formula  [3) 


rf(?-"5T 


4 


«*  +  v-f« 


(1.5) 


which  differs  from  (1.4)  by  the  presence  of  frequency  factor  «•/ (w*4-  v.n*). 

As  Ya.  B.  Zel 'dovich  noted,  during  radiation  of  frequencies  u>,  comparable  with 

frequency  of  collision  voff,  there  exists  a  correlation  between  the  individual 
collisions . 

For  the  best  understanding  of  origin  and  physical  meaning  of  frequency  factor 
in  (1.5)  not  by  indirect  means  through  coefficient  of  absorption,  but  directly, 
by  means  of  direct  calculation  of  bremsstrahlung  of  an  electron  undergoing  a 
large  number  of  collisions  N  —  ®.  This  will  be  done  below. 
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2.  Let  us  present,  in  accordance  with  condition 
electron  in  the  form 

w(l)  =  E  Av4fi(fk) 

»- 1 


<ot,  <  1.  acceleration  of 


(2.1) 


where  tR  -  moment  of  k-th  collision,  Avk  -  corresponding  change  of  speed. 

Radiation  of  an  electron  is  determined  by  averaging  over  all  collisions  by 
square  modulus  of  Fourier-component  of  acceleration 

<,..,.>=<•  s  S(4,j4,.).-rv> 

J-i  *-i 

Let  us  separate  from  the  double  sum  terms  with  identical  indices  J  *  k  und 
combine  terms  with  identical  pairs  of  indices. 


<IW.I*>  =  VET  2  +  2  2  <*  "*A  v,)  cm  «  (I,  —  *j) 

h-i  1 

On  Lhe  average,  not  one  of  the  collisions  releases  anything  among  the  others, 
therefore  in  averaging  the  sum  over  j  will  bo  turned  into  N  identical  components, 
and  i  i  the  sum  over  k  the  J-th  collision  can  be  taken  for  the  initial,  "zero, " 
collision,  and  it  is  possible  to  conduct  a  time  reading  from  it  (/-♦0,  Ar  j -*> Av*. 

As  a  result  we  will  obtain 


<  |  w.  I  •>  ~-±-  N  |<(A  ▼,)•>  +  2  2  <(A  v,A  ▼*)>  <eM  *,>}  (2.3) 

Here  the  first  ccfactorc  in  the  components  of  the  cum  are  averaged  with 
respect  to  directions  of  speeds,  and  the  second  —  by  the  times  of  collisions. 

To  absence  of  correlation  corresponds  conversion  of  cum  into  zero. 

Mean  values  of  velocity  of  an  electron  after  i-th  collision  v^+1  and  change 
of  speed  Av^  -  vi+i  “  vi  a  direction  of  speed  prior  to  collision  v^ 

are  equal  to 


(▼«♦»)  "  »»*«.  <AT|>  —  —  (i  —  (||  —  (CM  •)) 

We  will  consecutively  "contract"  expression  (Av^.Av  ),  averaging  with  respect 
to  directions  vk+1  for  fixed  vR,  vR_1,  ...,  vQ,  then  with  respect  to  vR  for  fixed 
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vk-  *  *  •  ••»  v  *  etc.  As  a  result  we  will  obtain 

((AnAv«»  —  —  (1  —  n),n*“'v*  (4  —  1,2,...)  (2.4) 

(when  k  -•  cc  this  expression  tends  to  zero:  correlation  between  collisions  distant 
in  time,  naturally,  disappears). 

Let  us  now  average  with  respect  to  tine 

m 

<«M  =  l  Pk  (I)  COS  «t tit  (2.5) 

where  P^(t)  dt  —  probability  that  k-th  collision  will  occur  in  the  interval  of  tine 
fron  t  to  t  +  dt.  Obviously 

i 

pk  (i)  it  =  j  Vi  (o  (<  -  n  a 

where  probability  of  first  collision  after  given  Pt{t)H  —  This  gives  the 

formula1 

f.  (0 « -  Jjpiil  <2-6> 

We  will  not  calculate  integral  (2.5)  and  will  place  (2.4)-(2.6)  in  (2.5). 

The  sum  over  k  when  N  -• od  is  simply  the  expansion  in  a  series  of  the  exponential 
(uvt).  The  Integral  obtained  as  a  result  of  summation  is  equal  to 


•*  +  (1  —  !»)*  v» 


Considering  that  (1  -  u)v  -  veff>  wc  W-H  find 


<\"m\*>~igrN  J2r*  (*-!»)-  2r*  (1  - 


Putting  this  expression  in  (1.1)  and  dividing  dE^  by  the  time  of  process 
N/v,  we  will  obtain  for  radiation  in  one  second  formula  (1.5). 

Thus,  the  interference  of  partial  waves  radiated  during  different  collisions, 
on  the  average  leads  to  decrease  of  intensity  of  total  wave.  This,  as  we  saw,  is 


Probability  that  in  the  interval  from  t  to  t  +  dt  any  collision  will  occur 
will  occur,  is  equal.  V  it 
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connected  with  the  fact  that  the  amplitudes  of  any  two  partial  waves,  which 
are  determined  by  corresponding  values  Av,  on  the  average  always  are  directed  to 
opposite  sides. 

At  high  frequencies,  when  o>*  > »,«'  interference,  on  the  average,  naturally 
tends  to  zero  and  formula  (1.5)  is  turned  into  (1.4). 

The  author  sincerely  acknowledged  Ya.  B.  Zel'dovich  for  turning  his  attention 
to  the  effect  of  correlation. 
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MEASUREMENT  OF  FLOW  RATE  OF  LIQUID  IN  A  ROUND  PIPE 
BY  THE  MAGNETOHYDRODYNAMIC  METHOD 


A.  Ye.  Yakubenko 


(Moscow) 


A  connection  Is  found  between  flow  rutc  of  liquid  in  a  round  pipe  and  potential 
difference  on  electrodes  which  are  arcs  of  circumference,  during  a  flow  of 
conducting  liquid  with  assigned  profile  of  speed  in  transverse  magnetic  field. 

Let  us  consider  the  flow  of  a  conducting  liquid  in  a  round  pipe  of  radius 
R^  with  assigned  profile  of  speed,  depending  only  on  r 

▼  -  VW*..  V(R»)  -  o 


Here  z  —  coordinate  along  axis  of  pipe,  but  r  and  9  -  polar  coordinates  in 
a  certain  plane  perpendicular  to  the  axis  of  the  pipe. 

Subsequently  we  will  assume  that  all  magnitudes 

_  *  _ _ from  coordinate  z  do  not  depend. 

^ Let  us  assume  that  electrical  current  Induced 
y  under  action  of  uniform  magnetic  field 


is  taken  from  arcs  of  the  contour  (electrodes)  into 
an  external  circuit,  as  was  shown  on  Fig.  1. 

The  problem  consists  of  determination  of  the 
connection  between  potential  difference  on  external 


,11 


Fig.  1. 


load  P  with  flow  ratt  of  liquid  in  round  pipe. 

For  solution  of  problem  we  write  Ohm's  law  in  polar  coordinates 


Here  cp  -  potential  of  electrical  field. 

For  determination  of  <p  from  continuity  equation  for  density  of  electrical 


current  we  obtain 


- - - - cos  9 


This  equation  is  solved  under  the  following  boundary  conditions: 


9  “  — ?•  wn  r  »  A*  —  a  <  0  <  a 

^  “  ft  wn«n  r  ■■  ilk  n-a<6<n+a 

J--0  «h*n  r  —  if*  «<•<*-«,  *  +  a<§<2n- 

y  -  7*  ir  •)  V* 


Solution  of  equation  (2)  is  sought  in  the  form 


?-•('.  •>  +  —[,£-  J  rV  (p)  dr  —  _1_  ^  rV  (r)  4r  J  cot  0 

Here  as  is  simple  to  check,  function  $ (r,  0)  will  be  harmonic. 
Let  us  convert  Ohm's  law  with  the  help  of  relationship  (^) 


+  rV «  * ) «  •] 
/*“•[—  (<■) S ,r  W*~  M*  ) •<“  •  ] 

Let  us  consider  analytic  function 


»(t)  — ■+  l»-r  5 — Ijt  (•-•  +  **) 

To  determine  w(z)  we  obtain  the  following  boundary  value  problem,  which  in 


virtue  of  symmetry  we  solve  for  upper  semicircle. 


9  “  0  0  ■■  0,  X,»nd  wnen  Z  «=*  Rte{*  r°r  0  <  0  <  0,  X  —  O<0< 


QH . 

cnR. 


cos  9 


»n*n 


*  =  Rye**  fir  a<0<x— a 


(6) 


(0,  0)  =  0  (Q  =  2n  I  rV  (r)  dr  ) 


Here  Q  -  flow  rate  of  liquid  in  pipe. 

r  sides  enumerated  conditions  of  (6),  functions  u  and  v  have  to  satisfy  the 
condition 


2f .  -  RJ 


(7) 


For  2q?c  and  J  we  have 


=  5  *£!**•) do  =  _  J  9 (/?.,  0) do 


■  • 

J^2R9  $  /,  (*„  0)  rf0  =  _  23  [■  J  u  (*„  0)  49  -  .in  aj 


Considering  (8)  and  (9),  from  relationship  (7)  we  obtain 


--  « 

5  •  <*.,  0)  40  -  23/?  r  C  u(R„0)d9-W l,io 


(8) 


(9) 


(10) 


fhus,  besides  conditions  (6),  function  w(z)  should  still  satisfy  condition  (10) 
For  solution  of  problem  (6),  (10)  we  will  depict  semicircl-  of  plane  z  on 
upper  half-plane  C  so  that  origin  of  coordinates  passed  into  a  point  at  infinity 
with  the  help  of  conformal  mapping 


(11) 


Foints  A,  D,  ,  D,  0  of  contour  of  semicircumference  of  plane  z  will  cross 
m;  rc  ver  into  points  lying  on  real  axis  of  plane  {;  with  coordinates  >0,(0.  0),  #,(£,  . 

0).C,({,- (CO, '/«)>.  0),  0,(1.  0),  O', (-.0i.  Using  (11)>  we  wm  obtaln  formulaE 
connecting  new  variables  with  old  on  segment 
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I- (it a'/i«)»,  cos  0-1 -2* 

On  plane  £  we  have  a  boundary  value  problem.  To  find  in  upper  half-plane 
an  analytic  function  satisfying  the  following  boundary  conditions  on  axis  £ 


»<l  0)-0  wh»n  id.  ■  t>i* 


»(l.  0)  “  —  1)  Si  <  £  <  Et  »<«) 


(12) 


'  iikM  -  */»  \\  m  ,i„  .1 

v t (i -u  ***•  J 


(u) 


Solution  of  the  boundary  value  problem  is  obtained  with  the  help  of  the 
formula  of  Keldysh-Sedov  [1], 


•  <0 


(14) 


Here  by  y((  — (■)  (C  — 1>)  Is  understood  that  branch  of  the  function  which  w hen 
f|a«0  and  |>b  is  taken  with  a  plus  sign. 

Constant  7  in  (14)  is  determined  from  condition  (13).  As  a  result  of  simple 
computations  we  obtain 


t  ,Q  9/1  |E  (tin  a)  —  cod*  a  K  («<■  a)|  —  E  (cos  a)  -f  sin*  a  K  (cos  a) 
T  L./Cie  K  (cot  a)  +  3 R  K  (sin  a)  ‘ 


(15) 


Here  E(k)  —  full  elliptic  Integral  of  the  2nd  kind,  and  K(k)  -  full  elliptic 
Integral  of  the  1st  kind. 

By  determination  of  7  solution  of  problem  is  finished.  Let  us  find  now  with 
the  help  of  the  obtained  solution  electrical  magnitudes  in  the  external  circuit. 

For  potential  difference  and  full  current  by  the  formulas  (8)  and  (7)  we 
will  find 


™  k  (cos  a)  -f  ofl  K(sin  3)  • 


J  =z 


QH * 


1 


eft,  K  (cos  a)  +  aAK  (sin  1) 


(16) 


Formulas  (lb)  give  the  desired  connection  between  flow  rate  of  liquid  in 
pipe  0.  and  electrical  characteristics  in  external  circuit. 

We  investigate  the  obtained  formulas.  When  R  -*  co,  which  corresponds  to  the 
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Fig.  2. 

i.e.,  in  the  case  of  point  electrode 


case  of  an  open  external  circuit  or  inclusion 
in  circuit  of  voltmeter  with  large  resistance 
we  will  obtain 

-  ^  (17) 

"  tRJi  (sin  a) 

From  formula  (16)  it  is  clear  that 
maximum  value  of  e  is  attained  when  a  =  , 

s.  When  a  ■  0 


1 


2  QM.  (18) 

-  cnRc 

When  a  *  l/2rr  the  quantity  e  attains  a  minimum  which  is  equal  to  zero.  Under 
finite  final  external  load 

2f,  -  0  »h*n  a  k  Otmn  =»  ''j.i 

Thus,  for  certain  a  -  a(oR)  function  2ce  attains  a  maximum  value. 

Thus,  oR  =  1,  for  Instance,  maximum  value  is  attained  when  a  *  IAtt.  On  Fig. 

are  given  graphs  of  functions 

off  „  1 

=  k  (cos  a)  +  aff/f  (sin  a)  *  (*)  =  A'  (cos  a)  +  o RK  (sin  a) 

for  oR  «  0.1,  1  and  10. 

It  is  simple  to  show  that  when  oR  <  1  the  maximum  of  F1(a)  will  lie  on 

segment  (l/4ir,  l/2ir),  and  -r^n  oR  >  1  on  segment  (0,  1/4jt). 

For  finite  angle  a  the  potential  difference  will  increase  from  0  when  oR  -  0 
to  e  when  oR  -*  aa. 

Full  current  will  change  from  value 

QH* 

e  A^  (co*  a) 


corresponding  to  short  circuit,  when  oR  -  0,  to  zero  when  R  —  od,  when  external 
circuit  is  opened. 
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CERTAIN  METHODS  OF  INVESTIGATION  OF  NONSTATIONARY 
PHENOMENA  IN  SHOCK  TUBES 

M.  K.  Berezkina,  A.  N.  Semenov 
and  M.  P.  Syshchikova 

(Leningrad) 

A  chock  tube  can  be  used  for  study  of  a  series  of  nonstationary  problems  of 
gas  dynamics.  One  such  problem  is  appearance  and  development  of  flow  near  a 
model,  when  flow  is  created  by  a  passing  shock  wave.  Process  of  forming  of  flow, 
consisting  of  reflection  and  diffraction  of  chock  waves,  formation  of  forward 
shock  before  body,  appearance  and  development  of  boundary  layer,  forming  of  flow 
in  trail  after  body,  presents  interest  for  the  theory  of  nonstationary  gas  dynamic 
processes,  and  also  has  large  practical  value.  Inasmuch  as  duration  of  processes 
is  very  small,  special  recording  equipment  is  necessary.  This  article  describes  a 
simple  shock  tube,  its  equipment  and  methods  used  for  investigation  of  such 
processes . 

1 .  Construction  and  equipment  of  shock  tube.  A  schematic  diagram  of  an 
experiments!  installation  is  given  on  Fig.  3.  The  pipe  has  a  right-angle  cross 
section  of  1^0  x  lj0  mm.  Length  of  channel  is  m,  length  of  chamber  is  2  m. 

Channel  of  pipe  is  finished  by  a  tank  separated  from  the  channel  by  a  thin 
diaphragm. 

Channel  of  pipe  is  rigidly  fixed  on  a  base.  Chamber  of  high  pressure  and 
tank  can  shift  along  it.  This  displacement  and  simultaneously  crowding  of 
diaphragms  (between  tank  and  channel,  between  channel  and  chamber)  are  carried 


out  by  two  load  screws  with  supports  on  end  walls  of  tank  and  njnt  . 
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Fig.  1.  Block  diagram  of  experimental  installation: 

1  —  tank;  2  -  channel;  3  -  chambers;  4  -  cargo  screw; 

5,  6  —  pumps;  7  —  vacuum  gage;  8  —  manometer;  9  —  feed 
of  camera  relay;  10  —  needle;  11  —  needle  feed; 

12  —  thermocouple  vacuum  gage;  13.  14  —  butyric  and 
mercury  manometers;  19  —  shadow  instrument  IAB-491; 

17  -  high  speed  photorecorder  ZhFR-1;  18  —  installation 
for  high  speed  spark  survey;  19  —  piezotransducers; 

21  —  cathode  follower;  22  —  amplifier;  23  —  oscillo¬ 
graph  0K-17M;  24  -  generator  of  standard  signals 
OSS-6;  {1],  (2),  (3)  —  piezoelectric  station; 

(4)  —  photoelectric  stations. 


Channel  and  chamber  of  pipe  before  being  filled  by  their  working  gases-  are 
pumped  out  by  fore  pumps  of  type  [VN-1M]  (BH-1M)  and  [VN-2]  (BH-2)  to  o  pressure 
1*10”2  mm  Hg.  Pump  VN-1M  is  supplied  by  a  gas  ballast  device,  making  it  possible 
to  evacuate  gases  with  water  vapor.  Initial  pressure  of  gas  in  pipe  channel  is 
recorded  by  thermocouple  vacuum  gage  [VT-2]  (BT-2)  (range  of  measured  pressures 
from  l.lcT2  to  1  mm  Hg),  butyric  manometer  (from  1  to  90  nun  Hg)  and  mercury 
manometer  at  pressures  over  90  mm  Hg. 

Break  of  diaphragm  between  channel  and  chamber  of  pipe  is  made  by  a  needle 
set  into  motion  by  an  electromagnet.  The  presence  of  a  needle  makes  it  possible 
to  reproduce  initial  conditions  in  chamber  of  shock  tube  with  good  accuracy. 

Channel  of  pipe  consists  of  a  series  of  replaceable  sections  1  m  long  each. 
Sections  are  equipped  by  stations  to  measure  speed  of  front  of  shock  wave. 

To  produce  shadow  pictures  of  the  flow  there  are  applied  simple  shadow 
photographs,  a  spark  high  speed  survey,  and  a  special  setup  for  obtaining  countdown 
profiles,  using  shadow  instrument  [IAB-491]  (MAE-451)  and  driven  photorecorder 
[ ZhFR-1  ]  (WP-l). 
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At  the  majority  of  stations 


f  fr  r>t !  -  ~  • 


speed  of  propagation  of  shock  wave  In  channel  of  pipe  Is  determined  by  the  time 
luring  which  a  wave  passes  the  distance  between  two  piezo  pressure  transducers. 

Ev*’ry  station  consists  of  thr-  •  .  •  S  transducers. 


Fig.  'i.  Oscillograms 
for  measurement  of 
speed  cf  front  cf 
shock  wave:  a  —  by 
piezot ransdueerr ; 
b  —  by  photomull l- 
pliers;  c  -  form  of 
signal  on  FM. 


Intensive  signal  of  first  piezotransducer  starts  the 
I  , jr:an  of  oscillograph  0K-17M.  Pre  iminary  starting  of 
•0K-17M  permits  considering  fronts  of  pressure  pulses 

t 

^  :  ne  beam  of  the  oscillograph.  Steepness  of  pulse 
edge  of  pressure  is  determined  by  dimensions  of  plate 
2of  barium  titanate  and  speed  of  th-  wave  proceeding 

-  j 

OK- 1 fM  serves  for  registration  of  "oscillogram  tine 
marks"  from  generator  of  standard  signals  [OSS-6]  ( TCC-6 ). 
Accuracy  of  determination  of  Interval  of  time  is  of 
order  15?.  A  typical  oscillogram  of  signals  from 
'  ransducers  is  show:.  2a. 

The  method  of  determination  of  speed  of  shock  waves 
in  shock  tubes  with  the  help  of  light  screens  is  widely 


known  [1],  Every  light  screen  constitutes  a  small 
streak  system  CO  Sitting  of  a  source  of  light,  two  objectives  and  a  blade.  Not 
less  exact,  but  i  simpler  method  of  measurement  of  speed  is  the  photoelectric 
method,  the  basis  of  which  is  the  simple  shadow  method  of  registration  of  shock 
waves . 

The  setup  contains  two  basic  elements:  point  source  of  light  and  two  photomulti¬ 
pliers.  The  point  source  of  light  is  mercury  quartz  tube  of  super  high  pressure 
[DRSh-1  ] (JIPH-lOO)  with  dimension  of  arc  0.3  x  0.3  mm,  working  in  steady  state  con¬ 
ditions.  The  light  receivers  are  photomultipliers  [FM-l^] (®?y-l9)  or  [FM-33] (®@y-33) 
Photomultiplier  together  with  cathode  follower  is  enclosed  in  a  metallic  light 
tight  housing,  face  of  which  has  adjustable  slot  [UF-i] (y®-l).  Selection  of  PM 
operating  conditions  is  carried  out  by  variation  of  supply  voltage  (stabilized 
rectifier  [VS-1<  ]  (BC-16)),  by  width  and  height  of  slot.  Conditions  are  controlled 
in  magnitude  of  current  on  PM  load.  To  lower  natural  noises  of  photomultiplier 
minimum  supply  voltage  of  PM  is  chosen  (600-700  v).  Width  of  slot  is  several 
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hundredth  fractions  of  a  millimeter,  height  of  order  5  mm. 

To  measure  interval  of  time  between  pulses  from  two  photomultipliers 
chronograph  [IV-22]  (HB-22)  was  applied,  in  circuit  of  which  are  introduced  certain 
changes.  Positive  pulse  from  first  PM,  passing  first  channel  of  broad  band 
amplifier,  is  fed  at  'start"  of  chronograph  and  a  spiral  scanning  starts.  Positive 
pulse  from  second  PM;  passing  through  second  channel  of  amplifier,  enters  circuit 
of  extinguishing  thyratron.  Negative  pulse  from  output  of  thyratron  circuit  is 
fed  through  high  voltage  separating  capacity  directly  to  modulator  of  tube  [23L051] 
(23JI051)  of  chronograph  and  extinguishes  the  scanning.  Circuit  of  extinguishing 
thyratron  completely  repeat  circuit  of  starting  thyrat  ’on  of  chronograph.  On 
Fig.  2b  is  given  the  oscillogram  on  which  at  the  end  of  spiral  is  seen  the  break 
corresponding  to  pulse  of  extinguishing  thyratron. 

Form  of  pulse  which  appears  on  photomultiplier  during  motion  of  shadow  image 
of  front  of  shock  wave  along  slot  of  PM,  is  shown  on  Fig.  2c.  Pulse  is  registered 
on  oscillograph  0K-17M,  frequency  of  oscillogram  time  marks  f  *  5  Me,  speed  of 
shock  wave  U  »  1100  m/sec,  initial  pressure  of  nitrogen  pQ  =  200  mm  Hg. 

In  case  of  divergent  beam  of  light  the  basis  of  measurement  of  speed  is  i, 
which  is  determined  by  formula 

+  «  +  («.« *-±±) 

Here  a  -  distance  from  source  of  light  to  axis  of  pipe,  b  -  distance  from  axis 
of  pipe  to  plane  of  slots  of  photomultipliers,  h  -  half  width  of  channel  of  pipe, 

(L^  +  Lg)  —  distance  between  PM  slots.  In  case  of  symmetric  location  of  slots 
(L^  -  Lg)  the  base  is  determined  by  expression  i  «  (L^  +L0)/m. 


Fig.  3.  Speed  of  front  of  shock  wave  with  respect  to 
length  of  pipe. 


Figure  3  shows  results  of  measurement  of  speed  of  front  of  shock  wave  on  four 
stations  along  pipe.  Every  point  of  graph  gives  mean  arithmetical  value  of  speed 


for  twenty  experiments  at  a  constant  value  of  initial  parameters  in  the  chamber 
and  channel  of  pipe:  ■  15  atm,  hydrogen;  p^  =  2  mm  Hg,  nitrogen.  Mean 

deviation  of  measured  values  from  average  magnitudes  depicted  on  Fig.  5  does  not 
exceed  V . 

3.  Methods  of  survey  of  flow  of  gas  near  model.  To  study  flow  of  process 
in  time  simple  snadow  photography  and  a  setup  for  synchronization  of  spark  source 
of  light  were  used,  making  it  possible  to  obtain  flow  fields  of  model  in  exactly 
defined  moments  of  time.  A  series  of  shadow  photography  were  obtained  in  a  number 
of  experiments,  maintaining  constant  initial  conditions  in  chamber  and  channel 
of  shock  tube.  Accuracy  of  process  is  very  great. 

Diagram  for  obtaining  simple  shadow 
photography  is  given  on  Fig.  ^ .  It  consists 
of  photographic  plate,  point  source  of  light, 
and  block  of  synchronization.  A  spark 
discharge  of  around  1  microsecond  occurs 
during  discharge  of  0.01-0.02  microfarad 
through  spark  gap  and  thyratron  [TGI-1] (THI-l) 
325/16.  A  resistor  of  150  ohm  is  connected 
in  parallel  to  the  spark  gap.  The  capacitor 
is  charged  to  a  voltage  of  16  kv. 

Synchronization  of  spark  source  of  light  with 
studied  process  is  carried  out  with  the  help 
of  piezotransducer  through  phantastron  delay 
circuit.  Signal  from  piezotransducer,  passing 
phase  reversing  cascade  and  amplifier,  enters  block  of  adjustable  delay  (phantastron, 
cathode  follower,  differentiating  circuit).  Delay  time  can  be  changed  from  20  to 
1500  microsecond  on  four  ranges.  After  the  block  of  forming  and  amplification  the 
pulse  is  fed  to  the  output  thyratron;  the  pulse  from  the  latter  is  used  for  ignition 
of  high  voltage  thyratron,  through  which  occurs  discharge  of  basic  illuminating 
spark.  Phase  reversing  amplifier  and  block  of  single  operation  of  circuit  protect 
photographic  plate  of  repeated  exposing. 

Calibration  of  phantastron  circuit  showed  that  dependence  of  time  of  delay 
on  resistance  is  linear.  Magnitude  of  delay  is  reproduced  accurate  to  ±1  . 
Graduation  of  phantastron  periodically  is  checked  using  any  meter  of  time. 


Fig.  4.  Diagram  of  obtaining 
simple  shadow  photography: 

1  —  piezotransducer;  2  —  phase 
reversing  cascade;  3  —  amplifier; 
4  —  phantastron;  5  —  cathode 
follower;  6  -  differentiating 
circuit;  7  -  block  of  forming 
and  amplification;  8  -  output 
cascade  on  thyratron; 

9  —  discharge  interval; 

10  —  phase  reversing  amplifica¬ 
tion;  11  —  block  of  single 
operation  of  circuit; 

12  —  shock  tube;  13  —  photo¬ 
graphic  plate. 


Pig.  5.  Interaction  of  shock  wave  with  cylinder  In  shock 
tube.  Simple  spark  survey. 
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as  an  illustration  on  Fig.  5  are  represented  several  photographings  showing 
development  of  flow  near  cylinder  in  nitrogen  at  M1  =  3.67  for  the  shock  wave. 

Figure  6  shows  time  response  of  position  of  forward  shock  appearing  before  cylinder, 

obtained  as  a  result  of  treatment  of  such 


Fig.  C  .  Change  of  departure  of 
forward  shock  in  time.  Method  of 
simple  spark  survey. 


a  series  of  photography  (Mach  number  of 
companion  flow  -  1.51).  By  these 
photographings  can  be  obtained  data  about 
change  in  time  of  form  of  shock  wave, 
appearance  and  development  of  boundary 
layer,  and  many  other  characteristics  of 
process. 


M~rc  expedient  is  the  creation  of  a  spark  installation  with  the  help  of  which 
a  certain  number  of  consecutive  snapshots  of  one  and  the  same  phenomenon  can  be 
obtained.  In  literature  are  described  similar  setups  [2,  3].  When  consecutive 


Fig.  7.  Diagram  of  high  speed  spark 
survey:  1  —  piezotransducer; 

2  -  entrance  thyratron;  3  -  trigger: 

4  -  master  multivibrator; 

5  -  blocking  generator;  6  -  block 
of  scaler;  7  —  multichannel 
amplifier;  8  —  spark  device; 

9  -  source  of  light;  10  -  objective: 
1  shock  tube;  12  —  photographic 
chamber;  13  -  entrance  objective  of 
■hamber;  14  —  revolving  mirror; 

19  —  motor. 


flashes  of  spark  occur  in  a  single 

(Tl  I  ]  1  discharger  the  optical  circuit  of  a 

—  l/lj  !  I  photorecorder  is  the  simplest.  Therefore 

*  Hj'Tjf  m  F-j  P*  diagram  depicted  on  Fig,  7  was  used. 

_  I  |  f  1  r— 1  r~ ~i  Light  from  spark  source  (dimension 

UX  mm)  is  collected  by  objective  10. 

Fig.  7.  Diagram  of  high  speed  spark  Investigated  object  is  in  convergent  cone 

2UiVentro^c7  thjrau“f ^''trlsger;  °f  beam:!  ne°r  the  surfacc  °r  thls  objective. 

5  -  blocklngUgcneratorbr^  -  block  Objective  of  chamber  6  (Industar-51 )  and 

amplifier;  8  I  api^dovlci;  revolving  mirror  give  image  of  surveyed 

ir-ashock  °bJOCt  °n  fllB-  Fllm  ls  *otlonless  and 

cSbeii  1?  =  revolving°mirror;e  °f  iS  PlaCCd  °n  lntarnal  °f  oylindrlcal 
m0t0r‘  chamber  at  187  mm  from  axis  of  rotation 

<  f  mirror.  Images  of  object  are  divided 

by  revolving  mirror,  plane  of  which  forms  «.5°  with  optical  axis  of  system.  During 
th  time  of  one  turn  of  mirror  image  of  object  on  film  turns  #0°.  Mirror  ls  set 
into  rotation  by  a  0.1  kw  electric  motor  with  maximum  number  of  turns  l-io4  min'1, 
using  the  redactor,  a  speed  of  rotation  of  mirror  up  to  G-IO*  min'1  can  be  obtained, 
and  linear  speed  of  displacement  of  image  on  film  will  compose  1200  m/sec.  Peed 
f  electric  motor  of  chamber  and  registration  of  speed  of  rotation  were  carried 
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Fig.  8.  Interaction  of  shock  wave  with  two  dimensional 
body  in  shock  tube.  High  speed  spark  survey. 

out  with  the  help  of  panel  of  instrument  [SFR-2M]  (C<X>P-2M). 

The  basis  of  the  block  of  driving  pulses,  supplying  frequency  of  high  voltage 
pulses  of  spark  illuminating  device,  is  the  circuit  of  thf  multichannel  electron 
synchronizer  proposed  in  [*♦].  Here  is  used  an  open  scaler  with  a  series  of 
auxiliary  devices.  Frame  frequency  is  exactly  established  from  5*1CK  to  i|«i(T 
frames  per  second  with  volume  number  of  frames  equal  to  5.  Number  of  frames  can  be 
increased  at  will. 


Starting  signal  is  fed  to  entrance  thyratron  of  block.  From  load  of  thyratron 
1®  taken  signal  for  starting  of  trigger,  which  locks  the  tube  controlling  the 
multivibrator.  After  that  the  master  multivibrator  begins  to  work,  while  the 
frequency  generated  by  it  con  be  easily  changed  in  required  limits.  Pulses 
obtained  on  output  of  master  multivibrator  are  formed  and  are  strengthened  according 
to  the  circuit  of  the  blocking  generator. 

These  pulses  with  steep  fronts  and  amplitude  of  order  from  150  to  200  v  enter 
block  of  scaler  where  they  divide. 


. 
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Divided  pulses  are  strengthened  each  in  its  own  channel  and  are  fed  to  spark 
arrangement. 

Spark  photographings,  obtained  on  above  described  installation  for  high  speed 
photographing,  are  shown  in  Fig.  8.  Flow  fields  of  two  dimensional  model  In 
nitrogen  are  taken  Mg  *  1 . 3 •  Frame  frequency  is  20,000  frames/sec,  coefficient 
of  increase  is  0.23>  diameter  of  image  of  field  on  film  is  23  rnm. 

Survey  of  processes  in  chock  tube  requires  driven  recording  equipment.  'his 

is  because  shock  wave  and  flow  in  pipe  are  excited  due  to  break  of  diaphragm, 
time  of  opening  of  whic.i  :an  be  changed  in  relatively  wide  limits,  whereas  duration 
of  processes  is  small  and  requires  synchronization.  Therefore  it  is  practically 
difficult  to  use  photorccordcr  SFR  for  high  speed  survey  of  processes  in  pipe. 
Instrument  ZhFR-1  does  not  require  synchronization  of  beginning  of  phenomenon  with 
position  of  revolving  mirror.  Speed  of  registration  can  be  modified  from  1300 
to  4000  m/sec  at  a  speed  of  rotation  of  the  mirror  dodecahedron  from  3000  to 
80,000  min"1. 


Fig.  9.  Optical  diagram  of  continuous  scanning:  1  -  model; 

2  -  objective  IAB-491;  3-4  -  objectives  of  transition 
optical  system;  3  -  turning  mirrors;  6  —  entrance  objective 
ZhFR-1;  7  -  slot  ZhFR;  8  -  internal  objective  ZhFR; 

9  —  mirror  dodecahedron;  10  —  photographic  film. 

Metnod  of  optical  connection  of  shadow  instrument  IAB-491  and  photorecorder 
ZhFR-1  is  presented  in  [3],  However  there  is  calculated  an  additional  system 
specifying  full  use  of  field  of  instrument  IAB-491  at  coefficient  of  increase  0.1. 
For  registration  of  process  of  formation  of  forward  sho-k,  when  position  of  shock 
<  wave  is  changed  within  limits  of  several  millimeters,  the  diagram  given  on  Fig.  9 

was  used. 
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Image  of  model  is  constructed  by  objective  2  of 
objective  3  (Industar-51 )  of  additional 
4  [R02-2]  (P02-2) 


hadow  installation  and 


ystem  near  front  focal  plane  of  objective 
Two  flat  mirrors  5  turn  image  of  object  90°  from  horizontal 
plane  in  the  vertica  .  Entrance  objective  ZhFR-1  gives  image  of  object  into  a 
plane ,  vertical  adjustable  slot,  which  will  cut  from  this  image  a  narrow  line  up 
to  0.01  mm  in  width.  Objective  8  with  the  help  of  revolving  mirror  9  constructs 
an  image  of  this  line  on  the  focal  surface,  where  the  disposed  photographic  film 
i*  is.  During  construction  of  transition  system  it  is  necessary  to  anticipate 
possibility  of  exact  displacement  of  objective  4,  since  focusing  of  image  on  film 
is  most  conveniently  produced  by  displacement  of  this  objective.  As  source  of 
light  were  used  pulse  tubes  f  IFK-20]  (JWK-20)  and  [IFK-50]  (l1<IK-50),  working  in 
rated  conditions.  At  assigned  parameters  of  optical  system  in  frame  ZhFR-1  is 
obtained  image  of  small  part  of  field  IAB-451,  but  coefficient  of  increase  in  ~  1. 


Fig.  10. 
Method  ( 


Change  of  departure  of  forward  shock  in  time 
x,  t)-scanning. 


On  Fig.  10  is  given  (x,  t)-scannlng,  showing  the 
position  of  the  forward  shock  before  the  sphere  10  mm 
with  Ma  a  6.4. 

By  (x,  t) -scannings  can  be  obtained  a  whole  seri 
and  about  forming  of  flow  near  model.  One  can  determ 
wave,  x low  rate  in  hot  and  cold  zones,  speed  of  conta 
of  gas  between  shock  wave  and  contact  surface,  mach  n 
to  magnitude  of  departure  of  forward  shock  in  uniform 
to  determine  also  time  during  which  forward  shock  atti 
dependence  of  this  time  on  parameters  of  shock  wave  c 
model. 


In  conclusion  we  consider  it  necessary  to  note  that  development  of  separate 
units  of  shock  tube  and  high  speed  camera  was  carried  out  by  Ya.  P.  Andreyev  and 
electronic  equipment  was  developed  by  I.  G.  Pariyskiy,  whom  the  authors  thank. 


Submitted 
lH  March  196^ 
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EXPERIMENTAL  DETERMINATION  OF  SPEED  OF  PROPAGATION 
OF  SOUND  WAVES  IN  SATURATED  WATER 


VAPOR  AT  HIGH  PRESSURES 


V.  I.  Avdonin,  I.  I.  Novikov 


and  Ye.  P.  Sheluayakov 


( Novosibirsk) 


In  [1]  were  given  results  of  measurements  of  speed  of  sound  in  saturated 


water  vapor  in  the  interval  of  temperatures  5°-250~C.  Recently  it  was  possible 


to  bring  measurement  up  to  350''C.  For  these  purposes  the  experimental  installation 


described  in  [1,  2]  was  reconstructed,  and  a  new  experimental  installation  developed, 
also  based  on  the  method  of  standing  waves. 

In  the  reconstructed  installation  a  now  acoustic  resonator  was  used,  prepared 
together  with  a  ridge  from  stainless  steel  of  length  803.75  mm,  internal  diameter 
65  mm,  and  thickness  of  wall  10  mm.  In  the  ridge  and  wall  of  pipe  of  resonator 
adjacent  to  it  were  drilled  holes  1.5  mm  in  diameter  with  a  step  of  10  mm  for  filling 
the  resonator  with  saturated  vapor. 

A  now  autoclave  designed  for  work  with  high  temperatures  and  large  pressures, 
was  prepared  in  the  form  of  a  cylinder  from  stainless  steel  [IKhl8tl9T]  (IX18H9T) 
of  length  124.0  cm,  internal  diameter  12.0  cm,  in d  thickness  of  wall  1.5  cm. 

The  container  of  the  autoclave  on  one  end  has  a  hole  closed  by  a  cover  with 
flanged  Joints,  and  on  the  second  end  it  is  hermetically  sealed.  Both  flanges  of 
the  container  are  surveying.  The  first  flange  is  fastened  to  the  container  on 
a  screw  thread,  and  the  second  flange  serves  as  a  cover  and  is  fastened  to  the  first 
by  twelve  bolts  20  mm  in  diameter  from  steel  of  increased  strength. 


Constant  temperature  in  thermostat  was  ensured  by  two  heating  elements  -  basic 
and  auxiliary  (prior  to  reconstruction  there  was  one  heater).  The  basic  heater 
is  fed  by  stabilized  voltage  power  of  which  varies  from  0  to  6  Kw  depending  upon 

the  assigned  temperature  level  in  thermostat. 

The  second  automatically  regulated  heater  Is  established  on  a  power  from 
0  to  0.5  kw.  Adjustable  power  of  second  heater  composes  not  more  than  10*  of  the 


U  U  '  •  J  rwn  «  r - -  - 

power  of  the  basic  heater.  This  permits  using  a  lou-inertla  relay  for  adjustment 


of  thermostat.  Transducer  of  adjustment  of  temperature  regulating  liquid  Is  a 
mercury  contact  thermometer,  located  near  second  heating  element.  Depending  upon 
magnitude  of  temperature  level  one  of  set  of  contact  thermometers  was  used  with 

different  limits  of  adjustment. 

Regulating  liquid  In  thermostat  was  intensely  mixed  by  four  mixers  of  propeller 
type,  set  into  rotation  by  four  electric  motors  located  on  cover  of  thermostat. 


A  simple  and  reliable  control  system  of  the  thermostat  made  it  possible  1 


maintain  a  temperature  In  It  with  an  accuracy  of  0.02°C.  Reliability  of  adjustment 
of  thermostat  is  confirmed  also  by  the  fact  that  4  copper  constantan  thermocouples, 
located  in  autoclave  for  measurement  of  gradient  of  temperature  in  It  along  length 
and  radius,  did  not  give  a  difference  In  readings  of  temperature  with  an  accuracy 


of  0.02°C. 

Measurement  of  temperature  In  autoclave  was  made  by  a  100-ohm  platinum 
resistance  thermometer  and  four  copper  constantan  thermocouples  on  potentiometers 
[PMS-48]  (rWC-48)  and  [PPTN-11  (ntlTH-l)  with  an  accuracy  of  0.02°0. 

During  measurements  below  room  temperature  a  water  Ice  thermostat  was  used. 
From  room  temperature  to  120°C  the  regulating  liquid  was  mineral  oil  with  small 

viscosity,  and  from  120°C  and  above  -  the  oil  "Vnnor  T." 

Measurements  of  speed  of  sound  in  saturated  steam  at  pressures  higher  than 
1.5  atm  (abs)  Included  also  measurements  of  pressure  in  autoclave  by  a  loadplston 
manometer  [MP-60]  (ffl-60)  or  MP-600  of  accuracy  class  0.05  -  depending  upon 
magnitude  of  pressure.  Obtained  values  of  pressure  with  accuracy  of  ln-truments 
used  for  measurement  of  pressure  coincided  with  tabular  data  [J]  on  curve  of 

saturation  corresponding  to  the  measured  temperatures. 

The  separating  arrangement  between  autoclave  and  loadplston  manometer  during 
measurement  of  pressure  In  autoclave  was  differential  manometer  (DM-6)  (BM-6). 


Per  measurement  of  difference  of  pressure, 
not  compensated  by  loadpiston  manometer,  was 
applied  electron  differential  transf  rmor 
instrument  [EPID-05]  (3IlHfl-09)  of  accuracy 

class  2,  with  limits  of  measurement  45-18  mm 

Hr. 

Measurement  of  frequency  of  generator  is 
Fig.  1.  considerably  improved  by  a  scaling  device  with 

established  standing  wave  in  resonator.  Measurements  were  conducted  on  new  stabler 

audio-frequency  oscillator  [LIU-15  1  (JllW-150). 

Difficulties  occurring  during  former  measurements  ar.d  caused  mainly  by 
disturbance  of  electrical  contact  in  colls  of  dynamic  loudspeaker  and  microphone 
after  reconstruction,  were  considerably  removed.  The  use  of  heavy  gage  cast  wire 
in  the  glass  insulation  made  it  possible  to  Increase  period  of  work  of  dynamic 
loudspeaker  and  microphone  by  a  few  times.  A  new  form  with  motionless  colls,  used 
in  this  work,  especially  Increased  period  of  duty  of  transducers  at  high  temperatures 

and  large  pressures. 

The  new  experimental  installation  is  schematically  shown  on  Fig.  >. 

The  resonator  is  pipe  1  from  stainless  steel  of  brand  IKhl8N9T  with  internal 
diameter  34,  length  566  and  thickness  of  wall  2.5  nun.  Resonator  was  placed  in 
horizontally  located  autoclave  2  of  internal  diameter  5°  and  length  650  mm. 

Autoclave  was  flooded  by  0.5-1. 2  liter  distilled  water.  With  heating  of  autoclave 
level  of  water  dropped.  To  Increase  level  water  was  added  to  vessel  3.  Before 
filling  the  autoclave  was  thoroughly  pumped  out  and  airtightness  was  checked. 

After  filling  the  autoclave  was  heated  to  80-90°C,  and  at  this  temperature  for 
degasification  of  the  water  evacuation  of  steam  volume  of  autoclave  was  carried 
out.  Cleanness  of  vapor  was  controlled  by  coincidence  of  pressure  of  saturation 
with  tabular.  Pressure  was  measured  in  various  ranges  by  standard  manometers  on 
25,  160  and  250  kg/cm2  of  accuracy  class  0.35.  Temperature  was  measured  by 
platinum- rhodium  -  platinum  thermocouple  4  with  potentiometer  PMS-4C  and  galvanometer 
M17/4.  Thermocouple  was  placed  in  case  5.  Sound  waves  in  resonator  were  created 
by  telephone  6.  Fixation  of  standing  wave  in  resonator  was  carried  out  with  power 
of  microphone  7.  Wires  from  telephone  and  microphone  were  brought  through  special 


■ 


lead-ins  in  cover  of  autoclave.  Telephone  and  microphone  are  arranged  in  the 
following  way.  In  body  from  stainless  steel  was  a  strengthened  electromagnet, 
consisting  of  a  permanent  magnet  with  pole  pieces  and  coils  set  on  them.  With 
small  gap  above  pole  pieces  of  core  was  disposed  diaphragm  from  permendur  with 
diameter  35.5  and  thickness  0.35  mm. 


On  the  permanent  magnet,  tips,  and  diaphragm  by  galvanic  means  was  deposited  a 
film  of  chromium.  For  coil  of  telephone  was  used  Nichrome  wire  of  diameter  0.8  mm, 


isolated  by  tape  from  teflon-1*.  Resistance  of  coil  was  6  ohm,  number  of  turns  —  20 


Coil  of  microphone  was  wound  by  Nichrome 


wire  0.15  mm  in  diameter,  also  isolated  by 


tape  from  teflon-1*.  Resistance  of  coil  wa 


number  of  turns 


thermodynamic  equilibrium  before  measurement 


temperature  of  autoclave  was  held  for  30 
minutes  accurate  to  0.1°C,  Autoclave  was  placed  In  thermostat  8,  constituting  a 
copper  block  with  Internal  diameter  100,  external  150,  length  770  mm,  bounded  from 
the  ends  by  copper  covers.  Heating  of  thermostat  was  produced  with  the  help  of 
three  electrical  heaters  (two  ~  from  ends  and  one  —  along  length  of  thermostat). 
Control  of  temperature  in  copper  block  was  carried  out  by  a  series  of  Chromel-Alumel 
thermocouples.  Adjustment  of  temperature  was  carried  out  by  means  of  change  of 
current  in  heaters  with  the  help  of  autotransformers.  General  block  diagram  of 
Installation  is  shown  in  Fig.  2,  where  1  -  audio-frequency  oscillator;  2  -  amplifier 
3  -  oscillograph;  4  -  feed  unit  of  amplifier;  5  -  potentiometer;  6  -  autoclave; 

7  -  interferometer;  3  -  telephone;  9  -  microphone. 

Measurements  on  installation  were  produced  in  the  following  way.  Changing 
frequency  of  sound  generator,  and  feed  oscillation  on  telephone,  8-9  maxima  were 
observed  on  oscillograph.  Each  of  these  maxima  corresponded  to  standing  sound  wave 
in  resonator;  first  maximum  corresponded  to  half  wave  length,  second  -  whole  wave, 
etc.  Speed  of  sound  was  determined  by  the  formula 


where  c  —  speed  of  sound  in  [m/sec],  L  —  distance  between  telephone  and  microphone 
in  [m],  f  -  frequency  of  sound  waves  in  [cps],  n  -  number  of  half  waves  in  resonator 


Four  scries  of  measurements  were  conducted  under  different  conditions. 


In  the  first  series  of  experiments  volume  of  resonator  o..  the  part  of  tolcphon' 
and  microphone  was  bounded  by  diaphragms  with  holes  H  nun  in  diameter  tor  acoustic 
connection  of  telephone  and  microphone.  Distance  was  measured  between  diaphragms 
for  20°C  and  was  L  ■  [>40.0  mm. 

In  the  second  series  of  experiments  diaphragms  were  absent.  Distance  between 
telephone  and  microphone  was  determined  by  earlier  obtained  data  on  speed  of  sound 
In  saturated  water  vapor  at  200°C  and  was  L  -  55^.0  sun. 

' 

In  the  third  and  fourth  series  of  experiments  diaphragms  also  were  absent,  and 
distance  was  measured  directly  between  diaphragms  at  20°C  and  turned  out  to  be 
L  =  553.0  mm. 

Results  of  measurements  of  all  four  scries  of  experiments  were  plotted  on 
one  curve.  Maximum  spread  of  points  was  .^. 


Table  1. 


*.  *c 

c 

f.  *c 

t.  *C 

■ 

i.  »C 

■ 

1.  *C 

■ 

1.  »C 

€ 

*8 

433 

77.68 

459 

» 

141.48 

489 

204.31 

505 

263.41 

497 

EL7 

431 

82.11 

461 

145.29 

490 

209.86 

506 

267.58 

496 

3.16 

411 

35.14 

433 

87.25 

464 

148.31 

492 

215.17 

506 

272.32 

494 

4.37 

413 

37.99 

434 

467 

153.56 

493 

220.23 

505 

276.77 

493 

5.62 

4i3 

43.22 

438 

98.27 

469 

157.64 

495 

221.50 

505 

281.43 

490 

8.07 

4lN 

46.06 

440 

101.40 

471 

162.33 

496 

226.59 

505 

285.90 

489 

10.05 

T  ^ 

48.70 

441 

ia5.78 

474  ; 

166.15 

497 

229.71 

505 

289.51 

486 

12.54 

T  " 

52.39 

444 

110.45 

475 

171.46 

499 

234.92 

504 

292.00 

485 

14.28 

7  : 

446 

111.73 

478 

174.19 

240.13 

503 

293.89 

483 

17.04 

Y  1 

59.47 

448 

118.91 

480 

179.61 

240.84 

503 

297.08 

482 

10.83 

423 

63.94 

451 

123.96 

482 

185.80 

502 

246.35 

502 

390.21 

479 

20.65 

r1 

68.12 

453 

126.0? 

483 

189.97 

503 

250.49 

501 

302.67 

478 

23.16 

425t 

71.09 

455 

131.87 

486 

194.75 

504 

256.76 

500 

306.82 

474 

26.01 

427j 

74.52 

457 

137.261 

487 

200.24 

505  | 

263.30 

498 

310.55 

470 

Results  of  measurements  of  speed  of  sound  in  saturated  water  vapor  depending 
upon  temperatures  ar°  given  in  Tables  1  and  2  and  graphically  on  Fig.  where  curve 
is  constructed  according  to  the  empirical  formula 


e  -  yr25,/V>" 

where  P„  —  pressure  of  saturated  vapor  [kg/m  ],  v  —  specific  volume  of  saturated 
vapor  [mVkG];  light  points  are  obtained  by  measurements  on  new  installation,  and 
dark  -  on  the  reconstructed  installation.  Table  1  contains  results  of  measurement 


on  the  reconstructed ,  and  Table  2  —  on  the  new  installation. 


On  Fig.  3  it  is  clear  that  experimental 
points  in  interval  of  temperatures  from  150  to 
350°C  lie  well  on  empirical  curve  [1]  shown  in 
(1). 

At  temperatures  up  to  320°C  experimental 
data  will  well  agree  with  the  theoretical  formula 
obtained  by  I.  I.  Novikov  [4],  for  rate  of 
propagation  of  sound  in  a  two-phase  system,  which  verifies  the  small  jump  of  the 
speed  of  sound  on  the  saturation  curve  at  these  temperatures. 


c  sec 
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At  large  temperatures  magnitude  of  jump  of  speed  becomes  so  considerable  that 
to  disregard  it  is  impossible,  and  therefore  to  the  speed  of  sound,  calculated  by 
the  shown  formula,  it  13  necessary  to  add  magnitude  of  Jump  of  speed  of  sound 
during  transition  through  curve  of  saturation.  Analysis  of  accuracy  of  measurements, 
ai  d  also  control  periments  with  air  show  that  error  of  measurement  of  speed  of 
sound  in  the  whole  range  of  temperatures  does  not  exceed  1 %, 

Comparison  of  results  of  measurements  on  both  installations,  and  also  with 

those  obtained  earlier  fl]  shows  a  good  coincidence  of  measured  values  of  speed  of 
sound 
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NONSTATIONARY  RADIANT- CONVECTION 
HEAT  EXCHANGE  ON  RECTANGLE 


A.  L.  Burka 
(Novosibirsk) 


We  consider  the  boundary  value  problem  for  a  right  angle  region  [0  s  x  s  L; 

0  5  y  §  l ]  with  mixed  boundary  conditions,  including  convection  and  radiant  fluxes. 
(Ambient  temperature  is  assumed  equal  to  zero.) 

In  linear  approximation  analytic  solution  is  obtained  for  dimensionless  radiant 
fluxes  of  heat.  Mathematical  formulation  of  problem  is  recorded  in  the  following 
way: 


w)v—  "  E' °* T)  *  H  lT* (r*  °> T)  “  T|,l 
(^)v-«  =  Et (x’  *'  T>  "  "  |7V  “  T* (r*  ' ’  t)]  ("  “  k) 

T(x,  y,  0)  =  T, 


(3) 


(*») 


Here  E  ,  Eg  —  ratio  of  resultant  radiation  fluxes  to  coefficient  of  thermal 
conduction,  a  —  coefficient  of  temperature  transfer,  T0  —  initial  temperature  of 
region,  T^,  Tr  —  temperatures  of  sources  of  radiation,  h  —  relative  coefficient  ol‘ 


heat  radiation,  oQ  -  radiation  factor  of  ideal  black  body,  X  -  coefficient  of 
thermal  conduction.  Below  is  considered  the  approximate  solution  of  a  system  from 
two  nonlinear  integral  equations  relative  to  resultant  radiation  densities  on  sides 
of  rectangle. 

Applying  Laplace  transform  to  (l)-(4),  we  obtain  general  solution  of  problem 
in  representations 


<*.  ».  ,)  -  S  [t4  +  ggj  S  ft-  <E.  /.  ,)  X.  (t)  A  - 

-  j  B,‘ *•  f)  *' <l)  *]  <*> 

00 

*  (*.  »./•)-  ^  T  (z,  y,  T)  e-*'4x,  T*  “  ( V  +  -J-)7' 

*>  *  M 

Bi%xfi,p)  -  J  £,(».O.T)#-*\fT,  =  J  El  (r./.x) 


Here  fn  -  coefficient  of  decomposition  Tya  according  to  eigenfunctions 
Xn(x)  corresponding  to  uniform  problem,  Xn(x)  constitute  nontrivial  solutions  of 
equation  X"(z)  +  X*X(x)  —  0,  satisfying  boundary  conditions 


X'(O)  -  kX(0)  -  0,  X’(L)  +  kX(L)  -  0 

These  solutions  exist  for  all  values  \n  —  roots  of  equation  ct ■/» (k/k  —  k/k), 
and  have  form 


X,  <*)  =  tin  (x„*  +  are  tg  (*  =  J,  2,  3 _ ) 


Operational  temperatures  on  sides  y  ■  0  and  y  =  l  are  determined 


. 0.  „ -S[£  +  -Jr^j^-fft- «.  '■  rt  *. (5) «E  - 

1  V 


-  i  «•  °*  '>  «>  ^ 
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(6) 


“*•  '• S([f4 +  4,-^  $  ft*  (E. **.«>«-  (?) 

L  j, 

“  TtTirvS*'*  *•  *■ f)  x'  «)rfl]x„i*),  N  m*^Xn'  (r)  dx 


Applying  to  (6)  and  (7)  inverse  Laplace  transformation  we  find  true  temperatures 
on  sides  of  rectangle  and  express  them  through  resultant  flows 

•+*»  1 4- <oo 


(r‘‘  +  irf'  -  zir  $  »(«.° .  P)e-'dP,  J 

•  -too  t-loo 


(8) 


Expressions  (8)  represent  a  system  from  two  nonlinear  integral  equations  relative 
to  resultant  flows  ,  Ep.  Its  solution  in  closed  form  is  impossible. 


As  parameters,  with  respect  to  which  linearization  of  system  (8)  is  carried 
out,  ratios  resultant  radiation  fluxes  to  incident  E1/HT1'1  and  E0/HT/*  is  taken. 

Below  is  considered  the  case  when  these  ratios  in  any  moment  of  time  are  essentially 
less  than  unity.  Taking  this  into  account,  we  expand  left  parts  (8)  in  series  and 
will  be  limited  to  the  first  two  terms  of  the  expansion.  Passing  to  "operational" 
radiation  fluxes  and  assuming  legality  of  change  of  order  of  summation  and  integration 
in  (8),  we  obtain 


Ti  “  X  ( * ) 

,,•(..0 . ^  a  >’ 


n-*i 


T,>„ 


+ 


,(  V  fc)  _  , ,  f  ^  Xn  (s)  XH  (l) 

)  — 1  A rlt  >h  T,,.'  **'  U'  ■ /'' '  ;  Xf  Ukf  I  f  I*  °.  /')'/; 

u  n -*l  <)n~  i  * 

p.  -2*  2j  2  Tvoinn- f)^  + 

**>>  •  n-j 

.t  £'.<*>  *<« 

+  t )  2  /vT.*T.(  *•  «•*•«* 


M-l 


(9) 


Here 


“•  '>  -  *7?w  *  <*•  '• « - v/£rs  *•  -  v  VSTf* 


Expressions  (9)  constitute  a  system  from  two  line  integral  equations  of 
Fredholm  type  of  the  second  kind  with  symmetric  nuclei.  To  such  a  system  is 
applicable  the  theorem  of  Gilbert-Shmidt  for  equations  with  symmetric  nuclei 
and  the  actual  solution  can  be  obtained  in  analytic  form. 

Multiplying  (9)  by  Xn(x)  dx  and  integrating  both  equations  by  x  in  the  interval 
(0,  L),  we  bring  system  (9)  in  force  of  orthonogalJ ty  of  eigenfunctions  Xr(x)  on 
inter /al  (0,  L)  to  algebraic  system 


(,+  T.ikj.i)  A‘  A'“  •>.  (n?  *r.)  (io) 

1. 

% i T»*  (4  +  T« th v  j"4* “ 


Here  A^  —  unknown  Fourier  coefficients  of  expansion  of  function  cpk  (x,  p)  by 
eigenfunctions  Xn(x),  and  k  =  1,  2.  Determining  and  A0  from  (10)  and  substituting 
in  (9)#  we  obtain  the  solution  for  "operational"  flows  in  closed  form 


....  r,  .  2*  £  *„<«)  .  2 k  £  f.(T,)^(x) 

f»  (*.o,ji) — ^7  +  T  Sl>7  +  ifT  S - *7 - 


.  .  T,  2*  £  *•<*>  .2*  £  '«(T„)Xn<*) 

S  vST-^n"  S - 5T - 

•-I  »-l 

K  (tr,«  4-  K*r»)  *  Tn'+aW+xy •)  t,  4-  P  (T7  +  K'T*)  Tn<*W 
"  %•  (V  -  >.»*>  <T«-  «fc  V  +  K  **  V  +  fin  Ch  V) 


(11) 


(12) 


(13) 


(®T«*  +  w  *  V  +  3  (®T«*  +  vr.)  T*  +  « («!»•  +  Tn  Ch  V 

11 w  V  (V  -  V)  (V  *nj  +  **jmi  +  rtnch  v) 

<t-r,-r*  «-r,-r*  «-«&  *-«  +  P) 


(iM 


During  inverse  Laplace  transformation  finding  the  originals  of  the  first  two 
terms  of  expressions  (11)  and  (12)  does  not  cause  difficulties 


r,  fi  T,  Tn  2/i  £  X(r)  * 

^7  +  fT-  *n+?v  T  2j  +z*  2j  * 


Ml 


Original  Fk(yn)  (k  -  1,  2)  is  determined  by  the  formula 

-**V 't400 

J  x*(Tn)»*TVrf(«o 

*— too 


(15) 


(16) 


After  change  of  variables  s  -  ay  n  expression  (16)  takes  the  form 


-«*V  't400 


(*-1.2) 


•  -too 


(17) 
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Here 


/•,(*)  «  C-,[x(Oo>  +  X.,r0)sJioi  +  a(6o,  +  XI,*ro)o+  p(0o*  +  XB*r0)o  Ch  0/] 

C  ■*  3*  (3*  —  Xn*)  (3:  sh  3/  +  x  sh  cl  qz  th  cl),  a  =>  *  /  a  ^ 

Integrands  In  (17)  are  ambiguous  with  respect  to  s  in  origin  of  coordinates. 
For  calculation  of  these  integrals  we  will  consider  the  contour  composed  of  segment 
(a  -  ib;  a  +  ib),  arcs  Cm,  Cm"  circumference  |s|  -  R,  two-edged  cut  (  ),  (  )  and 
circumference  C ^ : | s |  *  p  (Fig.  l).  Inside  this  contour  F^(s)  are  simple  and 
have  an  infinite  number  of  poles;  these  functions  satisfy  on  arcs  C*  and  Cm 


Jordan  lemma  [2],  i.e.. 


Fig. 


tim  {  F.  (a)  «*T  dt  —  0.  lim  {  Fk  (i)  e,T  dt  —  0 

— cl  cJ„- 


Then  by  the  Cauchy  theorem 

[-  t+too 

\  /■,(•)«•**  + 

*  a— too  (1) 

+  {/*  <•)«"*  +  ^  /**(*)«"*]= 
<i>  Ca  J 

-;rw  Fk  (-X„*)+  S  (l*«) 


(18) 


(19) 


Here  a>_n  ,  -  singular  points  (poles). 

On  edges  (1)  and  (2)  we  have  correspondingly 


x«,B,  *  —  *«■*■  »n*n  y*  -  tj/x,  ft  «  — </* 


It  is  easy  to  note  that  F.  (s)  are  even  relative  to  ifx  function,  and  due  to 


this  on  the  two-edged  cut 


^  Fk(i)<*d$+  ^  Fk(,)S'dt-  0 


In  this  case  expression  (19)  has  the  form 


a-ftao  « 

Si  \  #■*<•) j  Fk(‘)'*'d»  +  t*Fk  (*/■)  +  S  ( 

a-fao  ^  Cp  o*-l 

Considering  *  p*,f,  —  n  <  f  < +«,'  for  the  first  integral  in  the  right  part  we 


will  obtain 
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* 


gT  llm  \  Fk  Ip***)  exp  (if  -f  pe'*T)prff  =  —  «r. 

***  Ja 


In  expression  (21)  residues  of  functions  Fk(s)  in  points  aXn  ,  um  equal 


raa  Fi  («X„‘)  ■«  «7VF,(XII)  exp  Xn*  «t 

*  *  /  Ml  V  V 

2  TttFifrm)-2*T'  2®‘(Xn«»1m)«p( - —  ) 


m  Ft  («X  •)  «■  «7VP,  (X  )  eip  X  *at. 


2  2  <X*«(Xn.Hm)«»p(-~^--) 

■ft  m-l  '  ' 


Here 


•»<*«. 


t*  <*»>  “  7  (*  77 ,h  x*4  +  a  7;  +  3  £  ^fh  XRI ) 

t*  <*„)  ~  f  (x^ ,h +  ?  77  x.  + 1  £  x,  ch  xn< ) 

f-Xn*shXJ  +  KshXt,/  f  fl).ar 

£-**■)*■*.+•  J£.(*  ££-*,•) 


*  n  —  *  ■  -  *n  •  ■ 

X  ft 


■)+ 


£=/ 

’•  Pm' 

/  \ 

TT  /• 

Pm* 

—  x  * ) 

I  w§  *• 

Q  -  £jf-  +  **•)  +  fi)«io 


L**)c®*l*m] 


/Hi* 

k+ 


)co*»*> 


and  u  -  constitute  roots  of  the  following  transcendental  equation: 


(S 


Considering  (15),  (17),  (22),  (23),  (24),  finally  we  obtain  for  dimensions 

flows 


Ti 


fi  (*.  0,  t)  -  —  -jr-  -f  2A 


£*(**>*.<*) 


rj  t*w»)  Tn(r)  ^ 


Series  in  (25)  and  (26)  rapidly  converge;  the 
first  sum  converges  approximately  as  X  ~  ,  and  the 


econd  converges  approximately  a 


This  make 


ible  to  be  limited  in  calculation 


In  particular,  if 


to  the  first  terms  of  the 


then  with  sufficient 


accuracy  it  i 


ible  to  be  limited  to  expre 


f* (*.  /.  t)  «*  —  —  2h  -f  Ah  ***» (*»« Mi) ^1  (z) 


On  Fig.  2  is  represented  the  dependence  of  flows  <fi (F,  »j)  and  Vj(*\  n)  on  Fourier 
criterion  F  for  t;  =«  0,  *  1/2,  (here  ^  =  x/L)  —  by  the  formulas  (27)  and  (28). 
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NON  STEADY-STATE  BURNING  OF  THIN 


PLATES  OF  POWDER 


Yu.  A.  Gostintuev  and 


A.  D.  Margolin 


(Moscow) 


In  the  article,  within  limits  cf  the  theory  of  Ya.  B.  Zel'dovlch  of  burninr 


powders  [  1,  is  considered  the  question  about  non  steady-state  burning  of  thin 


plates  of  powder.  For  the  solution  of  equations  is  used  the  method  of  integral 
relationships  [  -?-4).  The  formula  for  determination  of  full  time  of  combus 
t+  •  f  a  plate  with  initial  thickness  25Q  is  obtained.  Curves  of  change  of  burning 

rate  w  and  temperature  in  center  of  plate  0Q  are  built  depending  upon  thickness 
of  plate. 

Wc  consider  an  infinite  plane  parallel  plate  of  powder  burning  on  two  sides. 
Origin  Df  coordinates  i3  selected  in  middle  of  plate.  Burning  surfaces  are 
perpendicular  to  axis  x  and  move  along  this  axis  in  the  direction  to  origin  of 
coordinates.  With  approacn  of  burning  surfaces  to  middle  of  plate  occurs  warming 
of  its  central  part,  lending  to  decree  of  gradient  of  temperatures  on  surface 
and  tc  increase  of  burning  rate.  Temperature  TG  on  surface  of  powder  changes  little 
during  change  of  burning  rate,  therefore  in  first  approximation  one  may  assume  that 

n  n  *'  "statf  burning  rate  depends  only  on  pressure  and  temperature  gradient, 
and  temperature  of  surface  is  constant  flj. 

To  produce  the  expression  of  burning  rate  of  powder  in  the  non  steady-state 
case  we  use  temperature  dependence  of  stationary  speed  on  initial  temperature  of 
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powder  Tq  in  the  form 


-pr. 


Here  u^,  3,  v  —  constants,  depending  on  composition  of  fuel.  For  stationary 
burning  the  gradient  of  temperature  at  the  surface  depending  upon  burning  rate  has 


the  form  [1] 


■<w>- mu 


(A  —  half  of  thickness  of  plate) 

From  (1)  and  (2)  we  will  obtain  the  expression  for  non  steady-state  burning 


rate 


■  •-  nr?!7  (— ?T-} 


Let  us  introduce  the  dimensionless  quantities 


.  ap  |  _  Ha  X  1  — 37"* 

X  U  K  A#  1  *“  P'  • 

T-T»  «  .  A 

•-f7=T7-  **--i7*  ®"aT 


Here  tq  and  Afl  —  characteristic  time  of  heating  and  thickness  of  heated  zone 
during  steady-state  burning,  q  —  parameter  characterizing  the  degree  to  which 
powder  is  heated  (the  greater  q,  the  less  fuel  is  heated). 

In  these  variables  initial  system  of  equations  for  burning  of  plate  at  constant 
pressure  has  the  form  (with  respect  to  symmetry  of  problem  we  consider  only  one  half 
of  the  plate) 

< 

(t  >  0,  0  <c  £  <  A  (t)) 

9x 

I((,t)al  wh.n  $  «  8(t),  "  n  0  wh.n  l,  ■»  0,  «>wn  6  ~  oc  (r  ) 


Boundary  condition  when  i  -  0  signifies  zero  heat  transfer  between  right  and 
left  part  of  plate;  the  condition  when  5  -►  oo  is  obtained  from  two  symmetric 
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distribution  curves  of  temperature  when  ca  »»  1  ana 


6  -*  oo. 


lg.  1. 


the  form 


The  heat  conduction  equation  with  boundary  c  inditions 
of  such  type  is  not  possible  to  solve  by  exact  methods. 

We  use  the  method  of  integral  relationships,  first 

-  used  for  solution  of  differential  equations  of  boundary 

^ *S - -  layer  [2]  and  later  used  for  solution  of  problems  of 

1  filtration  [3]  and  thermal  conduction  [b].  We  seek 

distribution  of  temperature  by  thickness  of  plate  in 
of  certain  function  0(r,  t),  satisfying  boundary  conditions  of  problem 


(M )  when  i  =•  6  and  i  =  0.  We  select  function 

(d\ 

where  \(t)  -  function  of  time  as  yet  not  determined. 

Function  (6)  when  V-  =  1  coincides  with  exact  solution  of  problem  about  burning 

with  constant  rate  of  plate  of  sufficiently  great 
thickness  (6  —»  cu),  when  the  interaction  of  thermal 
layers  is  immaterial.  Let  us  integrate  heat  conduction 
equation  over  coordinate  Z  from  0  to  6(t) 


FIri  After  substitution  of  (6)  in  (7)  we  will  obtain 

considering  gradient  conditions  the  ordinary  first  order  differential  equation 


Equation  for  burning  rate  obtains  the  form 


-«i+ to— !>♦«>« 


The  obtained  system  of  ordinary  differential  equations  is  solved  in  general 


l|—  1  M  * 


Hence  for  time  of  combustion  t+  plate  with  initial  thickness  26q  we  find 


*»"V-|5=r -+*' “—«•>] 


Initial  condition  (5)  when  6  -►  qd  means  that  plate  burns  with  constant  rate 
cu  »  1,  when  thickness  of  plate  is  infinite  and  there  is  no  interaction  of  thermal 
layers  spreading  toward  each  other.  For  numerical  results  it  is  necessary  to 
assign  charged  condition  not  on  infinity,  but  on  final  thickness  of  plate. 

In  connection  with  the  fact  that  heating  of  plate  is  small  during  considerable 
thicknesses  and  begins  to  show  only  when  thicknesses  of  plate  are  of  the  order 
of  the  heated  layer,  it  is  possible  without  considerable  error  to  consider  that 
on  a  certain  finite,  but  sufficiently  large  as  compared  to  width  of  heated  layer, 
value  6q  burning  rate  and  gradient  were  not  changed  from  their  initial  values. 

Therefore  we  will  use  initial  conditions  dV'/dr  -  0  and  6  -  &0^60  »  *)  when 

r  *  0, 

For  6q  »  4  and  rj  ■  1.40  results  of  numerical  calculation  of  change  of 
burning  rate  w  and  temperature  Oq  in  center  of  plate  depending  upon  current  value  of 
half  of  thickness  of  plate  are  6  represented  on  Figs.  1  and  2. 

It  is  clear  that  burning  rate  tends  to  its  highest  possible  value  max  w  =  q, 
equal  to  burning  rate  of  powder  heated  to  temperature  of  burning  surface  Ts. 
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